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Preface

The present work constitutes the Habilitationsschrift of the author written
at the University of Stuttgart. It contains a treatise of several computational
and logical aspects of infinite monoids.

The first chapter is devoted to the word problem for finitely generated
monoids. In particular, the relationship between the the computational com-
plexity of the word problem and the syntactical properties of monoid presen-
tations is investigated. The second chapter studies Cayley-graphs of finitely
generated monoids under a logical point of view. Cayley-graphs of groups
play an important role in combinatorial group theory. We will study first-
order and monadic second-order theories of Cayley-graphs for both groups
and monoids. The third chapter deals with word equations over monoids.
Using the graph product operation, which generalizes both the free and the
direct product, we generalize the seminal decidability results of Makanin on
free monoids and groups to larger classes of monoids.
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Chapter 1

Introduction

The origin of the material in this work goes back to the beginning of the 20th
century. In his paper from 1910, Max Dehn introduced several concepts,
which soon turned out be fundamental in combinatorial group theory [59].
One of his main attainments was the formulation of the word problem for
finitely presented groups: Given a finitely presented group and two words
over the generators of the group, do these two words represent the same
group element? In the terminology of theoretical computer science, Dehn
formulated the word problem as a decision problem, but one has to notice
that the notion of decidability was formalized only more than twenty years
later.

Four years after Dehn published his paper, Axel Thue introduced the
word problem independently in another context [208]. Thue was interested
in the problem whether two given strings can be transformed into each other
by a given finite system of rules, which have to be applied in a local way. In
modern terminology, Thue introduced the word problem for finitely presented
monoids. Thue itself remarked in his paper that this problem in its general
formulation seems to be extremely difficult, and he was only able to present
solutions for a few special cases.

Maybe this difficulty of Thue’s problem is one reason for the fact that his
work was ignored for many years. Only when the foundations of recursion
theory were developed in the 1930s, the importance of Thue’s work was
recognized by several logicans. Finally, Markov [135] and Post [163] proved
independently that there exist finitely presented monoids with an undecidable
word problem, thus also Thue’s original problem is undecidable. This seems
to be one the first undecidability results which touches “real mathematics”.

7



8 CHAPTER 1. INTRODUCTION

The result of Markov and Post had no influence on Dehn’s problem: Dehn
was interested in the word problem for groups, but the monoids constructed
by Markov and Post fail to be groups. In fact, it turned out to be much
harder to encode computation steps faithfully into groups, but finally Novikov
[155] and Boone [28] succeeded in proving that also the word problem for
finitely presented groups is undecidable in general, see [172] for an excellent
exposition.

Although the results of Markov, Post, Novikov, and Boone are negative
statements with respect to effectiveness, they marked the starting point of a
very fruitful and still ongoing line of research in the context of word problems.
A few references from this vast field that are in particular relevant for the
material in this work will be cited in the next paragraph.

The borderline between decidability and undecidability for monoid word
problems was investigated in great detail by Adjan in [2]. On the decidability
side let us mention monoids that can be presented by terminating and conflu-
ent rewriting systems. Inspired by the influential work of Knuth and Bendix
[112] and the later development of the theory of term rewriting, this class re-
ceived a lot of attention since the 1980s, see e.g. [16, 104, 117]. For the group
case, algebraic restrictions on the class of groups often result in decidable
word problems, see the contributions in [29] and the surveys [143, 199] for an
overview. The development of computational complexity theory in the 1970s
motivated a complexity oriented analysis of word problems. The results of
[6, 41] roughly state that the complexity of the word problem for group pre-
sentations may reach every specified degree of complexity. Bauer and Otto
[13] have shown that for every n > 3 there exists a finite, confluent, and
terminating monoid presentation, for which the word problem is contained
in the n-th but not in the (n—1)-th level of the Grzegorczyk hierarchy. Thus,
also for confluent and terminating presentations, the complexity of the word
problem may become extremely high. On the lower end of the spectrum of
complexity classes let us mention the work of Waack [217, 218] and Robin-
son [171] on the parallel complexity of word problems for groups and the
work of Lipton and Zalcstein [120] and Simon [194] on word problems within
logarithmic space.

In Chapter 3 we investigate the complexity of the word problem for cer-
tain classes of monoid presentations. We will be interested in the interplay
between the syntactical structure of presentations and the complexity of the
associated word problem. It will turn out that many interesting complex-
ity classes can be characterized in this way. This includes classes like P,



PSPACE, EXPTIME, and EXPSPACE, but also classes like SL (symmetric
logspace) or LOGDCFL (the logspace closure of the class of deterministic
context-free languages) for which only a few complete problems are known.

In his paper from 1910 [59], Dehn also considered the notion of the Cayley-
graph of a group. Cayley-graphs for finite groups were already introduced by
Cayley in 1878 [45]. The Cayley-graph of a group with respect to a generating
set I' has as vertices the group elements and an a-labeled edge from z to y
if y = xa, where a is a generator from I'. Only at the late 1960s, the real
importance of the geometrical and combinatorial properties of Cayley-graphs
was recognized. At that time, Lyndon developed the theory of cancellation
diagrams [126], Serre established the foundations of the theory of groups
acting on trees [60, 190], and Stallings proved his famous structure theorem
of groups with more than one end [196]. All these developments use Cayley-
graphs in an essential way. Another application of Cayley-graphs was found
via their connection to formal language theory. The word problem of a group
may be viewed as a formal language (the set of all words over the generators,
which represent the identity of the group), hence one may classify groups
according to the grammatical properties of their word problems. Questions
of this kind were first investigated by Anisimov [4], who noticed that the
word problem of a group is a regular language if and only if the group is
finite. The much harder case of groups with context-free word problems was
tackled by Leticevskii and Smikun [118, 195] and later by Muller and Schupp
[144, 145]. Together with later results of Dunwoody [75], Muller and Schupp
have shown that the word problem of a group is context-free if and only if the
group is virtually-free (i.e., has a free subgroup of finite index) [144] if and
only if the Cayley-graph of the group is the transition graph of a pushdown
automaton [145]. A group that has one of these three equivalent properties is
called context-free. In [145], Muller and Schupp also gave a graph theoretical
characterization of the transition graphs of pushdown automata, which they
called context-free graphs. In the same paper, Muller and Schupp proved (by
using a reduction to Rabin’s famous result on the decidability of the monadic
second-order theory of the complete binary tree [166]) that every context-
free graph has a decidable monadic second-order theory. In particular, the
monadic second-order theory of the Cayley-graph of a context-free group is
decidable.

The latter result indicates a connection between the logical properties
of Cayley-graphs and word problems. This connection will be explored
in more detail in Chapter 4. We will present precise characterizations of
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the finitely generated groups, whose Cayley-graphs have decidable monadic
second-order theories (resp. first-order theories). It turns out that the Cayley-
graph of a finitely generated group has a decidable monadic second-order the-
ory (resp. first-order theory) if and only if the group is context-free (resp. has
a decidable word problem). Moreover, we will extend this line of research also
to Cayley-graphs of monoids, which are due to the missing symmetry much
harder to analyze. We will deduce the following closure results: The class
of finitely generated monoids whose Cayley-graphs have decidable first-order
theories (resp. monadic second-order theories) is closed under graph prod-
ucts (resp. free products). The graph product construction is a well-known
mathematical construction, which generalizes both free and direct products,
see e.g. [87, 94, 211]. In order to obtain these results on Cayley-graphs, we
will prove more general statements that apply to arbitrary structures. In
particular, we obtain new results for general (infinite) graphs with decidable
monadic second-order theories. Due to their potential application for model
checking infinite state systems, such graphs received a lot of attention in the
past, see [205] for an overview.

It should be remarked that the investigation of Cayley-graphs under the
light of mathematical logic extends our previous work on word problems
in a natural way: Whether two words over the generators represent the
same element can be easily expressed as a logical first-order property of the
Cayley-graph. On the other hand, our logical approach to Cayley-graphs has
a natural generalization as well: when expressing properties of the Cayley-
graph of a monoid M (generated by I') in the language of first-order logic,
all atomic statements are of the form “there is an edge from x to y labeled
with the generator a € I'”, where x and y are variables that range over the
monoid M. In other words, we say that y = xa in M. This is a very simple
example of a word equation. More generally, a word equation over M is an
equation of the form U = V', where U and V' are words consisting of variables
(which take values from M) and generators from I'. The investigation of word
equations over monoids and groups has its origin again in combinatorial group
theory: In a paper from 1918, Nielsen studied the automorphism group of
the free group generated by a and b [152]. Nielsen finally arrived at the word
equation zyz~'y~' = aba~'b~!, and described all its solutions in the free
group generated by a and b.

The investigation of word equations in free groups under a logical point
of view was initiated by Tarski around 1945. Tarski asked whether the first-
order theory of a free group F' is decidable. In general, the theory of a monoid
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M consists of all those true statements about M that are constructed from
word equations over M using Boolean connectives and quantifications over
variables (that appear in the word equations). Tarski’s question became
known as Tarski’s problem and turned out be extremely difficult, see e.g.
[127] for a discussion.

The investigation of word equations in free monoids was initiated by
the Russian school around Markov in the late 1950’s in connection with
Hilbert’s Tenth Problem. Markov noted that the undecidability of the prob-
lem whether a given word equation has a solution in a given free monoid
would imply the undecidability of Hilbert’s Tenth Problem. So Markov raised
the conjecture that the former problem is indeed undecidable. But Markov’s
approach towards a solution of Hilbert’s Tenth Problem could not succeed.
In 1977 Makanin has shown that it is decidable whether a given word equa-
tion has a solution in a given free monoid [131] (whereas Hilbert’s Tenth
Problem was already shown to be undecidable in 1970 by Matiyasevich using
a completely different approach, see [136]). In fact, Makanin has shown that
the whole existential fragment of the theory of a free monoid is decidable.
Together with the results of Marchenkov [134] and Durnev [76], which state
that the V33-theory of the free monoid {a,b}* is undecidable, Makanin’s re-
sult gives a quite sharp borderline for decidability questions concerning the
theory of a free monoid. In 1982, Makanin was able to extend his approach
for free monoids to free groups, and showed that the existential theory of
a free group is decidable as well [132, 133]. This established a first step
towards a positive solution of Tarski’s Problem. A second step was taken
again by Makanin. Based on results of Merzlyakov [141] he proved in 1984
that the positive theory of a free group is decidable as well [133]. This the-
ory is defined in the same way as the whole first-order theory, except that
only conjunctions and disjunctions (but no negations) are allowed as Boolean
connectives. But a complete solution of Tarski’s Problem remained open un-
til recently, when Kharlampovich and Myasnikov announced a solution, see
[108] for an overview, the complete solution is spread over a series of papers,
of which not all appeared yet.

Another recent breakthrough in the field of word equations concerns the
complexity of solving word equations. Makanin’s original approach for check-
ing whether a word equation has a solution is quite time consuming, both
for the case of free monoids and free groups. For the case of free groups,
it can be even shown that Makanin’s algorithm is not primitive recursive
[113], whereas the best known upper bound for Makanin’s algorithm for free
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monoids is EXPSPACE [90]. Using a completely new approach, Plandowski
has shown recently that the solvability of a word equation over a free monoid
can be checked in PSPACE [162], this is currently the best known upper
bound for this problem (the best known lower bound is NP, which follows
from the NP-hardness of integer programming). Plandowski’s PSPACE al-
gorithm was adapted by Gutierrez to the case of free groups [91]. These two
results can be easily extended to the whole existential theory of a free monoid
(free group).

Of course, there is no reason to consider only word equations over free
monoids and free groups: Unification theory can be seen as a generaliza-
tion of the theory of word equations to arbitrary structures, see [7] for an
overview. For the case of finitely generated monoids, the results of Makanin
and Plandowski were generalized to several other classes of monoids and
groups. The decidability of the existential theory of a free partially com-
mutative monoid (trace monoid) was established in [68]. Analogous results
were obtained in [168, 184] for torsion-free hyperbolic groups, in [69] for free
partially commutative groups (graph groups), and in [67] for plain groups
(free products of finite and free groups).

In Chapter 5 we will obtain new decidability results for existential and
positive theories of monoids and groups. Our main attention is devoted
to the graph product construction. We will prove that under some algebraic
restriction, the decidability of the existential theory is preserved under graph
products. As a corollary we obtain the decidability of the existential theory of
a graph product of finite monoids, free monoids, and torsion-free hyperbolic
groups. In general, our construction results in an exponential blow-up with
respect to space complexity. For the special case of a graph product of finite
monoids, free monoids, and free groups we will deduce a PSPACE upper
bound. Concerning positive theories, we prove that the positive theory of
a graph product of groups can be reduced to the positive theories of those
factors that appear isolated in the underlying dependence graph of the graph
product and the existential theories of the remaining factors. As a corollary
we obtain that the positive theory of a graph product of finite groups and
free groups is decidable. Our considerations will also include constraints for
the variables, which means that we allow atomic formulas that restrict the
value of a variable to some specified set. The concept of word equations

with constraints was first considered in [180], further results were obtained
in [64, 65, 67, 68, 69].



Chapter 2

Preliminaries

In this chapter we will briefly introduce several concepts that will occur
repeatedly in this work. See the given references for more details.

2.1 General notations

For a binary relation — on some set, we denote by 5 (=) the transitive
(reflexive and transitive) closure of —. Let A be an alphabet (finite or
infinite). An involution ¢ on A is a function ¢ : A — A such that ¢(c(a)) = a
for all « € A. The empty word over A is denoted by €. Let s = aias---a, €
A* be a word over A, where a; € A for 1 < i < n. We define w™ =
UnGn_1 - -ai. The alphabet of s is alph(s) = {a1,...,an}. The length of s is
|s| = n. Furthermore for a € A we define |s|, = [{i |a; = a}|. For 1 <i<n
let s[i] = a; and for 1 < ¢ < j < nlet s[i,j] = a;jai41---a;. If 1 > j we set
sli, j| = €. Every word t = s[1,i] with i > 0 is called a prefiz of s, in this
case we also write t < s. If ¢ = s[1,4] for 4 > 1, then ¢ is called a nonempty
prefiz of s. A weight-function is a homomorphism f : A* — N from the free
monoid A* with concatenation to the natural numbers with addition such
that f(s) = 0 if and only if s = €.

We assume some familiarity with computational complexity, see e.g. the
textbook [159] for more details. In particular, the classes L (deterministic
logarithmic space), NL (nondeterministic logarithmic space) P (deterministic
polynomial time), PSPACE (polynomial space), EXPTIME (deterministic
exponential time), and EXPSPACE (exponential space) will occur several
times in this work. A few times, we will also need alternating classes. Let

13



14 CHAPTER 2. PRELIMINARIES

ATIME(a(n),t(n)) denote the class of all problems that can be solved on
an alternating Turing-machine in time O(t(n)) with at most O(a(n)) al-
ternations [46]. It is well known that that ATIME(x,%(n)) is contained in
NSPACE (#(n)).

2.2 Relational structures and logic

The material in this section will be needed in Chapter 4 and 5. For more
details see e.g. [96].

The notion of a structure (or model) is defined as usual in logic. Here we
only consider relational structures. Sometimes, we will also use constants,
but a constant ¢ can be always replaced by the unary relation {c}. Let us
fix a relational structure A = (A, (R;)ics), where R; C A™ 4 € J. The
signature of A contains the equality symbol =, and for each i € J it contains
a relation symbol of arity n; that we denote without risk of confusion by R;
as well. For B C A we define the restriction A[B = (B, (R; N B™);c;), it
is a structure over the same signature as A. Let A\B = A[(A\B). Given
further relations R;, j € K, JN K = (), we also write (A, (R;);ck) for the
structure (A, (R;)icsur)- With Aut(A) we denote the automorphism group
of A. On the universe A we define the equivalence relation ~ by a ~ b if
there exists f € Aut(A) with f(a) = b. The equivalence classes of ~ are
called the orbits of Aut(A) on A.

Next, let us introduce monadic second-order logic (MSO logic). Let Vi
be a countably infinite set of first-order variables, which range over elements
of the universe A. First-order variables are denoted by z, v, 2z, 7', etc. Let V,
be a countably infinite set of second-order variables, which range over subsets
of A. Variables from V, are denoted by X,Y, Z, X', etc. MSO formulas over
the signature of A are constructed from the atomic formulas R;(z1, ..., Zy,,),
z =y, and z € X (where i € J, z1,...,2,,,2,y € Vi, and X € V,)
using Boolean connectives and quantifications over variables from V; and
V,. The notion of a free variable is defined as usual. A formula without
free variables is called a sentence . If p(z1,...,%n, X1,...,Xp) is an MSO
formula with free first-order variables among x4, ..., x, and free second-order
variables among Xi,...,X,,, and a4,...,a, € A, Ay,..., A, C A, then
A = play,...,an, A1, ..., Ay) means that ¢ evaluates to true in A if the
free variable z; (resp. X;) evaluates to a; (resp. A;). The MSO theory of A,
denoted by MSOTh(A), is the set of all MSO sentences ¢ such that A = .
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A first-order formula over the signature of A is an MSO formula that
does not contain any occurrences of second-order variables. In particular,
first-order formulas do not contain atomic subformulas of the form z € X.
The first-order theory FOTh(A) of A is the set of all first-order sentences
¢ such that A = . The ezistential first-order theory FFOTh(A) of A is
the set of all sentences in FOTh(A) of the form 3z -- -3z, : o(z1,...,T,),
where ¢(z1,...,2,) is a Boolean combination of atomic formulas.

An important method for proving the decidability of logical theories are
interpretations. Let B be another relational structure with universe B. Then
we say that A is MSO-interpretable (resp. first-order interpretable) in B if
there exist MSO formulas (resp. first-order formulas) ¢ (x) and ¢;(z;) (i €
J, T; is a tuple of first-order variables of length n;) over the signature of
B such that the structure (v(z)%, (¢;(Zi)®)ics) is isomorphic to A. Here
P(z)P = {b € B| B (b)} and ¢;(z;) = {¢ € B" | B = ¢:(c)}. It is
easy to see that if A is MSO-interpretable (resp. first-order interpretable)
in B and MSOTh(B) (resp. FOTh(B)) is decidable, then also MSOTh(.A)
(resp. FOTh(.A)) is decidable.

2.3 Monoid presentations

Presentations for monoids are the basic concept of this work. In this section
we will introduce the necessary definitions. For more details see [27, 104].
Let T" be a (possibly infinite) alphabet. A semi-Thue system R over
I' is a (possibly infinite) subset R C I'* x I'*, whose elements are called
rules. A rule (s,t) € R will be also written as s — t. The pair (I, R) is
called a monoid presentation. We say that (I', R) is finite, if both ' and R
are finite. We say that (', R) is finitely generated, if T is finite. The sets
dom(R) of all left-hand sides and ran(R) of all right-hand sides are defined
by dom(R) = {s | 3t : (s,t) € R} and ran(R) = {t | 3s : (s,t) € R},
respectively. We define two binary relations —x and <+ on I'* as follows:

e s —ptif there exist u,v € I'* and (¢,7) € R with s = wfv and ¢t = urv
(the one-step rewrite relation)

e sptif (s—ptort—pgs)

We also write t g s in case s —g t. For a homomorphism A : I'* — ¥*
we define the semi-Thue system h(R) = {(h(¢),h(r)) | (¢,7) € R}. Clearly
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s —g t implies h(s) —x(r) h(t). Let RED(R) = I'" dom(R)I™* be the set of
reducible words and IRR(R) = I'*\ RED(R) be the set of irreducible words
(with respect to R). The presentation (I', R) is terminating if there does
not exist an infinite chain s; —x s — g s3 =g --- in I'*. The presentation
(T, R) is confluent if for all s,t,u € ['* with t <~ s —>p u there exists v € I'*
with t Sz v g u. It is well-known that (I', R) is confluent if and only if
(T, R) is Church-Rosser, i.e., for all s,t € T'*,if s & ¢, then s 3 u gt for
some u € ['*, see [27, p 12]. The presentation (I, R) is locally confluent if for
all s,t,u € I'* with ¢ g s —g u there exists v € ['* with ¢ S r v g By
Newman’s Lemma [151], a terminating presentation is confluent if and only
if it is locally confluent. Moreover, if (I', R) is terminating and confluent,
then for every s € I'* there exists a unique normal form NFg(s) € IRR(R)

such that s = NFg(s).

It is undecidable whether a given finite presentation is terminating [100],
confluent [13], or locally confluent [13], respectively. On the other hand, for a
finite and terminating presentation, local confluence (and hence by Newman’s
Lemma also confluence) can be checked using critical pairs [154]: A pair
(s1,82) € T*xT* is a critical pair of (I', R) if there exist rules (¢1,71), (£, 72) €
R such that one of the following two cases holds:

o / = tlhu, s; = r1, and sy = trou for some t,u € I'* (here the word
{1 = tlyu is an overlapping of ¢; and £5).

o /y =ut, ¥y =tv, sy = rv, and s, = ury for some t,u,v € ['* with t # ¢
(here the word wutv is an overlapping of ¢; and /).

Note that if (I, R) is finite, then there are only finitely many critical pairs.
It can be shown that (I', R) is locally confluent if and only if for every critical
pair (s1, s9) there exists s with s; > s p< so. It follows that for finite and
terminating presentations, local confluence and (by Newman’s Lemma also)
confluence are decidable.

In Chapter 3 we will consider the following classes of terminating presen-
tations: A presentation (I, R) is

e weight-lexicographic if there exist a linear order > on the alphabet I’
and a weight-function f : I'* — N such that for all (s,¢) € R we have
either f(s) > f(t) or (f(s) = f(t) and there exists 1 < i < min{|s|, [¢|}
with s[1,7 — 1] = ¢[1,7 — 1] and s[i] > t[7]).
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e length-lexicographic if there exists a linear order > on the alphabet T"
such that for all (s,t) € R we have either |s| > |t| or (|s| = |¢| and there
exists 1 <7 < min{|s|, |t|} with s[1,i — 1] =¢[1,7 — 1] and s[i] > t[i]).

e weight-reducing if there exists a weight-function f : I'* — N such that
f(s) > f(t) for all (s,t) € R.

e length-reducing if |s| > |t| for all (s,t) € R.

e monadic if it is length-reducing and ran(R) C T' U {e}.

e crasing if it is length-reducing and ran(R) = {e}.!

e n-homogeneous (n > 1) if it is erasing and |¢| = n for all £/ € dom(R).

If I is clear from the context, then we also say briefly that the semi-Thue
system R has one of the above properties.

The relation < is a congruence relation with respect to the concatena-
tion of words, it is called the Thue-congruence generated by (T', R). Hence
we can define the quotient monoid I'* /<3¢, which we denote by M(T, R). Tt
is also called the monoid presented by (I', R). In case of a finite presentation
(I, R) with I' ={ay,...,a,} and R ={(s1,%1),---, (Sm, tm)} we will also use
the more readable notation M(ay,...,a, | 1 = t1,...,Sm = t,,) instead of
M(T, R). The neutral element of the monoid M(I', R) will be usually de-
noted by 1, possibly with some index. Of course every monoid M = (M, o, 1)
is of the form M(I', R) for some presentation (I', R): let I' = M\{1} and
R = {(ab,c) | a,b,c € T,ao0b = c} U{(ab,e) | a,b € T'yaob = 1}. Then
M =2 M(T, R), see e.g. [27, Thm. 7.1.7]. The presentation (I', R) is even
monadic and confluent. On the other hand, in this work we are mainly inter-
ested in monoids of the form M(T', R) with (I, R) being finitely generated,
i.e., I finite. In this case, we say that also M(T', R) is finitely generated. If
(T, R) is finite, i.e., both I and R are finite, then M(T', R) is called finitely
presented.

Example 2.3.1. A class of finitely presented monoids that will occur several
times in this work are free groups. Let T be a finite set. LetT'={a | a € T'}
be a disjoint copy of I'. Then

F({) = M(TUT,{(aq,¢), (aa,e) | a € T'})

! Erasing presentations are usually called special, but here we prefer the term “erasing”.
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is a group, it is called the free group generated by I' (as a monoid, F(T') is
of course generated by T' UT'). In case |I'| = n, we also write F,, for F(T)
and call F,, the free group of rank n.

Since we will be interested in the complexity of decision problems, which
have a finite monoid presentation as part of their input, we have to define
the size ||(I', R)| of a finite presentation (I', R). Here, we choose |(I', R)| =

T+ 2 e Ist]-?

2.4 The (uniform) word problem

A decision problem that is of fundamental importance in the theory of monoid
presentations is the word problem. Let us first introduce a uniform variant of
this problem. Let P be a class of finite monoid presentations. The uniform
word problem for the class P is the following decision problem:

INPUT: A monoid presentation (I', R) € P and two words s,t € I'*.

QUESTION: Does s <»p t hold?

Here the length of the input is |(T', R)| + |st|.

For the class of all finite, terminating, and confluent presentations the
uniform word problem is decidable [112]: In order to check whether s <y ¢,
it suffices to check NFg(s) = NFg(t).

It should be noted that the uniform word problem is a promise problem
in the sense that it is promised that the input presentation indeed belongs to
the class P, but a priori this class might be undecidable, for instance this is
the case for the class of all terminating and confluent presentations. On the
other hand, in this work only decidable classes of presentations will occur.

Now let (I', R) be a fixed finitely generated presentation. The word prob-
lem for the presentation (I, R) is the following decision problem:

INPUT: Two words s,t € I'*.

QUESTION: Does s <35 t hold?

In this case, the input size is |st]|.

Assume that (I', R) and (X, S) are finitely generated presentations such
that M([, R) = M = M(X,S). Then for every a € I' there exists a word
we € X* such that a and w, represent the same element of M. If we define
the homomorphism h : I'* — ¥* by h(a) = w, then for all s, € ['* we have

2The binary coding of (T, R) has length log(|T'|)-|(T, R)|, but this additional logarithmic
factor will not play a crucial role for our considerations.
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s <»p t if and only if h(s) <>g h(t). Thus, the word problem for (', R) can
be reduced to the word problem for (%,S) and vice versa. Moreover this
reduction can be realized in deterministic logspace (it can be even realized in
uTCY see Section 3.2.1). Thus, the decidability and complexity of the word
problem does not depend on the chosen presentation. Hence, we may just
speak of the word problem for the monoid M.

Next assume that M(I',R) is a group G. Let W(I',R) = {w € T™* |
w <3 €} denote the set of all words over the generators that represent the
identity of the group. Since G is a group, the set W (I', R) may be identified
with the word problem for G, which is quite common. If (3,5) is another
presentation for the group G and C is some class of languages that is closed
under inverse morphisms, then W(T', R) € C if and only if W(%,S5) € C,
see e.g. [93] for a proof. In particular, W(I', R) is context-free if and only
if W (3, 5) is context-free. If the latter holds, then, following [4], the group
G is called context-free. The main result of [144] together with [75] implies
that a group is context-free if and only if it is virtually free, i.e., has a free
subgroup of finite index.

2.5 Automatic structures

In this work the concept of an automatic structure will occur repeatedly. In
this section we introduce the relevant definitions and state a few basic results,
see [20, 109] for more details.

Let us fix n € N and a finite alphabet I". Let # ¢ T" by an additional
padding symbol. We define two encodings v, : (I')® — ((I' U {#})™)* and
ve : (T)" = (T U{#})™)* as follows: Let wy,...,w, € X*, |w;| = k;, and
let K = max{ky,...,k,}. Define u; = w;#* % thus |u;| = k. Then

vp(wy, ..oy wn) = (ua[1], ..o up[l]) -« - (ui[k], - . ., us[k]) and

ve(wy, ... wy) = (U (Wi, ..., w;Y))

Thus, for instance

v, (aba, bbabb) = (a, b)(b, b)(a, a)(#,b)(#,b) and
ve(aba, bbabb) = (#,b)(#,b)(a, a)(b,b)(a,b).

An n-ary relation R C (I'*)" is called a-automatic (a € {¢,r}) if the lan-
guage {v,(u) | u € R} is a regular language over the alphabet (I' U {#})".
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A relation R C (I'*)™ has length-difference bounded by v € N if for all
(U1,...,uy,) € Rand all 1 < 4,5 < n, it holds |(|u;| — |u;|)| < v [84]. We
say that R has bounded length-difference if for some 7y it has length-difference
bounded by . The following simple lemma will turn out to be useful later.
Its simple proof is left to the reader.
Lemma 2.5.1. Let R, S C (I')™ have both bounded length-difference.

o R is l-automatic if and only if R is r-automatic.

e If R and S are both a-automatic, then

R-S ={(st,uv) | (s,u) € R, (t,v) € S}
1§ a-automatic as well.

Now let A = (A, (R;)ics) be an arbitrary relational structure with finitely
many relations, where R; C A™. Let o € {¢,r}. A tuple (I', L, h) is called
an a-automatic presentation for A if

e ['is a finite alphabet,

e [ C I'"is a regular language,

e h: L — Ais a surjective function,

the relation {(u,v) € L x L | h(u) = h(v)} is a-automatic, and

the relation {(u1,...,u,,) € L™ | (h(u1),...,h(us,)) € R} is -
automatic for every i € J.

We say that A is a-automatic if there exists an a-automatic presentation
for A. Whereas an r-automatic presentation for A is not necessarily an
f-automatic presentation for A and vice versa, it is easy to see that A is
r-automatic if and only if A is /-automatic. If the latter holds, then we say
that A is an automatic structure.?

3We introduced the concept of a-automatic presentations for both @ = r and a = ¢
because later we will need both variants in the context of automatic monoids.
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Theorem 2.5.2 (cf [109]). Let (I',L,h) be an a-automatic presentation
for the structure A and let p(z1,...,2,) be a first-order formula over the
signature of A. Then the relation

{(u1,---un) € L™ | A= @(h(u1),--.,h(uy))}

is a-automatic. Thus, (', L, h) is also an a-automatic presentation for the

structure (A, {(a1,...,a,) | AE é(a1,...,a,)}).

The previous theorem implies that automatic structures are closed under
first-order definitions. The following theorem is our main motivation for
introducing automatic structures.

Theorem 2.5.3 (cf [109]). If A is automatic, then FOTh(A) is decidable.

In [20] it was shown that even the extension of first-order logic, which allows
to say that there are infinitely many x with ¢(x), is decidable.

2.6 Cayley-graphs

In Chapter 4 we will study Cayley-graphs of monoids and groups, but also for
the investigation of word problems in Chapter 3, the concept of the Cayley-
graph will turn out to be useful (see Section 3.8).

Let M = (M,o,1) be a finitely generated monoid and I' be a finite
generating set of M. With M and I" we associate the following two relational
structures:

Cr(M,T) = (M, ({(u,v) | uoa=1v})aer)
CZ(M’F) = (Ma ({(U'a U) | aou = U})ael“)

Whenever we just write C(M, '), we mean C,(M,T") and call this structure
the (right) Cayley-graph of M with respect to I'. It can be viewed as a
directed graph, where every edge has a label from ', {(u,v) | uoa = v}
is the set of a-labeled edges. Note that since I' generates M, C(M,T) is a
connected graph. The “left Cayley-graph” Cy¢(M,T") will be only needed in
Section 3.8 and 4.5.2.

For a finitely generated group G, we always may choose a generating set
I', which is closed under taking inverses. Thus, for every a-labeled edge of
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C(G,T) (a € T), there exists a reversed a~'-edge. Moreover, for every two
nodes u,v € G there exists an automorphism of C(G,T"), which maps u to v.

Cayley-graphs were mainly investigated for groups, in particular they
play an important role in combinatorial group theory [127, 130], see also the
surveys of Schupp [181] and Babai [8]. On the other hand, only a few pa-
pers deal with Cayley-graphs for monoids. In [192, 193], Cayley-graphs of
automatic monoids are investigated. The work of Calbrix and Knapik on
Thue-specifications [39, 111] covers Cayley-graphs of monoids with a termi-
nating and confluent presentation as a special case.

Let us close this section with a few examples.

Example 2.6.1. Let M = M(a,b|ab=¢). A finite portion of the Cayley-
graph of M with respect to {a,b} looks as follows:

Example 2.6.2. Let M = M(a,b | ab = baa). A finite portion of the
Cayley-graph of M with respect to {a,b} looks as follows:

a -

b b
Y _ Y

a o a o

b b b
Y -y Y

a a a a

b b b b b
Yy Yy Yy ¥ Y

Q
IS
Q
Q
Q
Q
=
Q
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Example 2.6.3. A finite portion of the Cayley-graph of F5, the free group of
rank 2, with respect to the generating set {a, @, b, b} is shown below. Two edges
which are reversed to each other are represented as a single undirected edge
with the label of the edge that points away from the origin, which represents
the identity.

2.7 Mazurkiewicz traces

In Chapter 4 and 5 we will use several results from the theory of Mazurkiewicz
traces. A detailed introduction to this field can be found in [70].

An independence alphabet is a pair (A, I), where A is a possibly infinite
set and I C A x A is symmetric and irreflexive. The relation I is known as
the independence relation, its complement D = (A x A)\ I is the dependence
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relation. The pair (A, D) is called a dependence alphabet. For a € A, we let
I(a) ={b€ A| (a,b) € I} and D(a) ={b€ A | (a,b) € D} = A\ I(a). An
(A, I)-clique is a subset B C A such that (a,b) € I for all a,b € B with a # b.
Let F(A, I) denote the set of all finite (A, I)-cliques. The trace monoid (free
partially commutative monoid) M(A, I) associated to (A, I) is defined by

M(A, I) = M(A, {(ab,ba) | (a,b) € I}),

its elements are called traces. Trace monoids will be one of the few examples
of not necessarily finitely generated monoids in this work. Extreme cases
are free monoids (if D = A x A) and free commutative monoids (if D =
{(a,a) | a € A}). Trace monoids were first investigated by Cartier and Foata
in combinatorics [43]. In computer science, traces appeared implicitly in the
work of Keller [107]. Later, Mazurkiewicz [138] introduced them explicitly
in computer science.

The trace represented by the word s € A* is denoted by [s];. The neutral
element of M(A, I) is the empty trace [¢];, briefly . An element a € A will
be identified with the trace [a];. More generally, for a finite (A, I)-clique C,
we can define a unique trace [C] = [ajas - - a,];, where ag,as,...,a, is an
arbitrary enumeration of C'.

Let t = [s]; € M(A, ). We define |t| = |s| (the length of t), |t|, = |s|a
for a € A, alph(t) = alph(s), max(t) = {a € A | Ju € A* : t = [ua|/},
and min(t) = {a € A | Ju € A* : t = [au|;}. Note that min(¢) and
max(t) are (A, I)-cliques. For two traces t,u € M(A,I) we write (t,u) € I
if alph(¢) x alph(u) C I. For an n-ary relation R over A*, we define its
I-quotient

R/r = {([uilr, -, [un)r) | (u1,...,u,) € R}.

For instance, < /; is the prefix order on traces. The set of all traces that have
t as a prefix is denoted by tM(A,I) = {tu | v € M(A,I)}. For instance,
t € [min(¢)|M(A, I).

A trace t € M(A, I) can be visualized by its dependence graph D;. To
define Dy, choose an arbitrary word w = ajas - - - an, a; € A, with t = [w]; and
define D, = ({1,...,n}, E, ), where E = {(3,5) | ¢ < J,(a;,a;) € D} and
A(7) = a;. If we identify isomorphic dependence graphs, then this definition
is independent of the chosen word representing ¢{. Moreover, the mapping
t — Dy is injective. Let D, = (V, E, \) be the dependence graph of ¢. It is
easy to see that the factors of ¢ are in one-to-one correspondence with the
subsets U C V such that i = j = k and 4,k € U imply j € U.
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As a consequence of the representation of traces by dependence graphs,
one obtains Levi’s lemma for traces, see e.g. [70, p 74|, which is one of the
fundamental facts in trace theory. The formal statement is as follows.

Lemma 2.7.1. Let uy, ..., Uy, v1,...,0, € M(A,I). Then
Uity -+ Uy = V Vs - -+ Uy
if and only if there exist w; j € M(A,I) (1<i<m,1<j<n) such that
o U =W Wi Wiy for alll <i < m,
® U =W Wy Wny foralll < j<mn, and
o (wij,wre) €I foralll<i<k<m,n>j>¢>1.

The situation in the lemma will be visualized by a diagram of the following
kind. The ¢—th column corresponds to u;, the j—th row corresponds to v;,
and the intersection of the i—th column and the j—th row represents w; ;.
Furthermore w; ; and wy, are independent if one of them is left-above the
other one.

Un wl,n w2,n w3,n .. wm,n
V3 || W13 | W23 | W33 | --- | W3
Vg || W12 | W22 | W32 | --- | Wm,2
Uy || W11 | W21 | W31 | --- | Wy,

H Ul ‘ U9 ‘ us ‘ e ‘ Um, ‘

A consequence of Levi’s Lemma is that trace monoids are cancellative, i.e.,
usv = utv implies s = ¢ for all traces s,t,u, v € M(A, I).

The Foata normal form FNF(t) of t € M(A, ) is a word over the set
F(A,I) of finite (A, I)-cliques. It is defined inductively:

FNF([e];) =¢ and FNF(¢) = min(¢) FNF(s)

where s is the trace satisfying ¢ = [min(¢)]s. Since M(A, I) is cancellative,
s is given uniquely by this requirement. The height of ¢, briefly height(¢), is
the length of its Foata normal form FNF(¢). Alternatively, height(¢) can be
defined as the number of nodes in a longest directed path in the dependence
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graph D;. Thus, height(st) < height(s) + height(¢). The reversed Foata
normal form of t € M(A, I) is defined as follows:

rFNF([e];) =¢ and 1FNF(¢) = rFNF(s) max(t)

where s is the trace uniquely given by s[max(¢)] = ¢. Then height(t) also
equals the length of rENF(¢). If the word A; Ay --- A,, where A; € F(A,I),
is the (reversed) Foata normal form of ¢, then we say that the factorization
t = [A1][As] - - - [An] is in (reversed) Foata normal form.

We end this section with a brief discussion of trace rewriting systems,
which generalize semi-Thue systems from words to traces. Formally, a trace
rewriting system over M(A, I) is asubset R C M(A, I)xM(A4, I). Completely
analogous to semi-Thue systems we define the one-step rewrite relation — g C
M(A, I) x M(A, I), the Thue congruence <>z C M(A, I) x M(A, I), the set of
reducible traces RED(R) C M(A, I), the set of irreducible traces IRR(R) C
M(A, I), and terminating (resp. confluent, locally confluent, length-reducing)
trace rewriting systems. In general, it is undecidable whether a finite length-
reducing trace rewriting system is confluent, see [149]. This is in sharp
contrast to semi-Thue systems, and makes confluence proofs challenging.
However, if R is terminating and confluent, then still for every s € M(A, I)
there exists a unique normalform NFg(s) € IRR(R) with s — NFg(s).
Moreover, the set IRR(R) is in one-to-one correspondence with the quotient
monoid M(A, I) /<5 g.

2.8 Rational and recognizable sets

Let M = (M,o0,1) be a monoid. The product of two sets Li,Ly C M is
LioLy ={aioay | a1 € Lyi,a5 € Ly}. The Kleene star of L C M is
L* = ;5o L*, where L° = {1} and L'** = Lo L" for > 0. The set RAT(M)
of all rational subsets of M is the smallest class of subsets that contains
every finite subset of M and that is closed under union, product, and Kleene
star. A subset L C M is called recognizable if there exists a finite monoid
S and a monoid homomorphism A : M — S, which may be assumed to be
surjective, such that L = h='(h(L)). The class of all recognizable subsets of
M is denoted by REC(M).

The classes REC(M) and RAT(M) are classical, see e.g. [18]. If M is
a finitely generated monoid, then REC(M) C RAT(M) [139]. In general,
REC(M) is a proper subset of RAT (M), this holds, e.g., for infinite groups
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or the trace monoid N x {a,b}*. For a free monoid I'* we have REC(I'™*) =
RAT(I™*) by Kleene’s Theorem.

For every monoid M, the class REC(M) is an effective Boolean algebra,
but in general REC(M) is neither closed under products nor Kleene stars.
On the other hand RAT(M) is not a Boolean algebra in general, for instance
RAT(N x {a,b}*) is not closed under intersection, see e.g. [70, Example
6.1.16).

For a trace monoid M = M(A, ) with A finite, it is easy to see that
L € REC(M) if and only if the language {u € A* | [u]; € L} is a regular
subset of A*, whereas L € RAT(M) if and only if there is a regular language
K C A* such that L = {[u]; | v € K}. Thus, every finite subset of M
is recognizable. Moreover, REC(M) is closed under products and connected

Kleene stars [156].* In particular, for a finite trace rewriting system R over
a trace monoid M, we have RED(R) € REC(M) and IRR(R) € REC(M).

4A Kleene star L*, where L C M, is called connected if every ¢t € L is a connected
trace, i.e., we cannot write t = uv with (u,v) € I and u # [e]r # v.
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Chapter 3

Word problems

3.1 Outline

This chapter is devoted to a complexity theoretical analysis of word problems
for certain classes of monoid presentations.

Adjan obtained in [2] the remarkable result that there exists a fixed 3-
homogeneous presentation with an undecidable word problem, whereas every
2-homogeneous presentation has a decidable word problem. Book [24] sharp-
ened Adjan’s decidability result by proving that the word problem for every 2-
homogeneous presentation can be solved in linear time. In Section 3.2, we will
study the space and circuit complexity of word problems for 2-homogeneous
presentations. In Section 3.2.3 we will prove that the uniform word problem
for the class of all confluent and 2-homogeneous presentations is in determin-
istic logarithmic space (L). From this result it follows easily that the word
problem for every fixed (not necessarily confluent) 2-homogeneous presenta-
tion can be solved in L (Theorem 3.2.14), which improves Adjan’s decidabil-
ity result in another direction. Our proof is based on the important result
of Lipton and Zalcstein [120] that the word problem for the free group of
rank 2 is in L. Formally Theorem 3.2.14 generalizes the result of Lipton and
Zalcstein. Furthermore our logarithmic space algorithm immediately shows
that the word problem for an arbitrary 2-homogeneous presentation could be
solved in uniform NC' (see Section 3.2.1 for a definition) if the word prob-
lem for the free group of rank 2 would belong to uniform NC'. Whether
the latter holds is one of the major open questions concerning uniform NC*,
In Section 3.2.5 we will consider the uniform word problem for the class of

29
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all 2-homogeneous (not necessarily confluent) presentations. Based on our
results from Section 3.2.3, we will show that the uniform word problem for
2-homogeneous presentations is complete for symmetric logarithmic space
(SL, see Section 3.2.1 for a definition). This result is in particular interesting
from the viewpoint of computational complexity, since there are quite few
natural and nonobvious SL-complete problems outside graph theory, see [3].

As already mentioned in the introduction, Bauer and Otto [13] have
shown that also for confluent and terminating presentations, the complexity
of the word problem can reach every level of the Grzegorczyk hierarchy. A
way to reduce the complexity of the word problem is to force bounds on the
length of derivation sequences, e.g., by restricting to certain subclasses of
terminating systems. For instance, Book has shown that the word problem
for a confluent and length-reducing presentation can be solved in linear time
[23]. Further results in this direction were obtained in [25]. In Section 3.3-
3.6 we will continue the investigation of the complexity of the word problem
for various classes of confluent and terminating presentations. Following [27,
pp 41-42], we will study length-reducing systems, weight-reducing systems,
length-lexicographic systems, and weight-lexicographic systems. For each of
these classes we will investigate the word problem in its uniform and nonuni-
form variant. Moreover, we will also study the effect of fixing the underlying
alphabet for the uniform word problem. Table 3.1 at page 61 summarizes
the results.

Finally, in Section 3.8 we will prove that there exists a fixed automatic
monoid with a P-complete word problem. Automatic monoids generalize
automatic groups, which have attracted a lot of attention in combinatorial
group theory since the middle 1980s, see [80] for a detailed introduction.

In this chapter we assume that all monoid presentations are finite. This
assumption will not be mentioned any more. The results of this chapter are
partly contained in [124, 125].

3.2 2-homogeneous presentations

3.2.1 Some complexity classes below P

In this section we will introduce several complexity classes that will turn out
to be useful for the investigation of 2-homogeneous presentations. All these
classes are contained in P.
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Symmetric logarithmic space With SL (symmetric logarithmic space)
we denote the class of all problems that can be solved in logarithmic space
on a symmetric and nondeterministic Turing-machine. Basically a Turing-
machine 7 is symmetric, if for every transition ¢; =7 ¢, the machine can
also make the transition c; =7 ¢y, see [119] for more details. We will never
work with this original definition of SL from [119] (which has to be enriched
by several quite technical additional conditions), but with a logical charac-
terization of SL, see Section 3.2.5. Important results for SL are the closure
of SL under logspace bounded Turing-reductions, i.e., SL = L5" [153], and
the fact that problems in SL can be solved in deterministic space O(log(n)?)
[5]. A collection of SL-complete problems can be found in [3].

Circuit complexity For more details on circuit complexity see [215]. We
will consider circuit families (C,)nen, Where C,, is a Boolean circuit with one
output and n inputs that are linearly ordered. Such a circuit family accepts
a language over {0,1} in the obvious way, but of course this language may
be even undecidable. In order to avoid such pathological cases, we assume a
uniformity condition, which assures that given n, the n-th circuit C), can be
easily constructed. Here we assume DLOG TIME-uniformity, see e.g. [10, 37],
which is defined via DLOGTIME Turing-machines. A DLOGTIME Turing-
machine is a deterministic Turing-machine that operates in logarithmic time.
In order to be able to do nontrivial computations, such a machine has a
special input address tape of length O(log(n)) that stores a position 7 of the
input. At every step the machine has access to the input symbol at position
1. Despite its seemingly restricted power, several nontrivial computations
can be done with DLOGTIME machines, see [10]:

e determine the length of its input.

e add two binary coded numbers of length O(log(n)).

e determine the logarithm of a binary coded number of length O(log(n)).
A circuit family (Cy,)qen is called DLOGTIME-uniform if the set

{(t,a,b,y) | a and b are numbers of gates in C,, |y| = n,
b is a child of a, and ¢ is the type of gate a}
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(the direct connection language of the family) can be decided by a DLOG-
TIME machine. We will always skip the part of verifying DLOGTIME-
uniformity, which is quite tedious but never causes any problems due to the
simple structure of the circuit classes that we will present. The reader who
is only interested in logspace upper bounds may verify logspace uniformity
of our circuit classes, which is straight-forward.

DLOGTIME-uniform NC*, briefly uNCF! is the class of all languages
that can be accepted by a DLOGTIME-uniform family of circuits (Cp)nen
such that for every n > 0,

e the n-th circuit C, has n°" many gates and depth O(log®(n)), and
e is built up from NOT-gates, and AND- and OR-gates of fan-in 2.

Finally uNC = {J,, uNC*. Roughly speaking, uNC is the class of all prob-
lems in P that can be solved efficiently on a parallel machine. It is well
known that uNC' corresponds to the class ALOGTIME (alternating loga-
rithmic time) [176].

An important subclass of uNC! is DLOGTIME-uniform TCP, briefly
uTC2 Tt is the class of all languages that can be accepted by a DLOGTIME-
uniform family of circuits (C,)nen such that

e the n-th circuit C,, has n°") many gates and depth O(1), and

e is built up from NOT-gates, and AND-, OR-, and majority-gates of
unbounded fan-in.

Recall that a majority-gate outputs 1 if more than half of its inputs receive
1, otherwise it outputs O.

The following chain of inclusions holds between the classes inside P, in-
troduced so far.

uTC® CuNC! CL CSL CNL CuNC? CuNC CP

When dealing with hardness of problems for classes below L, like uNC! or
uTC?, logspace-reductions lead to trivial statements. Thus, reductions of
more restricted computational power are necessary. A popular choice in

!The mnemonic NC (Nick’s class) was introduced by Cook [50] in recognition to the
work of Nick Pippenger [161].
2The “T” in uTCP stands for “threshold”.
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this context are DLOGTIME-reductions, see e.g. [10, 37]: A function f :
{0,1}* — {0,1}* can be calculated in DLOGTIME if |f(z)| € |z|°®" for
every input z (i.e., f has only polynomial growth) and the set of all tuples
(¢,i,z) such that the i-th symbol of f(z) is ¢ belongs to DLOGTIME.

By allowing more than one output gate in circuits we can also speak
of functions that can be calculated in uTC°. But with this definition only
functions f : {0,1}* — {0, 1}, which satisfy the requirement that |f(z)| =
|f(y)] if |x| = |y| could be computed. In order to overcome this restriction
we define for a function f : {0,1}* — {0,1}* the function pad(f): {0,1}* —
{0,1}*{#}" by pad(f)(z) = f(z)#" /) with n = max{|f(2)| | [z| = |2]}.
Then we say that a function f can be calculated in uTC? if the function
pad(f) can be calculated by a family of circuits that satisfy the restrictions
for uTC® (where the alphabet {0,1,#} has to be encoded into the binary
alphabet {0,1}). Typical examples of functions that can be calculated in
uTCY are the following:

e the sum of a polynomial number of binary coded integers of polynomial
length [10].

e the product of a polynomial number of binary coded integers of poly-
nomial length [95].

e the quotient of two binary coded integers of polynomial length [95].

The above definition of a functional equivalent to uTC® immediately leads
to a notion of uTC® many-one reducibility. More generally we say that a
language A is uTC reducible to a language B if A can be recognized by a
DLOGTIME-uniform circuit family (C},)nen such that

e the n-th circuit C,, has n°") many gates and depth O(1), and

e is built up from NOT-gates, and AND-, OR-, majority-, and oracle-
gates for the language B of unbounded fan-in.

This notion of reducibility is a special case of Cook’s NC'-reducibility [51].
In particular [51, Proposition 4.1] immediately implies that L is closed under
uTC reductions. Moreover also uNC' and uTC? are closed under uTC’-
reductions and uTCC-reducibility is transitive.
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Remark 3.2.1. A typical example of a uTC -reduction is a homomorphism
between two free monoids.®> In particular, it follows that if (T, R) and (3, S)
are two presentations of the same monoid, then the word problem for (I, R)
is uTC-reducible to the word problem for (£,S) and vice versa. Thus, it
makes sense to say that the word problem for a finitely generated monoid
belongs to uTC® or uNC!, respectively.

3.2.2 Some known results for 2-homogeneous presen-
tations

Most of the results in Section 3.2 are based on the following result of Lipton
and Zalcstein.

Theorem 3.2.2 (cf [120]). The word problem for the free group Fy of rank
21s in L.

Lipton and Zalcstein obtained this result as a special case of a more general
result on finitely generated linear groups. We will need a uniform variant of
Theorem 3.2.2. For this let us choose the canonical presentation (A, S,) of
the free group F;, of rank n, where

An:{cla"wcnaéla"',an}
Sp={ci¢; > ¢, Gic; > e |1 <i<n}

We obtain the following result:

Corollary 3.2.3. The uniform word problem for the class {(Ay, Sp) | n > 1}
is uTC-reducible to the word problem for Fy, and therefore is also in L.

Proof. The group homomorphism ¢, : F,, — F; defined by ¢; — T cyct is in-
jective, see e.g. [127, Proposition 3.1]. Furthermore ¢, (w) can be calculated
from w and (A,,S,) in uTCP. The second statement of the theorem follows
with Theorem 3.2.2. O

Let us also mention the following result of Robinson [171].

Theorem 3.2.4 (cf [171]). The word problem for the free group Fs of rank
2 is uNC'-hard under DLOG TIME-reductions.

3For this we have to use the fact that the sum of a polynomial number of integers can
be computed in uTC°.
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The Dyck-language over 2 bracket pairs is the set of words over the alphabet
{a,b,@,b} that are well-bracketed, where @ (resp. b) is the right bracket that
corresponds to the left bracket a (resp. b). Using the fact that the number of
1’s in a word over {0,1} can be calculated in uTC° [10], the following result
was shown in [9].

Theorem 3.2.5 (cf [9]). The Dyck-language over 2 bracket pairs is in uTC".

3.2.3 The confluent case

In this section we investigate the uniform word problem for the class of all
confluent and 2-homogeneous presentations. For the rest of this section let
(I', R) be a confluent and 2-homogeneous presentation. W.l.o.g. we may
assume that every symbol in I' appears in some rule of R.

Lemma 3.2.6. There exist pairwise disjoint sets 'y, ', A C T, an tnvolution
“: A — A, and a semi-Thue system D C {(ab,¢) | a € ['y, b € '} such that
'=T,UlLUA and R= D U{(aa,e¢) | a« € A}. Furthermore, given R and
a € T we can decide in uTC® whether a belongs to Ty, Ty, or A.

Proof. Define ¥4, C I'by ¥y = {a € T' | 3b € T : (ab,e) € R} and
22 = {CL el | dbel: (ba, 5) € R} Let Fg = 21\22, Fr = 22\21, and A =
¥1 N Y,. Obviously I'y, T',, and A are pairwise disjoint and ' =T, UT', U A.
Now let @ € A. Then there exist b,c € I with (ab, ¢), (ca,e) € R. It follows
br¢cab —g c. Since R is confluent we get b = ¢, i.e, (ab,¢), (ba,e) € R
and thus b € A. Now assume that also (ab/,e) € R for some b’ # b. Then
b r<babl' —x b, which contradicts the confluence of R. Similarly there
cannot exist &' # b with (b'a,e) € R. Thus, we can define an involution
“:A— Abya=bif (ab,e), (ba,e) € R. The lemma follows easily. O

Note that the involution ~ : A — A may have fixed points, i.e., @ = a for
some a € A. For the rest of this section it is helpful to eliminate these
fixed points. Let a € A such that @ = a. Take a new symbol & and
redefine the involution ~ on the alphabet I' U {a'} by @ = ¢’ and @’ = a. Let
R' = (RU{(ad,¢), (d'a,)})\{(aqa, )}, which is still confluent. Furthermore
for w € I'* let w' € (I' U {a'})* be the word that results from s by replacing
the i-th occurrence of a in w by ' if 7 is odd and leaving all other occurrences
of symbols unchanged. Then for all s,t € I'* we have s <> t if and only if
s’ &gt Since counting modulo 2 can be done in uTC?, s', t', and R’ can
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be calculated from s, ¢, and R in uTC’. In this way we can eliminate all
fixed points of the involution ~ in uTC® (we can do the above replacement
in parallel for every fixed point of 7). Thus, for the rest of the section we
may assume that a # @ for all a € A. Let S = {(a@,¢) | a € A} C R. Then
M(A, S) is the free group of rank |A|/2.

Define the homomorphism 7 : T* — {(,)}* by n(a) = ( for a € Ty,
w(b) =) for b € T',, and 7(c) = ¢ for ¢ € A. We say that a word w € I'*
is well-bracketed if the word m(w) is well-bracketed. It is easy to see that
if w 55 €, then w is well-bracketed. Furthermore, Theorem 3.2.5 implies
that for a word w and two positions i,j € {1,...,|w|} we can check in
uTC® whether the factor wli, 5] is well-bracketed. We say that two positions
i,j € {1,...,|w|} are corresponding brackets in w, briefly co,(i,7), if i <
j, wli] € Ty, w[j] € Ty, wli,j] is well-bracketed, and wli, k| is not well-
bracketed for all k& with ¢ < k < j. Again it can be checked in uTC®, whether
two positions are corresponding brackets. If w is well-bracketed, then we
can factorize w uniquely as w = sowliy, j1]$1 - - - W[in, jun]Sn, Where n > 0,
coy(ix, ji) for all k € {1,...,n}, and s, € A* for all k € {0,...,n}. We
define 0(w) = s¢s1 - - - s, € A*.

Lemma 3.2.7. The partial function § : I'* — A* (which is only defined on
well-bracketed words) can be calculated in uTCP.

Proof. First, in parallel for every m € {1,..., |w|} we calculate in uTC® the
value f,, € {0,1}, where f,, = 0 if and only if there exist positions i < m < j
such that co, (7, 7). Next we calculate in parallel for every m € {1,..., |w|}
the sum F,, = Y"1, f;, which is possible in uTC® by [10]. If F,, < m < |w|,
then the m-th output block is set to the binary coding of the padding symbol
#. Ifm < Fy, and i€ {1,...,|w|} is such that f; =1 and F; = m, then the
m-th output block is set to the binary coding of wi]. O

Lemma 3.2.8. Let w € T*. If w g s for some s € A*, then w is well-
bracketed. Moreover, if we write w = sowliy, j1|s1 - - - W[in, jn|Sn, wheren > 0,
oy (ix, j) for all 1 < k <n, and sy € A* for all 0 < k < n, then:

o (wlig)w[jx], €) € R and
o wlix+ 1,7, — 1] Spe foralll <k <n.

In particular, w ~>g SoS1 - - - Sn = d(w).
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Proof. By projecting the derivation w > s € A* onto the alphabet I' \ A,
it becomes obvious that w must be well-bracketed. Hence, we can write
w = Sowliy, j1]81 - - - Win, Jn)Sn, Where n > 0, coy(ix, jx) for all 1 < k& <
n, and sy € A* for all 0 < k < n. We prove (w[ig]w[jk], €) € R and
wlix+1,jx—1] =g € (1 < k < n) by induction on the length of the derivation
w S s € A*. The case that this derivation has length 0, i.e., w € A*, is
trivial. If the removed occurrence of £ in w lies completely within one of the
factors s, (0 < k < n) or wix + 1,5k — 1] (1 < k < n) of w, then we can
directly apply the induction hypothesis to wiws. On the other hand, if the
removed occurrence of £ contains one of the positions i or j; (1 < k < n),
then, since coy,(ix, ji), we must have £ = w(ig|w|jk], w[ix + 1, jk — 1] = ¢, and
wiwy = sow(ir, j1]s1 - wlik—1, Jr—1]Sk-15kWik11, Jr+1]8k+1* * - Win, Jn]sn SR
s. Again, we can conclude by using the induction hypothesis. O
Lemma 3.2.9. Let w € I'*. Then w =g ¢ if and only if

o w is well-bracketed,
o S(w) >g¢e, and

o foralli,je{1,...,|w|} with coy(i,j) we have: (w[ilw[j], €) € R and
S(wli+1,5—1]) Sge.

Proof. The only if-direction can be shown by an induction on |w| as follows.
Let w =g . Then w must be well-bracketed, thus we can factorize w as w =
Sowli1, J1|s1 -+ - Wlin, jn]Sn, Where n > 0, coy, (ix, ji) for all k € {1,...,n}, and
s, € A*forallk € {0,...,n}. By Lemma 3.2.8, we obtain (w[ig|w[jk], €) € R
and wliy + 1,5, — 1] =g € for all k € {1,...,n}. Moreover, w —>p &(w).
Thus, since R is confluent, §(w) < €. Since |w[iy + 1, jr — 1]| < |w|, we can
apply the induction hypothesis to each of the words w[ix + 1, jx — 1], which
proves the only if-direction. For the other direction assume that w satisfies
all three assumptions from the lemma. Then, by induction on j — ¢, we can
show that w[i, j] =g € forall4,j € {1,..., |w|} with co, (i, ). Together with
S(w) S5 e we get w —p €. O

The previous lemma implies the following partial result.

Lemma 3.2.10. The following problem is wTC°-reducible to the word prob-
lem for Fy:
INPUT: A confluent and 2-homogeneous presentation (I', R) and w € T'*.
QUESTION: Does w <3p £ (or equivalently w <> €) hold?
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Proof. A circuit with oracle gates for the word problem for F, that on input
(T, R, w) determines whether w 2 € can be easily build using Lemma 3.2.9.
The quantification over all pairs i, € {1,...,|w|} in Lemma 3.2.9 corre-
sponds to an AND-gate of unbounded fan-in. In order to check whether
§(wli, j]) =g € for two positions i and j, we first calculate in uTC? the word
d(wl(i, 7]) using Lemma 3.2.7. Next we apply Corollary 3.2.3, and finally we
use an oracle gate for the word problem for F. O

For w € T'* we define the set II(w) as the set of all positions ¢ € {1,..., |w|}
such that w[i] € [ UT, and furthermore there does not exist a position k& > 4
with w(i, k] <> ¢ and there does not exist a position k < i with w[k,i] =g €.
Thus, IT(w) is the set of all positions in w whose corresponding symbols are
from I'; U T, but which cannot be deleted in any derivation starting from w.
The following lemma should be compared with [158, Lem. 5.4] which makes
a similar statement for arbitrary erasing presentations.

Lemma 3.2.11. Let u,v € T, Il(u) = {i1, ..., im} and [I(v) = {j1,- .-, jn},
where 17 < 1g < <+ < Iy, and J1 < Jo < --+ < jn. Define ig = jo = 0,
bime1 = |u| + 1, and jpi1 = |v| + 1. Then u Sy v if and only if

e m=mn,

o ulix] = v[ji] for 1 <k <n, and
L] 5(U[Zk + laik—|—1 - 1]) (ihg 6(1)[]k + 1,jk_|_1 - 1]) for 0 S k S n.
Proof. First we show the following statement:

If II(w) = () for w € I'*, then w is well-bracketed and w 5 6(w). (3.1)

Since II(w) = @ and R is confluent, there must exist s € A* with w —5 s.
Thus, (3.1) follows from Lemma 3.2.8.

Now we prove the lemma. Consider a factor uy := ulig_1 + 1,4 — 1] of .
Let ix_1 < i < iy such that u[i] € I'y. Then i ¢ II(u), hence there exists j > i
such that u[i, j] = €. But since 4, € II(u) (or iy = |u|+1) we must have j <
ix. A similar argument applies if u[i] € I';, hence II(u;) = 0 and thus uy —g
§(ug) by (3.1). We obtain u — 5 §(u1)uli1]6(uz)ulia] - - 8 (te)tfim]d (Ums1) =:
u' and similarly v S5 6(v)v[j1]6(v2)v[fa] - - - 6 (vn)v][jn]d (Vpsr) =: v'. Thus,
u S v if and only if u' <k v' if and only if «’ and v’ can be reduced to a
common word. But only the factors 0(uy) and §(vg) of v’ and v', respectively,
are reducible. The lemma follows easily. O
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From the previous lemma we can infer the following theorem.

Theorem 3.2.12. The uniform word problem for the class of all confluent
and 2-homogeneous presentations is uTC°-reducible to the word problem for
the free group Fy of rank 2.

Proof. Let (I, R) be confluent and 2-homogeneous and u,v € I'*. First we
calculate in parallel for all 4,5 € {1,...,|u|} with i < j the Boolean value
e;j; which is FALSE if and only if u[¢, j] S g €. Next we calculate in parallel
for all i € {1,..., |u|} the number g; € {0,1} by

i1 uf
g = 1 if U,[’I,] el byul', A /\ €k N /\ €ik
k=1 k=i+1

0 else

Thus, g; = 1 if and only if ¢ € II(u). Similarly we calculate for all j €
{1,...,|v|} the number h; € {0,1}, which is 1 if and only if j € II(v).
W.lo.g. we assume that g, = g, = h1 = hj, = 1, this can be enforced by
appending suitable symbols to the left and right end of u and v, respectively.
Now we calculate in parallel for all 7 € {1,...,|u|} and all j € {1,...,|v|}
the sums G; = Y_,_, gx and H; = >4_, hy, which can be done in uTC® by
[10]. Finally by Lemma 3.2.11, we have u < v if and only if Gy = H), and
furthermore for all 41,4, € {1,..., |u|} and all jy,jo € {1,...,|v|} such that
(gil = Gi, = hj1 = hh = 1, Gil = ij and Gig = sz = Gil + 1) we have

[} U[’Ll] = ’U[jl],

e ufia] = v]ja], and

o S(uliy +1,i9 — 1]) Ss 8wl + 1,72 — 1)).

Using Corollary 3.2.3, Lemma 3.2.7, and Lemma 3.2.10 the above description
can be easily converted into a uTC%-reduction to the word problem for F5. [

Corollary 3.2.13. The uniform word problem for 2-homogeneous and con-
fluent presentations is in L. Furthermore if the word problem for Fy is in
uNC!, then the uniform word problem for the class of all 2-homogeneous and
confluent presentations is in uNC".
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3.2.4 The nonuniform case

Book has shown in [24] that for every 2-homogeneous presentation there ex-
ists a confluent and 2-homogeneous presentation, which presents the same
monoid (see also Lemma 3.2.23). Together with Corollary 3.2.13 and Re-
mark 3.2.1 we obtain the following result:

Theorem 3.2.14. Let (I', R) be a fized 2-homogeneous presentation. Then
the word problem for M(T', R) is in L. Furthermore if the word problem for
Fy is in uNC?, then also the word problem for M(T', R) is in uNC".

In the next theorem we present lower bounds for word problems for 2-
homogeneous presentations. It deals w.l.o.g. only with confluent and 2-
homogeneous presentations. We use the notation from Lemma 3.2.6.

Theorem 3.2.15. Let (I', R) be a confluent and 2-homogeneous presentation,
where I' = T'y\UT',UA. Let |A| = 2-n+f, where f is the number of fized points
of the involution ~ : A — A. Ifn+ f > 2 but not (n =0 and f = 2), then
the word problem for M(T', R) is uNC'-hard under DLOG TIME-reductions.
Ifn+f<2or(n=0and f =2), then the word problem for M(T, R) is in
uTCP.

Proof. If we do not remove the fixed points of the involution =~ : A — A,
then the considerations from Section 3.2.3 imply that the word problem for
M(T, R) is uTC’-reducible to the word problem for G = F,xZ/2Zx- - +Z /2,
where * constructs the free product and we take f copies of Z /27 (each fixed
point of the involution generates a copy of Z/2Z, and the remaining 2n many
elements in A generate F),). The case n+ f = 0is clear. If n + f = 1, then
either G = Z or G = 7Z/27. For both groups the word problem is in uTCP.
If n=0and f =2, then G = Z/2Z x Z/2Z. Now Z /27 x Z/2Z is a solvable
group, see [171, Lem. 6.9]. Furthermore, if we choose two generators a and b
of G, where a? = b? = 1 in G, then the number of elements of G definable by
words over {a, b} of length at most n grows only polynomially in n, i.e., G has
a polynomial growth function. Now [171, Thm. 7.6] implies that the word
problem for G is in uTC°. Finally let n + f > 2 but not (n = 0 and f = 2).
Then G = Gy * Go, where either Gy % Z /27 or Gy # 7Z./27. Hence, G has F5
as a subgroup, see e.g. the remark in [127, p 177]. Theorem 3.2.4 implies
that the word problem for G and thus also the word problem for M(T', R) is
uNC'-hard under DLOGTIME-reductions. O
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3.2.5 The general uniform case

The aim of this section is to prove that the uniform word problem for 2-
homogeneous (not necessarily confluent) presentations is SL-complete. The
main difficulty will be to prove membership in SL.

Throughout this section let (I', R) be an arbitrary 2-homogeneous pre-
sentation, which is not necessarily confluent. The following obvious fact will
be used several times for the further consideration.

Lemma 3.2.16. Let a,b € I such that a &g b and define a homomorphism
h:T* — (I'\ {a})* by h(a) = b and h(c) = c for all c € T'\{a}. Then for all
s,t € I'* we have s <>y t if and only if h(s) é)h(R) h(t).

A word w = ajay - --a, € T*, where n > 1l and a; € T fori € {1,...,n},is an
R-path from ay to ay, if for all s € {1,...,n — 1}, we have (a;a;11,€) € R or
(ai11a;,¢€) € R. Let > and < be two new symbols. For an R-path w = a; - - - ay,
the set Dg(w) C {>,<}* contains all words of the form d; - - -d,_; such that
for all i € {1,...,n — 1} if d; = > (resp. d; = <), then (@;a;41,6) € R
(resp. (@it10i,€) € R). Since R may contain two rules of the form (ab, ) and
(ba, €), the set Dr(w) may contain more than one word. We define a confluent
and 2-homogeneous semi-Thue system over {>,<} by Z = {(>>,¢), (<<, €)}.
Finally let [¢]z = {s € {»,<}* | s =z €}. Note that every word in [¢]z has
even length.

Example 3.2.17. Let I' = {a,b,c,d,e} and dom(R) = {ab,ba,bc, cd, ed}.
Then Dg(abede) = {d>><|d € {>,<}}.

Lemma 3.2.18. Let a,b € . Then a <> b if and only if there exists an
R-path w from a to b with Dgr(w) N [e]z # 0.

Proof. First assume that w = a; - - - a, is an R-path such that a; = a, a, = b,
and d; ---d, 1 € Dgr(w)N[e]z (thus n is odd). The case n = 1 is clear. Thus,
assume that n >3, s =dy---d; 1dj10---dy 1 € [¢]z, and d; = > = d;4 (the
case d; = <4 = d;y1 is analogous). Hence, (a;a:11,¢), (a;110i12,6) € R and
a; pé— Q;0;110;192 —> R G;yo. Define the homomorphism A by h(a;y2) = a; and
h(c) = cfor all ¢ € I'\{a;12}. Then w' = h(ay)---h(a;)h(aiys) - - - h(a,) is an
h(R)-path such that s € Dy(g)(w'). Inductively we obtain h(a) <>ury h(b).
Finally Lemma 3.2.16 implies a <>p b.

Now assume that a <>p b and choose a derivation a = u; <g us <r
-+ Up_1 <R U, = b, where n is minimal. The case a = b is clear, thus assume
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that a # b and hence n > 3. First we will apply the following transformation
step to our chosen derivation: If the derivation contains a subderivation of the
form uvlow g ulivlow — g ulyvw, where (¢1,¢), (f2,€) € R, then we replace
this subderivation by uvlew — g uvvw g+ ulivw. Similarly we proceed with
subderivations of the from ufovw p— ubsvliw — g uvfiw. Since the iterated
application of this transformation step is a terminating process, we finally
obtain a derivation D from a to b, which does not allow further applications
of the transformation described above. We proceed with the derivation D.
Note that D is also a derivation of minimal length from @ to b. Since a and
b belong to IRR(R), D must be of the form a g upe—v —p w g b for
some u,v, and w. The assumptions on D imply that there exist s,t € I'*
and (aia9,¢), (asas,e) € R such that u = sait, v = sajagast, and w =
sagt (or u = sagt, v = sajasaszt, and w = sa;t, this case is analogous).
Thus, a; <3k as. Define the homomorphism A by h(as) = a; and h(c) = ¢
for all ¢ € T'\{a3}. By applying h to our derivation D and removing the
part h(u) pr)< h(v) —nr) h(w) = h(u), we obtain h(a) <pw) h(b) by
a derivation, which is shorter than D. Inductively we can conclude that
there exists an h(R)-path w’ from h(a) to h(b) with Dy (w')N[e]z # 0. We
inductively transform w’ into an R-path w from a to b with Dg(w)N|[e]z # 0:
We start with w’. Assume that we have already obtained a word ucdv such
that uc is an R-path, (cd,e) € h(R) (the case (dc,e) € h(R) is analogous),
but (cd,e) ¢ R. Then there are three cases:

e ¢ =a; and (azd,€) € R: we continue with the word ua;asazdv.
e d=a; and (ca3,€) € R: we continue with the word ucazasav.

e ¢ = a; = d and (azas,e) € R: we continue with uajasazazasav =
UCA2030302dV.

This process results in an R-path w from a to b. Moreover, Dg(w)N[e]z # 0,
because the above transformation step replaces on the level of {>, <}-words
a single occurrence of > in w' (resulting from (cd,e) € h(R)) by one of the
sequences >>D>, > <<, or >D>>. ]

Example 3.2.19. In Ezample 3.2.17 we have <>1>< € Dg(abede) N [g]z.
Indeed, we have a r¢— eda r4— ebcda — g eba — g e.

Define the set J by J = ([e]z\{e}) \ ([e]z\{e})([e]z\{e}), thus T is the
minimal generating set for the submonoid [¢]z of {>,<}*. The following
lemma, follows immediately from the definition of 7.
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Lemma 3.2.20. We have J C (>{>,<}*>) U (<{>,<}*<) and [¢]z = T*.

Define a binary relation 7 C I' x I" by (a,b) € T if and only if there exists
an R-path w = a---b from a to b with |w| odd and furthermore there exist
¢,d € T such that either (ac,¢), (db,e) € R or (ca,¢€), (bd,e) € R. Note that
T is symmetric.

Lemma 3.2.21. Let a,b € I'. Then a Sy b if and only if (a,b) € 7*'

Proof. For the if-direction it suffices to show that a <g b if (a,b) € T.
Thus, assume that there exists an R-path w = a---b from a to b with |w|
odd and furthermore there exist ¢,d € I" such that (ac,¢), (db,e) € R (the
case that (ca,¢), (bd,€) € R is analogous). Let s € Dg(w), thus |s| is even.
Since (ac,€), (db,e) € R, also the word w; = (ac)'* w(db)! is an R-path for
every i > 0. We have s; = (><)I*/s(ap)’ € Dg(w;). Since |s| is even and
5| < |(><)"*l|, the unique normalform NF z ((><)/*ls) of the prefix (><)/*/s < s;
has the form (><)* for some k& > 0. Thus, s; € [¢]z and Dg(wi) N [e]z # 0.
By Lemma 3.2.18 we have a <> b.

Now let @ < b. By Lemma 3.2.18 there exists an R-path w from a to
b and a word s € Dg(w) N [e]z. Let s = s1---s,, where m >0 and s; € J.
We can factorize w as w = w; - --w,,, where w; is an R-path from a; to
a;41 such that s; € Dg(w;) and a; = a, a1 = b. It suffices to show that
(@i, ai+1) € T. Since s; € J C [¢]z, the length of s; is even. Thus, |w;| is odd.
Next s; € (>{>,<}*>) U (<{>,<}*<) by Lemma 3.2.20. Let s; € p{p, <}*>, the
other case is symmetric. Hence there exist rules (a;c, €), (da;41,€) € R. Thus,
indeed (a;,a;+1) € T. O

The preceding lemma is the key for proving that the uniform word problem
for 2-homogeneous presentations is in SL. In general it is quite difficult to
prove that a problem is contained in SL. A useful strategy, developed in [103]
and applied in [197, 198] in a context similar to our situation, is based on a
logical characterization of SL. In the following we consider finite structures of
the form A = ({0,...,n—1},0, max, s, R), where max = n—1, s = {(4,i+1) |
0 <i<n—1}, and R is an additional binary relations on {0,...,n—1}. The
logic FO+posSTC is the extension of first-order logic over the signature of A
by the STC-operator, which has the following syntax: If ¢(x,y) is a formula
of FO+posSTC with two free variables, then [STCz,y ¢(z,y)] is again a
formula of FO+posSTC with two free variables, with the restriction that the
STC-operator is not allowed to occur within the scope of a negation. The
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semantics of STC is the following: Let ¢(z,y) be a formula of FO+posSTC
with two free variables z and y, and let A = ({0,...,n — 1},0, max, s,R)
be a structure. Assume that ¢(z,y) describes the binary relation S over
{0,...,n — 1}, i.e., A = ¢(i,7) if and only if (i,j) € S for all 0 < 4,5 < n.
Then A = [STCz,y ¢(z,y)](i,7) if and only if (7, ) belongs to the symmetric,
transitive, and reflexive closure of S, i.e., (i,7) € (SUS™1)*. In [103] it was
shown that for every fixed sentence ¢ of FO+posSTC the following problem
belongs to SL:

INPUT: A binary coded structure A = ({0,...,n — 1},0, max, s, R)

QUESTION: Does A = ¢ hold?

Theorem 3.2.22. The following problem is SL-complete:
INPUT: A 2-homogeneous presentation (I', R) and a,b € T.
QUESTION: Does a <5 b hold?

Proof. First we show containment in SL. Let (I', R) be a 2-homogeneous
presentation and let a,b € I'. W.l.o.g. we may assume that I' = {0,...,n—1}
and ¢« = 0,b = n — 1. If the latter assumption does not hold, then it
can be enforced by relabeling the alphabet symbols. This relabeling can be
done in deterministic logspace and we can use the fact that L5 = SL. We
identify the input (T, R, a,b) with the structure A = (T, 0, max, s, R), where
R = {(¢,d) | (cd,e) € R}. Now define formulas S(z,y) and T (z,y) as
follows:

S(z,y) = FH{(R(z,2) V R(z,2)) A (R(y,2) V R(z,9))}
T(z,y) = [STCu,v S(u,v)|(z,y) A Hx',y'{ Egg,’fvg 2 gg”i;; v }

By Lemma 3.2.21, a <3y b if and only if A = [STCu,v T (u,v)](0, max).
Thus, containment in SL follows from [103]. In order to show SL-hardness
we use the SL-complete undirected graph accessibility problem (UGAP), see
also [119]:
INPUT: An undirected graph G = (V, E) and two nodes a,b € V.
QUESTION: Does there exist a path in G from a to b7
Let (G,a,b) be an instance of UGAP, where G = (V, E) is an undirected
graph and a,b € V are nodes. Of course we may assume that V N E = (.
We define a 2-homogeneous presentation (V' U E, R), where

R ={(ce,¢), (ec,e) | c € V,e € E,node c is adjacent with edge e}.
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We claim that there exists a path in G from a to b if and only if a <5 b.
First assume that there exists a path a = ay, as,...,a, = b with (a;, a;41) =
e; € E. The case n = 1 is clear. If n > 1, then by induction a NI
Thus a &g An_1 R Un_1€n—_1Gn —>R G = b. Conversely assume that a and
b belong to different connected components of G. Let V, and E, be the set
of all nodes and edges, respectively, that belong to the connected component
of a. Define a projection 7 : VUE — V,UE, by m(z) =cifx ¢ V,UE,
and m(z) =z if z € V,U E,. If a &g b, then a = m(a) <3qr) m(b) = . But
this is impossible, since 7(R) is 2-homogeneous and thus u ﬁ)w( R) € implies
that |u| is even. O

In Theorem 3.2.22 we restrict the words that are checked for equality to
single symbols. In order to deduce that the uniform word problem for 2-
homogeneous presentations is in SL, we need only one more lemma:

Lemma 3.2.23. Let (I', R) be a 2-homogeneous presentation, where w.l.o0.g.
' ={0,....,n—1}. Let h : I'* — T* be the homomorphism defined by
h(a) = min{b € T | a &g b}, Then for all u,v € T* we have u Sg v if
and only if h(u) Suery h(v). Furthermore the 2-homogeneous presentation
(h(T), h(R)) is confluent.

Proof. The first statement of the lemma follows from Lemma 3.2.16. For
confluence note that all critical pairs of h(R) are trivial: if

(@) nry=h(a)h(b)h(c) = ner) h(c),
then a <3 b and thus h(a) = h(b). O

Theorem 3.2.24. The uniform word problem for 2-homogeneous presenta-
tions 1s SL-complete.

Proof. By Theorem 3.2.22 it remains to show containment in SL. W.l.o.g. we
may assume that I' = {0,...,n — 1}. Let h be the homomorphism from
Lemma 3.2.23. We check whether u <>z v by essentially running the logspace
algorithm for the uniform word problem for confluent and 2-homogeneous
presentations from Section 3.2.3, but each time we read from the input-
tape (the binary coding of) a symbol a € T', we replace a by h(a). Since
h(a) = min{b € T' | a &g b}, Theorem 3.2.22 implies that we can determine
h(a) by at most n queries to an SL-oracle. Since LU = SL, the theorem
follows. [
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Figure 3.1: Complexity classes between uNC! and uNC?

3.3 Length-reducing presentations

Book has shown in [23] that the word problem for every fixed finite, confluent,
and length-reducing presentation can be decided in linear time. We will start
this section with an investigation of the parallel complexity of this problem.
For this we have to introduce two further complexity classes below uNC.

LOGCFL (resp. LOGDCFL) is the class of all problems that can be re-
duced in logarithmic space to a context-free language (resp. deterministic
context-free language) [202]. An alternative characterization of these classes
was given by Sudborough [202]: An AuxPDA is a pushdown automaton that
has an auxiliary read-write tape. Let us denote with AuxPDA(s(n), t(n)) the
set of all languages that can be recognized with a nondeterministic AuxPDA
with auxiliary space O(s(n)) in time O(t(n)). With DAuxPDA(s(n),t(n))
we denote the corresponding deterministic class, see [49] for more details.
Then L belongs to LOGCFL (resp. LOGDCFL) if and only if it belongs to
AuxPDA (O(log(n)), n°®) (resp. DAuxPDA (O(log(n)),n°WM)) [202]. Fur-
ther characterizations of these complexity classes can be found in [175, 213]
(for LOGCFL) and [77] (for LOGDCFL).

It is known that LOGCFL is contained in uNC? [176], thus problems in
LOGCFL admit efficient parallel algorithms. Figure 3.1 shows all known
inclusions between the classes in the range from uNC' to uNC? that we have
introduced so far.

A language L C I'* is called growing context-sensitive if it can be gener-
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ated by a context-sensitive grammar such that every production is strictly
length-increasing. By [58] every fixed growing context-sensitive language is
contained in LOGCFL.* Using this result, we can easily prove the following
statement:

Theorem 3.3.1. Let (T, R) be a fized length-reducing and confluent presen-
tation. Then the word problem for M(I', R) is in LOGCFL.

Proof. Assume that (T, R) is length-reducing and confluent and let u,v € T'*.
Let F {a \ a €T} be a disjoint copy of I'. For a word s = ay---a,, a; € I,
let 3 =@, ---a €L . Define the length-reducing semi-Thue system S by

S=RU{E =1t |(s,t) e R}U{aa —¢|acT}
Since R is confluent, we have u <—> r v if and only if uv™ 2y . Moreover,
the language {w € (F UD)* | w Sg ¢} is easily seen to be growing context-
sensitive. Since uv™ can be constructed in logarithmic space from u and v,
the theorem follows from [58]. O

Another application of the inclusion of growing context-sensitive languages
in LOGCFL concerns hyperbolic groups, see [52, 88]. Hyperbolic groups are
usually defined via a certain hyperbolicity condition on the Cayley-graph. In
[62] it was shown that a finitely generated group G is hyperbolic if and only
if it has a finite presentation of the form (', R), where R is length-reducing
and confluent on the equivalence class of ¢. The latter means that for all
s € T* s &g e if and only if s 55 6. Since R is length-reducing, the
language {s € T* | s 5y ¢} is growing context-sensitive. Hence we obtain
the following result, which improves the uNC?-upper bound from [38].

Theorem 3.3.2. The word problem for every fixed hyperbolic group is in
LOGCFL.

It is not known whether the LOGCFL-upper bound in Theorem 3.3.1 is sharp
in the sense that there exists a fixed length-reducing and confluent presenta-
tion with a LOGCFL-complete word problem. On the other hand, since there
exits a fixed deterministic context-free language with a LOGDCFL-complete

4The result of [58] has been slightly improved in [35], where it was shown that every
growing context-sensitive language is in AuxPDA(O(log(n)),n°™M), where the read-only
input tape of the AuxPDA is restricted to be one-way. In contrast to this, the uniform
membership problem for growing context-sensitive grammars is NP-complete [33, 47, 115].
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membership problem [202], Theorem 2.2 of [140] implies that there exists
a fixed length-reducing and confluent presentation with a LOGDCFL-hard
word problem. If we assume a further restriction on the class of presenta-
tions, we obtain a characterization of LOGDCFL. A presentation (', R) is
called left-basic if it satisfies the following two conditions:

e if / € dom(R), r € ran(R), and r = ufv, then u = v = ¢.
e if / € dom(R), r € ran(R), ur = fv, and |¢| > |ul, then v = ¢.

The first condition means that a right-hand side does not strictly contain
a left-hand side. The second condition means that the following kind of
overlapping is not allowed:

u | r € ran(R)
¢ € dom(R) | v#e

Note that every monadic presentation is left-basic.

Let us define the suffix-rewrite relation -z by s —x t if and only if
s = ul and ¢t = ur for some u € I'* and (¢, 7) € R. The following simple fact
is well-known.

Lemma 3.3.3. If (T', R) is left-basic, then for every u € IRR(R) and a € T

* . . *
we have ua —g v if and only if ua — g v.

Left-basic presentations have a close relationship to deterministic context-
free languages, see [188] for an overview. The following theorem expresses
the complexity theoretical side of this relationship.

Theorem 3.3.4. The uniform word problem for terminating, confluent, and
left-basic presentations is LOGDCFL-complete. Furthermore, there exists a
fized length-reducing, confluent, and left-basic presentation (I', R) such that
the word problem for M(T', R) is LOGDCFL-complete.

Proof. First we prove that the uniform word problem for the class of all
terminating, confluent, and left-basic presentations is in LOGDCFL by pre-
senting an algorithm that works on a deterministic AuxPDA in logarithmic
space and polynomial time.

Thus, let us assume that the input consists of a triple ((I', R), s,t), where
(T, R) is terminating, confluent, and left-basic, and s,t € I'*. Let n be the
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length of the binary coding of this input. Our algorithm will check whether
NFg(s) = NFg(t). For this, we will first show how to calculate NFg(s) on a
deterministic AuxPDA in logarithmic space and polynomial time. The basic
idea of how to do this appeared many times in the literature, see e.g. [23].
The only slight complication in our situation is the desired uniformity in the
presentation (I', R), for which we need the O(log(n)) space bounded auxiliary
store. The correctness of the following procedure follows from Lemma 3.3.3.

Our algorithm for computing NFg(s) works in stages. At the beginning
of a stage the pushdown contains a word from IRR(R) and the auxiliary
store contains a pointer to a position ¢ in the input word s. Note that a
symbol a € T can be represented as a bit string of length O(log(n)), thus the
pushdown content is a sequence of blocks of length O(log(n)), where every
block represents a symbol from I'. The stage begins by pushing the i-th
symbol of s onto the pushdown (which is a bit string of length O(log(n)))
and incrementing the pointer to position ¢ + 1 in s. Now we have to check
whether the pushdown content is of the form I'* dom(R). For this we have
to scan every left-hand side of R using a second pointer to the input. Every
¢ € dom(R) is scanned in reverse order and thereby compared with the top of
the push-down. During this phase, symbols are popped from the pushdown.
If it turns out that the left-hand side that is currently scanned is not a suffix
of the pushdown content, then these symbols must be “repopped”. But this
can be done, since the suffix of the pushdown content that was pushed so far
is a suffix of the currently scanned left-hand side ¢ € dom(R), which is still
available on the read-only input tape. If a left-hand side ¢ is found on top
of the pushdown, then the corresponding right-hand side is pushed on the
pushdown and we try to find again a left-hand side on top of the pushdown.
If finally no left-hand side matches a suffix of the pushdown content, then
we know that the pushdown content belongs to IRR(R) and we can proceed
with the next stage. Finally, if the first pointer has reached the end of the
input word s (or more precisely points to the first position following s), then
the pushdown content is equal to NFg(s). We will need also the following
statement:

Claim: In the above procedure, after the i-th stage the pushdown has length
i+ (a+1), where @ = max{|r| | € ran(R)}. Moreover, every stage needs
only polynomial time.

The first statement can be shown by induction on 7. Since R is left-basic, it
follows that if w is the pushdown content at the end of the (i — 1)-th stage,
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then the pushdown content at the end of the i-th stage either belongs to wI'
or is of the form ur for some r € ran(R) and some prefix u of w. Moreover,
the i-th stage simulates at most |w| - |R| rewrite steps of R.

In order to check whether s <> t, we have to solve one more problem:
If we would calculate NFg(¢) in the same way as above, then the pushdown
would finally contain the word NFg(s)NFg(¢). But now there seems to be no
way of checking, whether NF(s) = NF (). Thus, we have to apply another
strategy. Note that for a fixed binary coded number 1 < ¢ < |s|, it is easy
to modify our algorithm for calculating NFg(s) such that some specified
auxiliary storage cell S contains always the i-th symbol of the pushdown
content (or some special symbol if the pushdown is shorter than 7). For
this we have to store the length of the pushdown, for which we need only
space O(log(n)). Moreover, also S only needs space O(log(n)). Thus, at
the end of our modified algorithm for computing NFg(s), S contains the
symbol NFg(s)[7] (or some special symbol in case |[NFg(s)| < 7). Next, we
flush the pushdown and repeat the same procedure with the other input
word ¢ and the same ¢, using another storage cell T. In this way we can
check, whether NFg(s)[i]] = NFg(¢)[é]. Finally, we repeat this step for every
1 <i < max{|s|- (a+1),|t| - (@« +1)}. The latter bound is the maximal
pushdown-length that may occur, which follows from the above claim. Note
that also 7 needs only space O(log(n)). This concludes the description of our
LOGDCFL-algorithm.

It remains to construct a fixed length-reducing, confluent, and left-basic
presentation (I', R) such that the corresponding word problem is LOGDCFL-
hard. In [202], Sudborough has shown that there exists a fixed determinis-
tic context-free language L C ¥* with a LOGDCFL-complete membership
problem. Let A = (Q, A, 3,0, qo, L) be a deterministic pushdown automa-
ton with L = L(A), where @ is the set of states, go € @ is the initial
state, A is the pushdown alphabet, I € A is the bottom symbol, and
d:AXQ@Q XY — A* x @ is the transition function. By [202, Lem. 7] we
may assume that A makes no e-moves and that A accepts L by empty store
in state go. Let m = max{|vy| | 6(A,q,a) = (v,p), ¢,p € Q,A € A,a € X},
thus m is the maximal length of a sequence that is pushed on the push-
down in one step. Let # ¢ AU Q U X be an additional symbol and let
I'=AUQUXU{#}. Define the semi-Thue system R by

R={Aqa™# — v | 6(A,q,a) = (v,p)}.
It is easy to see that (I', R) is length-reducing, confluent, and left-basic.
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Moreover, if h : ¥* — (X U {#})* denotes the homomorphism defined by
h(a) = a™# (which can be computed in logarithmic space), then w € L if
and only if Lgoh(w) =g o if and only if Lgoh(w) S g go. O

In the rest of this section we will prove that the uniform word problem for
length-reducing and confluent presentations is P-complete. Our lower bound
proof as well as all other lower bound proofs in the rest of this chapter
are based on generic reductions via Turing-machines. Thus, let us first fix
our Turing-machine model. A deterministic Turing-machine is a tuple T =
(@,%,6,q0,qr), where @ is the finite set of states, gy € ) is the initial state,
qr € Q\{qo} is the unique final state, 3 is the finite tape alphabet containing
the blank symbol O (XN Q = 0), and ¢ : (Q\{¢r}) XX — Q@ x X x {—1,+1}
is the transition function, where —1 (+1) means that the read-write head
moves to the left (right). Note that 7 cannot perform any transition out of
the final state ¢;. We assume that 7 has a one-sided infinite tape, whose
cells can be identified with the natural numbers N = {1,2,...}. We also
assume that in the first step 7 marks cell 1 so that 7 always knows when
it reaches the left end of the input tape (then, 7 will move right in the
next step). All these assumptions do not restrict the computational power
of Turing-machines and will always be assumed in the following. An input
for T is a word w € (X\{O})*. A word of the form ugv, where u,v € X*
and ¢ € @), encodes the configuration, where the machine is in state ¢, the
read-write head is scanning cell |u| 4 1, and cell ¢ contains the symbol (uv)]i]
if 1 < |uw|, otherwise it contains the blank symbol OJ. We write sqt =7 upv
if 7 can move in one step from the configuration sqt to the configuration
upv, where ¢,p € Q and st,uv € ¥*. The language that is accepted by T is
L(T) = {w e (E\{O})* | Ju,v € * : gow = ugsv}. Note that w € L(T)
if and only if 7 terminates on the input w.

Theorem 3.3.5. Let ' be a fized alphabet with |T'| > 2. Then the uniform
word problem for the class of all confluent and length-reducing presentations
of the form (T, R) is P-complete.®

Proof. Membership in P is clear. For P-hardness, let us take a fixed deter-
ministic Turing-machine 7 = (Q, X, 6, go, ¢f) with a P-complete acceptance
problem (such a machine exists, take any machine that solves a P-complete

5This result already appeared in the PhD-theses of the author [123]. For completeness
we will present a slightly simplified proof.
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problem). Let p(n) be a polynomial such that for every input w of length n,
T finally reaches ¢; (i.e., w € L(T)) if and only if 7 reaches ¢; after at most
p(n) many steps (and hence uses also space at most p(n)). For the following
construction let us fix an input w € (X\{O})* for 7 and let m = p(Jw|). Let
Y ={a| a € X} be a disjoint copy of ¥ and let # ¢ QU X UX be an addi-
tional symbol. Define I' = QUXUX U {#} and let R be the length-reducing
semi-Thue system over I' consisting of the following rules:

1) #¢%a — b#p*t=Y  if §(¢,a) = (p,b,+1), 1 <i<m+1

2) e#q¢¥a — #p3 Vb if §(q,a) = (p,b,—1),1 <i<m+1,andce T
3) qrz — gy forallz € T’

4) xqr — qy forallz € T’

(
(
(
(

The rules in (1) and (2) simulate the machine 7. Here, the state ¢ is rep-
resented by the word #¢*. The rules in (3) and (4) make g; absorbing.
Note that the state symbol is represented 3¢ times on the left—hand side and
3(i — 1) times on the right-hand side. This makes R length-reducing. It is
also easy to see that R can be computed from |w| in logarithmic space, we
only have to count up to m, for which we need space log(m) € O(log(Jw|)).

Claim: R is confluent. Furthermore T terminates on input w after < m
steps if and only if #q3(m+ w™ Sp gy

For confluence note that only the rules in (3) and (4) generate nontrivial
critical pairs. More precisely, in every nontrivial critical pair (s,t) of R, ¢
occurs in both s and ¢. With the rules in (3) and (4), both s and ¢ can be
reduced to g;. If 7 terminates on input w after < m steps, then for some
j > 1and u,v € ¥* it holds #qf’;(m“)wmmﬂ . E#qfﬁjv. By applying the
rules in (3) and (4), the word ﬂ#q;jv can be reduced to ¢;. Now assume that
T does not terminate on input w after < m steps. By simulating m + 1 steps
of T, we obtain #q3 (D) Om+L 2 p ke € IRR(R) for some u,v € ¥*. But
then #qo ™ HwOm+ &y ¢ cannot hold since also ¢; € IRR(R) and R is
confluent. Thus, the claim is proved.

Now assume that I' = {a,...,ax} and consider the coding function de-
fined by h(a;) = aba™b*"*2 for 1 < i < k. The presentation ({a,b},h(R))
is also length-reducing, confluent, and can be calculated from R (and hence
from w) in logarithmic space. Moreover, h(#qa" Vwm™) Eppy h(gy) if
and only if 3#&(](?)’(””1)u)|:|m+1 &g gy if and only if w € L(T). This proves the
theorem. O
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3.4 Weight-reducing presentations

Weight-reducing presentations were investigated for instance in [61, 104, 148]
and [33, 34| as a grammatical formalism. We will see that the word problem
for a fixed weight-reducing and confluent presentation can be reduced to the
word problem for a fixed length-reducing and confluent presentation. Thus,
we obtain the following result:

Theorem 3.4.1. Let (I', R) be a fized weight-reducing and confluent presen-
tation. Then the word problem for M(T", R) is in LOGCFL.

Proof. Let (T, R) be a weight-reducing and confluent presentation. Let f be
a weight-function such that f(s) > f(¢) for all (s,t) € R. Let # ¢ I" and de-
fine the homomorphism & : I'* — (TU{#})* by h(a) = #/@ g foralla € T
(note that f(a) > 0). Thus, |h(a)| = f(a). Note that nontrivial overlappings
between two words h(a) and h(b) are not possible. It follows that the presen-
tation (I U {#1}, h(R)) is length-reducing and confluent. Moreover u <>p v
if and only if h(u) <>nr) h(v). Since h(u) and h(v) can be constructed in
logarithmic space, the theorem follows from Theorem 3.3.1. 0

Next we will consider the uniform word problem for weight-reducing and
confluent presentations with a fixed alphabet. In order to get an upper
bound for this problem we need the following lemma, which we state in a
slightly more general form for later applications.

Lemma 3.4.2. Let (I', R) be a finite presentation with |I'| = n and o =
max{|s|, | s € dom(R) Uran(R),a € I'}. Let g be a weight-function with
g(s) > g(t) for all (s,t) € R. Then there exists a weight-function f such that
for all (s,t) € R and a € T’ we have:

o Ifg(s) > g(t), then f(s) > f(t).
o Ifg(s) = g(t), then f(s) = f(t).
e f(a) < (n+1)(an)".

Proof. We use the following result about solutions of integer (in)equalities
from [216]: Let A, B,C, D be (m X n)-, (m x 1)-, (p X n)-, (p X 1)-matrices,

: - : A
respectively, with integer entries. Let r = rank(A), s = rank . Let

C
M be an upper bound on the absolute values of all (s — 1) x (s — 1)- and
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C D)’
are formed with at least 7 rows from the matrix (A B). Then the system
Ax = B A Cxz > D has an integer solution if and only if it has an integer
solution z such that the absolute value of every entry of z is at most (n+1)M
216].

Now let (I, R), n, «, and g be as specified in the lemma. Let I' =
{ai,...,;a,} and R = {(s;,t;) | 1 < i < k} U {(us,v;) | 1 <4 < £}, where
g(si) = g(t;) for 1 <4 < k and g(u;) > g(v;) for 1 < 7 < £. Define the
(k x n)-matrix A by A;; = [si|q; — |tila; and define the (£ x n)-matrix C' by

(s x s)-subdeterminants of the (m + p) x (n + 1)-matrix (A B) which

Ci; = |uila; —[vila;- Let C = ¢ ) , where Id,, is the (n x n)-identity matrix.

!
Id,
Finally let (5)* be the i-dimensional column vector with all entries equal to
j. Then the n-dimensional column vector = (z;)1<j<n With z; = g(a;) is a
solution of the following system:

Az = (0)* A Cz>(1)4™" (3.2)

Note that r = rank(4) < n and s = rank g) < n. Moreover, all entries

A (0)F

C (1)Z—|—n
value of every (s — 1) x (s — 1)- or (s X s)-subdeterminant of E' is bounded
by s!-a® < (an)™. By the result of [216], the system (3.2) has a solution
y = (yj)i<j<n With y; < (n+ 1)(an)” for all 1 < j < n. If we define
the weight-function f by f(a;) = y;, then f has all properties from the
lemma. U

Theorem 3.4.3. Let T’ be a fized alphabet with |T'| > 2. Then the uniform
word problem for the class of all weight-reducing and confluent presentations
of the form (I, R) is P-complete.

of the matrix £ = are bounded by a. Thus, the absolute

Proof. Let (I', R) be a weight-reducing and confluent presentation with |I'| =
n > 2. Let u,v € I'*. By Lemma 3.4.2 there exists a weight-function f
such that f(s) > f(¢t) for all (s,t) € R and f(a) < (n + 1)(an)” for all
a € I'. Thus, every derivation that starts from a word v has length at most
lu| - (n + 1) - (an)™, which is polynomial in the input length |(I', R)| + |uv]
in case n is constant. Thus, NFg(u) can be calculated in polynomial time
and similarly for v. This proves the upper bound. P-hardness follows from
Theorem 3.3.5. H
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Finally for the class of all weight-reducing and confluent presentations the
complexity of the uniform word problem increases to EXPTIME:

Theorem 3.4.4. The uniform word problem for the class of all weight-
reducing and confluent presentations is EXPTIME-complete.

Proof. For the EXPTIME-upper bound we can use the arguments from the
previous proof. Just note that this time the upper bound of (n + 1)(an)”
for the weight of a symbol is exponential in the length of the input. For the
lower bound let 7 = (@, X, 9, go, ¢s) be a deterministic Turing-machine such
that for some polynomial p we have: If w € L(T), then T, started on w,
reaches the final state ¢y after at most 2P(”) many steps. Let w € (X\{O})*
be an arbitrary input for 7. Let m = p(Jw|), and let 2 be a new symbol
and ¥; = {a; | a € £} be a disjoint copy of 3 for 0 < ¢ < m. Let R be the
semi-Thue system over the alphabet

F=QusulJEiu{2®, 4, B}) U {#}
1=0

that consists of the following rules:

(1) 2@ab — @,,20D ... 2020 for0<i<m,a€ X, beX

(2) 2Wa; — ag_,2® for0<i<m,1<k<m,a€X

(3) #ar — a# for0<k<m,aeX

(4) #z—=x for z € U Q\{¢s}

(5) 2%g—gq for 0 <i<m, g€ Q\{gs}

(6) 29cga — cbp for0<i<m,ceX, §(qa)=(p,b,+1)
(7) 2%9cga — pcb for 0 <i<m,ceX,dlga)=(pb —1)
(8) Az — AH—IAH—I for0<i<m

(9) Bz — Bi—l—lBi—i—l for 0 <i<m

(10) A,, — #2m)

(11) B, —» O

(12) zq; — ¢y forxz el

(13) grz — gy forxz el

We claim that (I, R) is weight-reducing. For this we define the weight-
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function f as follows:8

flA
f(B

f(z
f(a;

Then, indeed f(s) > f (t) for all (s,t) € R. Confluence of (T, R) follows with
the same argument as in the proof of Theorem 3.3.5. Finally we claim that
A()DqO’UJBO (i>R qr if and only ifwe L(T)

Before we prove this claim let us first explain the effect of the rules from
R. For 0 < i < 2™ let B(i) = 20 ...20k) € T'* where i, > --- > 4} and
i = 2 4+ ... + 2% (note that 8(0) = £). Let us call a word of the form
#[6(i) € T* a counter with value 7. The effect of the rules in (1), (2), and (3)
is to move counters to the right in words from ¥*. If a whole counter moves
one step to the right, its value is decreased by one. More generally, for all
u € X* beX, and all |u| <4 < 2™ we have #6(1)ub =, u#B(i — |u|)b. If a
counter has reached the value 0, i.e., it only consists of the symbol #, then
the counter is deleted with a rule in (4). Also if a counter collides with a state
symbol from @) at its right end, then the counter is deleted with the rules in
(4) and (5). Note that such a collision may occur after an application of a
rule in (7). The rules in (6) and (7) simulate the machine 7. In order to be
weight-reducing, these rules consume the right-most symbol of the right-most
counter. The rules in (8) and (10) produce 2™ many counters of the form
#2(m)  Each of these counters can move at most 2™ cells to the right. But
since 7 has to be simulated only for at most 2™ steps, the distance between
the left end of the tape and the state symbol ¢ € () can be limited to 2™ as
well. This implies that with each of the 2™ many counters that are produced
from Ay, at least one step of 7 can be simulated. The rules in (9) and (11)
produce 2™ many blank symbols, which is enough in order to simulate 2™
many steps of 7. Finally the rules in (12) and (13) make the final state ¢
absorbing.

Now if w € L(T), then AgOgowBy =g (#2™)?" Ogew*" S5 ugrv =g
qs for some u,v € I'*. On the other hand if w ¢ L(T), then 7 does
not terminate on w. By simulating 7 until either all the 2™ many ini-
tial counters are completely consumed, or the state symbol moved to the

=2- f( i+1) +1lfor 0 <i<m f(An) =2 +2
- f(Bit1) +1for 0 <i<m f(Bm) =2
_1f0rx€QUEU{#} feO) =2 for0<i<m
_|_

i)
i) =
)
)

for0<z<m a€X

6Here we use rational weights, but of course they can be replaced by integer weights.
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right end of the configuration word, we obtain an irreducible word u # gy
with AgOgewBy g (#20)?"Ogew*™ S u € IRR(R). Since also
q¢r € IRR(R) and R is confluent, AgOgowBy <>g g cannot hold. O

Remark 3.4.5. Since P is a proper subclass of EXPTIME, it follows from
Theorem 3.4.3 and Theorem 3.4.4 that in general it is not possible to en-
code the alphabet of a weight-reducing and confluent presentation into a fized
alphabet with a polynomial blow-up such that the resulting presentation is
still weight-reducing and confluent. For length-reducing presentations this is
always possible, see the coding function from the proof of Theorem 3.3.5.

Remark 3.4.6. A problem that is closely related to the uniform word prob-
lem for weight-reducing and confluent presentations is the uniform mem-
bership problem for quasi context-sensitive grammars. A type-0 grammar
G = (N,T,S,P), where N is the set of nonterminals, T is the set of termi-
nals, S € N is the start nonterminal, and P C (NUT)*N(NUT)* x (NUT)*
18 the finite set of productions, is called quasi context-sensitive, if there exists
a weight-function f: (NUT)* — N with f(u) < f(v) for all (u,v) € P, see
[84]. In [34] it was shown that the uniform membership problem for quasi
context-sensitive grammars is in EXPSPACE and NEXPTIME-hard. Using
the technique from the proof of Theorem 3.4.4, we can show that this problem
is in fact EXPSPACE-complete, see [124].

3.5 Length-lexicographic presentations

In this section we consider length-lexicographic presentations, see for instance
[106]. The complexity bounds that we will deduce in this section are the
same that are known for preperfect presentations. A presentation (I', R) is
preperfect if for all s,t € T*, s <>g t if and only if there exists u € T* with
s g u and t g u, where the relation — is defined by v —r wif v 35
w and |v| > |w|. Since every length-preserving presentation is preperfect
and every linear bounded automaton can be easily simulated by a length-
preserving semi-Thue system, there exists a fixed preperfect presentation
with a PSPACE-complete word problem [25]. The following theorem may
be seen as a stronger version of this well-known fact in the sense that a
deterministic linear bounded automaton can be even simulated by a length-
lexicographic, length-preserving, and confluent presentation. Recall that a
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deterministic linear bounded automaton is a deterministic Turing-machine
that operates in space n on an input of length n.

Theorem 3.5.1. The uniform word problem for the class of all length-
lexicographic and confluent presentations is PSPACE-complete. Moreover,

there exists a fized length-lexicographic and confluent presentation (I', R) with
\T'| = 2 such that the word problem for M(T', R) is PSPACE-complete.

Proof. The first statement of the theorem is obvious. For the second state-
ment let 7 = (@, %, 9, o, ¢r) be a deterministic linear bounded automaton
such that the question whether w € L(7) is PSPACE-complete. Such a
linear bounded automaton exists, see e.g. [13]. Let w € (X \ {{0})* be
an input for 7 with |w| = n. We may assume that 7 operates in phases,
where a single phase consists of a sequence of 2 - n transitions of the form
Qw1 =7 Waqs =7 ¢sws, where wy, wo, w3 € X* and ¢1, ¢z, g3 € Q. During
the transition sequence quw; =7 wWsgo only right-moves are made, whereas
during the sequence wsgs =7 gsws only left-moves are made. A similar trick
is used for instance also in [47]. W.lo.g. 7 enters the final state g; only
when it reaches the left-most tape cell. Let ¢ > 0 be a constant such that
if w € L(T), then T, started on w, reaches the final state ¢y after at most
2¢™ phases. As usual let ¥ be a disjoint copy of ¥ and similarly for Q. Let
I'=QUQRUXUXTU{«0,1,1} and let R be the semi-Thue system over I'
that consists of the following rules:

0g —ql forallgeQ qa — bp if 6(q,a) = (p, b, +1)
1§ — 0g for all ¢ € @ aq— pb if 6(q,a) = (p,b,—1)
gl = 1q forallg € Q zrqr — qp forallz € T
g< — g« for all ¢ € Q\{q¢s} gz — gy forallz € T

First we claim that (I, R) is length-lexicographic. For this choose a linear
order = on the alphabet I' that satisfies Q = 1 = 0 = X = Q (where, e.g.,
@ > 1 means that ¢ > 1 for every ¢ € Q)). Moreover, (I', R) is again confluent
due to the absorbing symbol ¢;. Finally we claim that 10“"gyw< Se qr if
and only if w € L(T). For v = bg---by € {0,1}* (b; € {0,1}) let val(v) =
Zf:o b; - 2'. Note that for every ¢ € @ and s,t € {0,1}* with s # 0 it
holds 5§ g tq if and only if |s| = |t| and val(t) = val(s) — 1. Now assume
that w € L(T). Then 10°"guw<a —g vgru< SR gr for some u € Yl and
v € {0,1}*. Now assume that w ¢ L(7). Then 7 does not terminate on
w and we obtain 10°"guw<a 55 0°"gua S5 g1 'ua € IRR(R), where
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u € Y and ¢ € Q\{g;}. Since also ¢; € IRR(R) and R is confluent,
10"gow< <> g ¢y cannot hold.

Finally, we have to encode the alphabet I' into the alphabet {a,b}. For
thislet I' = {ay,...,ax} and let a; > ay > --- > a; be the chosen linear order
on I'. Define a homomorphism & : I'* — {a,b}* by h(a;) = ab'ab®*T1~% and
let @ > b. Then the presentation ({a,b}, h(R)) is also length-lexicographic
and confluent, and for all u,v € I'*, u < v if and only if h(u) Spery h(v),
see [27, p 60]. O

3.6 Weight-lexicographic presentations

The widest class of presentations that we study in this chapter are weight-
lexicographic presentations. Let (I', R) be weight-lexicographic with [['| = n
and let v € I'*. Thus, there exists a weight-function f with f(s) > f(¢) for
all (s,t) € R. By Lemma 3.4.2 we may assume that f(a) < (n + 1)(an)”
for all @ € T, where @ = max{|u| | v € dom(R) Uran(R)}. Thus, if
u =g v, then |v| < f(v) < f(u) < |u|- (n+ 1)(an)”. Together with Theo-
rem 3.5.1 it follows that the uniform word problem for weight-lexicographic
and confluent presentations over a fixed alphabet of at least two symbols is
PSPACE-complete. Moreover, there exists a fixed weight-lexicographic and
confluent presentation with a PSPACE-complete word problem. For arbi-
trary weight-lexicographic and confluent presentations we have the following
result.

Theorem 3.6.1. The uniform word problem for the class of all weight-
lexicographic and confluent presentations is EXPSPACE-complete.

Proof. The EXPSPACE-upper bound can be shown by using the arguments
from the preceding discussion. For the lower bound let 7 = (Q, %, 6, g0, ¢5) be
a deterministic Turing-machine, which uses for every input w at most space
27(w) where p is some polynomial. Similarly to the proof of Theorem 3.5.1
we may assume that 7 operates in phases. There exists a polynomial g such
that if w € L(T), then T, started on w, reaches ¢y after at most g2elel many
phases. Let w € (X\{(J})* be an arbitrary input for 7. Let m = p(|w|),

n = q(|jw|), and
F=QUQRUXUXU{x0,1,T}U{A; |0<i<n}U{B;|0<i<m}.

Let R be the semi-Thue system over I' that consists of the following rules:
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0g —ql forallg e Q

1g — Oq forall g € Q

ql — 1q for all g € Q

qga — bp if 6(q,a) = (p,b,+1)
g<q4 — g« for all ¢ € Q\{qy}
aq — pb if 6(q,a) = (p,b,-1)

Ai — Ai+1Ai+1 for 0 <i1<n
Bi — Bi—HBi—I—l for0<i<m

A, —0
B, —» O
Tqr — qy forallz € I’
qrT — qs forallz € T’

Note that the first six groups of rules are exactly the same groups that we used
for the simulation of a linear bounded automaton in the proof of Theorem
3.5.1. In order to see that (I', R) is weight-lexicographic, we define the weight-
function f by f(z) =1forallz€e QU Q U X U X U {,0,1,1, A,, B,,} and
f(Ai) =2 f(Ait1), f(Bj) =2 f(Bj41) for 0 <i<n, 0<j<m. Then the
last two rules are weight-reducing and all other rules are weight-preserving.
Now choose a linear order = on I' that satisfies @ = 1 = 0 = ¥ > Q,
Ag = Ay > -+ = A, > 0,and By » B; » --- > B, > [0. Confluence
of (I', R) follows with the usual arguments. Finally, w € L(7) if and only
if 14pqowBy<t < g gs- This can be shown by using the arguments from the
proof of Theorem 3.5.1. Just note that this time from the prefix 14, we
can generate the word 102" which allows the simulation of 22* many phases.
Analogously to the proof of Theorem 3.4.4, the symbol B, generates enough
blank symbols in order to satisfy the exponential space requirements of 7. [

The complexity results for word problems we have obtained in Section 3.3—
3.6 are summarized in Table 3.1. The completeness results in the second row
already hold for the alphabet {a,b}.

3.7 Confluence problems

The confluence problem for a class P of finite presentations is the following
decision problem:

INPUT: A presentation (I', R) € P.

QUESTION: Is (', R) confluent?
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length-red. | weight-red. | length-lex. weight-lex.
& confluent | & confluent | & confluent | & confluent
PSPACE,
word PSPACE- Eggﬁgg’
problem for || LOGCFL LOGCFL complete §
complete for
fixed (I', R) for some
(T, R) some (I, R)
uniform
word Pcomblete | Pocomplete PSPACE- PSPACE-
problem for -comp ~comp complete complete
fixed alph.
uniform EXPTIME- | PSPACE- | EXPSPACE-
word P-complete
problem complete complete complete

Table 3.1: Complexity results for word problems

The confluence problem for the class of all finite presentations is undecidable
[13], whereas confluence is decidable for terminating presentations [154]. For
length-reducing presentations the confluence problem is in P [26], the best
known algorithm is the O(|(T', R)|?)-algorithm from [105]. Furthermore in
[122], the author has shown that the confluence problem for the class of all
length-reducing presentations is P-complete. This was shown by using the
following logarithmic space reduction from the uniform word problem for
length-reducing and confluent presentations to the confluence problem for
length-reducing presentations, see also [214]: Let (T, R) be length-reducing
and confluent. Moreover, let A and B be two new symbols. Then for all
s,t € I'* the length-reducing presentation

(TU{A,B}, RU{A*IB = 5, AFIB — t})

is confluent if and only if s <5 t. Finally the alphabet I' U {4, B} can be
reduced to the alphabet {a, b} by using the coding function from the proof of
Theorem 3.5.1. The same reduction also works for weight-reducing, length-
lexicographic, and weight-lexicographic presentations, respectively. Thus, all
lower bounds for uniform word problems from the preceding sections carry
over to the corresponding confluence problems. Moreover, the same holds
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H length-red. | weight-red. | length-lex. | weight-lex.

confluence
prob]em for P—Complete P—Complete PSPACE- PSPACE-
fixed alph. complete complete
confluence EXPTIME- | PSPACE- | EXPSPACE-
P-complete
problem complete complete complete

Table 3.2: Complexity results for confluence problems

for the given upper bounds as well: Our upper bound algorithms for uniform
word problems are all based on the calculation of normal forms. But since
every finite presentation has only polynomially many critical pairs, any upper
bound for the calculation of normal forms also gives an upper bound for the
confluence problem. The resulting complexity results are summarized in
Table 3.2.

3.8 Automatic monoids

Automatic monoids were investigated for instance in [40, 97, 99, 157]. They
generalize automatic groups, see [80]. Recall the notion of an a-automatic
presentation from Section 2.5.

Let M be a finitely generated monoid and let I' be a finite generating
set. Recall the definition of the (left and right) Cayley-graph Cs(M,T) (5 €
{¢,r}) from Section 2.6. We say that the triple (I', L, h) is an («, 5)-automatic
presentation for M if the following holds:

e L. C I'is a regular language,

e h: L — M is surjective and maps every word w € L to the monoid
element represented by w, and

e (I', L, h) is an a-automatic presentation of Cs(M,T).

We say that M is («, 8)-automatic if there exists an («a, 3)-automatic pre-
sentation for M. Thus, we have four different basic notions of automaticity.
Whereas for groups all these four variants are equivalent [97], one obtains
16 different notions of automaticity for monoids by combining the four ba-
sic variants of (a, #)-automaticity [97]. Here we will always work with the
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strongest possible notion of automaticity: Our automatic monoids will be
simultaneously («, 5)-automatic for all o, 8 € {£,7}.

Remark 3.8.1. From the definition of an (o, B)-automatic monoid M it
follows immediately that the structure Cs(M,T') is automatic. But the con-
verse is false. The point is that for (o, §)-automaticity of M, we require that
the underlying set I' of the a-automatic presentation (', L, h) of Cs(M,T)
has to be a generating set for M and that h : L — M 1is a surjective re-
striction of the canonical homomorphism from I'* to M. In fact, Hoffmann
[97] has constructed a direct product M = M,y x M, such that M is not
(a, )-automatic for both o = £ and oo = r. On the other hand, M is (o, T)-
automatic. Hence, there exists a finite generating set I'y, of M, such that the
Cayley-graph C(Mg,Ty) is an automatic structure, which implies that also
C(M,T,UT,) is automatic.

It is well-known that the word problem for an automatic group can be solved
in quadratic time [80]. Moreover, the same algorithm also works for («, 3)-
automatic monoids [40]. Here we will show that P is also a lower bound for
the monoid case.

Theorem 3.8.2. There exists a fixed length-lexicographic and confluent pre-
sentation (T, R) with the following properties, where M = M(T, R) and
h : IRR(R) — M is the bijection that maps a word w € IRR(R) to the
monoid element represented by w:

e (I'IRR(R), h) is an (o, B)-automatic presentation for M for all o, § €
{¢,r}, and

e the word problem for M is P-complete.

Proof. Let T = (Q, %, 9, o, ¢r) be a fixed deterministic Turing-machine that
accepts a P-complete language. Let p(n) be a polynomial such that 7T ter-
minates on an input w € L(7) after exactly p(|w|) steps (this exact time
bound can be easily enforced). Furthermore, we may assume that 7 is in the
configuration g;(J---[] when it terminates. Define I' = XU X U QU {$,$}
and let R be the following semi-Thue system over I':

b fora,beXx
b fora,beX
c
p

&P H L Ql
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It is easy to see that (I, R) is length-lexicographic and confluent. Next, let
w € (X \ {O})* be an arbitrary input for 7 and let n = |w|,m = p(n).
Then w € L(T) if and only if $"OgewO"$ 55 Og/O™ " if and only
if $me0wﬁm§m Sr Equim+n. Thus, the word problem for M(T', R) is
P-hard. It remains to show that for all o, 8 € {¢, 7}, (I',IRR(R),h) is an
(c, B)-automatic presentation for M(T', R). Due to the symmetry present in
R, it suffices to prove this only for § = r. Thus, we have to show that the
relation

E, = {(u,v) € IRR(R) x IRR(R) | ua > v}

is a-automatic for all @ € I' and o € {¢,7}. One should remark that all rela-
tions that appear in the following discussion have bounded length-difference.
This allows to make use of Lemma 2.5.1.

Claim 1. Let s € ¥* be a fixed word over the tape alphabet ¥ C I". The
following relation is a-automatic:

P, = {(u,v) | u,v € (BU{$})* NIRR(R), us Sz v}

Proof of Claim 1. Using induction on |s| and the closure of a-automatic
relations under relational composition, it suffices to consider the case s =
a€X. LetaeXand u=u$a,%a, 1 $a$a;, where v’ ¢ (X U {$})*$Z.
Then ua =, v'a,$a,_1$ - - as$a:$a € IRR(R). It follows easily that P, is
a-automatic. This proves Claim 1.

In the following let K be the regular set of all words from IRR(R) that do
not end with a symbol from XU{$}. By the previous claim and Lemma 2.5.1,
the relation Idx - Py = {(tu,tv) | t € K, (u,v) € P} is also a-automatic for
every s € X*. Moreover, note that ¢ € K and v € (X U {$})* N IRR(R)
implies that also tu € IRR(R).

In order to prove that the relation F, is a-automatic for every a € I' and
a € {{,r}, we can distinguish the following cases:

Case 1. a € ¥
By the previous remark we have E, = Idg - P,, which is a-automatic.

Case 2. a € LUQU {$}
By inspecting the rules of R, we see that u € IRR(R) implies ua €
IRR(R). Thus, also E, is a-automatic.

Case 3. a = $
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Since u € TIRR(R) \ T*T implies u$ € IRR(R), we can write Es=E U
FE5 U E3, where

E; = {(u,u$) | u,u$ € IRR(R)},

Ey = {(u,v) € Eg | u$ € RED(R), u € IRR(R) NI"*E\T"EX}, and

B3 = {(u,v) € Eg | u$ € RED(R), u € IRR(R)NI["E X}
Thus, it suffices to show that Fy, Ep, and Ej are a-automatic. For FE; this
is clear. For E,, let us consider a word u € IRR(R) NI™*X\ I*X X such that
u$ € RED(R). Then one of the following two cases holds:

Case 3.1. u = u’$cq6_such that $cqa$ — pcb is a rule of R. Then
u$=u'%cqa$ —ru pchb e IRR(R).
Case 8.2. u = u'$cqa such that $cqa$ — cbp is a rule of R. Then
u$ = u'S$cqa$ —g v cbp. Let us write v/ = uf u2 such that v} € K
and uj, € ({$} UX)*. Then u'cbp = u\ubcbp Sg uivhp € IRR(R), where
uheb g vh € IRR(R), i.e., (uh,vh) € Py.

It follows that

E, ={(v'$cqa, u'pch) |
{(W'$cqa, v'p) | ($

which is a-automatic.

It remains to show that Ej is a-automatic. Con51der a word u € F*fi
Write u = u @ uy such that u; & ] F*E and uy € Y. Then u$ = u1d us$ g
ui@$us. Let v such that wi@a$ = v. Thus, (ula v) € E; U Ey and
u@Suy =g vuy € IRR(R). It follows E3 = (E1 U Ey) - Ids+. O

Corollary 3.8.3. There exists a fired monoid with a P-complete word prob-
lem, which is simultaneously («, B)-automatic for all o, 8 € {¢,r}.

qa$, pcb) € R, v'$cqa € IRR(R)} U
cbp) €

($c
q&g R, (v',v") € ldg - Py},

3.9 Open problems

Let us mention a few open problems concerning the complexity of word
problems that might deserve further investigations.

e Is the word problem for the free group of rank 2 in uNC' or is it L-
complete? The solution of this question has a strong impact on the re-
sults from Section 3.2. In [171], uniform circuits of polynomial size and

depth log(n)% for the word problem for F; were constructed.
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e Does there exist a length-reducing and confluent presentation with a
LOGCFL-complete word problem?

e Is LOGCFL an optimal upper bound for the word problem of a hyper-
bolic group? Let us mention that the word problem of a hyperbolic
group can be recognized in real time [98].

e What is the complexity of the word problem for monoids that can be
presented by monadic and confluent (resp. erasing and confluent) pre-
sentations, both in the uniform and nonuniform setting? From Theo-
rem 3.3.4 one obtains a LOGDCFL-upper bound. Equivalent questions
were investigated in [15] in the context of McNaughton languages. In
particular, [15, Thm. 50| implies that the uniform word problem for
erasing and confluent presentations is L-hard. But the exact complex-
ity of this problem remains open.

e Does there exist an automatic group with a P-complete word problem?

Another interesting open problem is the descriptive power of the presen-
tations considered in Section 3.3-3.6. Let Cp (resp. Cur, Co, Cwe) be the
class of all monoids of the form M(I', R), where (I', R) is length-reducing
(resp. weight-reducing, length-lexicographic, weight-lexicographic) and con-
fluent. In [61] it was shown that the monoid M(a,b,c | ab = cc) is not
contained in C., but it is clearly contained in C,, N Cy. Thus, Cy, is strictly
contained in C,, and Cy. Furthermore the trace monoid M(a,b | ab = ba)
is contained in Cy\Cyyr [63, p 90]. Hence, if there exists a monoid in C,,\Cy,
then C,, and Cy are incomparable and both are proper subclasses of Cyy,.
But we do not know whether this holds. A survey on the descriptive power
of certain classes of presentations can be found in [129].

Another interesting class of presentations, for which (uniform) word prob-
lems were studied, is the class of commutative presentations (i.e., for all
generators a and b, the pair (ab,ba) belongs to the rules), see for instance
[42, 101, 102, 122, 137] for several decidability and complexity results. But
there are still many interesting open problems, see for instance the remarks
in [101, 102, 122].



Chapter 4

Logic over Cayley-graphs

4.1 Outline

In this chapter we study Cayley-graphs of monoids and groups (see Sec-
tion 2.6) from the viewpoint of mathematical logic. A Cayley-graph can be
seen as a relational structure, hence we can study its first-order and monadic
second-order theory. Section 4.2 collects a few basic observations about theo-
ries of Cayley-graphs. In particular, we establish simple connections between
the decidability of the word problem and the decidability of the first-order
theory of the Cayley-graph. To obtain a deeper understanding, we have to
consider more general classes of structures.

Section 4.3 is devoted to the study of graphs with decidable monadic
second-order theories. Section 4.3.1 and 4.3.3 introduce necessary definitions
concerning undirected and directed graphs. Our main tool for the investiga-
tion of graphs with decidable MSO theories are strong tree decompositions,
which will be introduced in Section 4.3.2, moreover several combinatorial
properties concerning these decompositions will be shown. Using these prop-
erties in combination with two results of Seese and Courcelle, respectively,
we are able to prove the main result of Section 4.3 (Theorem 4.3.10): a con-
nected graph of bounded degree, whose automorphism group has only finitely
many orbits, has a decidable MSO theory if and only if it is context-free (i.e.,
is the transition graph of a pushdown automaton). One direction of this
result was shown by Muller and Schupp [145] without the restriction on the
automorphism group: every context-free graph has a decidable MSO theory.
On the other hand, note that there exists a connected graph of bounded

67



68 CHAPTER 4. LOGIC OVER CAYLEY-GRAPHS

degree with a decidable MSO theory, which is not context-free, see e.g. [145,
p 72] for an example.

In [145], Muller and Schupp have also shown that the Cayley-graph of
a finitely generated group G is a context-free graph if and only if G is a
context-free group (see Section 2.4). Since Cayley-graphs of groups satisfy all
the requirements of Theorem 4.3.10, we obtain also the converse implication,
hence a group is context-free if and only if its Cayley-graph has a decidable
MSO theory (Corollary 4.4.1 in Section 4.4.1). In order to obtain a similar
result for first-order logic, we apply a technique developed by Ferrante and
Rackhoff, which is based on Ehrenfeucht-Fraisse games. We introduce this
method in a slight variant in Section 4.4.2. Based on this technique, we can
show that a group has a decidable word problem if and only if the Cayley-
graph of the group has a decidable first-order theory (Corollary 4.4.9 in
Section 4.4.3).

The results mentioned in the previous paragraph do not carry over to
monoids, see e.g. Proposition 4.2.3. Our main result about the monoid case
states the preservation of the decidability of the first-order (resp. monadic
second-order) theory under some well-known algebraic constructions. In or-
der to obtain these results, we have to investigate a construction that works
for arbitrary relational structures: In [219], Walukiewicz proved that the
MSO theory of the tree-like unfolding (see Section 4.6.1) of a structure can
be reduced to the MSO theory of the original structure, the original statement
goes back to [186, 191, 201]. Using this deep result, we prove in Section 4.7
that the class of finitely generated monoids, whose Cayley-graphs have decid-
able MSO theories, is closed under finite free products (Theorem 4.7.5(2)).
The same result also holds for first-order theories, in fact we will prove a
more general preservation theorem in this case. For this, we have to general-
ize tree-like unfoldings. This leads us to the notion of a factorized unfolding:
the tree-like unfolding of a structure A consists of the set of words over the set
of elements of A. This set of words is equipped with the natural tree struc-
ture. Hence the successors of any element of the tree can be identified with
the elements of A and can therefore naturally be endowed with the structure
of A. Basically, a factorized unfolding is the quotient of this structure with
respect to Mazurkiewicz’s trace equivalence, in fact, it is a generalization
of this quotient (see Section 4.6.2). In general, the monadic second-order
theory of a factorized unfolding may be undecidable, even in case the under-
lying structure has a decidable monadic second-order theory. On the other
hand, the first-order theory of a factorized unfolding can be reduced to the
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first-order theory of the underlying structure (Theorem 4.6.6). Section 4.6.2
is devoted to the proof of this result. It, again, uses the technique of Ferrante
and Rackoff [83] and a thorough analysis of factorized unfoldings using ideas
from the theory of Mazurkiewicz traces. In particular, the first-order theory
of a factorized unfolding is decidable in case the original structure has a de-
cidable first-order theory. Based on this result, we will prove that the class of
finitely generated monoids, whose Cayley-graphs have decidable first-order
theories, is closed under finite graph products (Theorem 4.7.5(1)). The graph
product is a well-known construction in mathematics, see e.g. [87, 94, 211].

Some of the results of this chapter can be also found in the extended
abstract [116].

4.2 Basic results on Cayley-graphs

Similarly to the word problem, the chosen generating set has no influence
on the decidability (or complexity) of the first-order (resp. monadic second-
order) theory of the Cayley-graph.

Proposition 4.2.1. Let I" and ¥ be finite generating sets of the same monoid
M. Then FOTh(C(M,T)) (resp. MSOTh(C(M,T))) is logspace-reducible to
FOTh(C(M, X)) (resp. MSOTh(C(M, X)) ).

Proof. The proposition follows from a simple first-order interpretation of

C(M,T) in C(M,X). O

Whenever the specific generating set I' will be not important, we will briefly
write C(M) instead of C(M,T"). The next proposition states a simple con-
nection between the word problem and the first-order theory of the Cayley-
graph.

Proposition 4.2.2. Assume that M is a finitely generated monoid such that
JFOTh(C(M)) is decidable. Then the word problem for M is decidable.

Proof. Choose a finite generating set I' for M. Two given words u =
apQ1 -+ Am—1 and v = boby -+ - by_1, where a;,b; € I, represent different ele-
ments in M if and only if there exists € M such that the (unique) paths
in C(M,T) starting in  and labeled by u and v, respectively, end in dif-
ferent nodes. This fact can be easily expressed by an existential sentence of
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first-order logic:*

To=Yo N Tm 7 Yn A
3z - 3T Iyo - - - Yy /\ Ti0; = Tiy1 A /\ Yibi = Yir1

0<i<m 0<i<n
U

On the other hand, the converse implication of Proposition 4.2.2 becomes
false even for finitely presented monoids, whose word problem can be solved
in linear time:

Proposition 4.2.3. There exists a fized finite, length-reducing, and conflu-
ent presentation (', R) such that AFOTh(C(M(T, R))) is undecidable.

Proof. By [150, Thm. 2.4] there exists a fixed finite, length-reducing, and
confluent presentation (I', R) such that the common right-multiplier problem
is undecidable for M(T', R),? which is the following problem:

INPUT: Words u,v € I'*

QUESTION: Does there exist x € M(T', R) with zu = zv in M(T', R)?
But this is an existential property of the Cayley-graph of M(T', R) that can
be constructed effectively from u and v. This proves the proposition. O

4.3 Graphs

In order to obtain a characterization of the class of finitely generated groups
G such that MSOTh(C(G)) is decidable, it is necessary to study arbitrary
graphs and their MSO theories. This is the aim of this section.

4.3.1 Undirected graphs

An undirected graph is a relational structure G = (V, E), where V is called the
set of nodes and F C V xV is a symmetric and irreflexive edge relation (thus,
undirected graphs do not have self loops). All notions that were defined for
arbitrary relational structures in Section 2.2 will be also used for undirected

'In the following, we will write za = y for a generator a € T in case there is an a-labeled
edge from z to y in C(M,T).

2In [150, Thm. 2.4] undecidability is stated for the common left-multiplier problem, but
by reversing R, undecidability is also obtained for the common right-multiplier problem.
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graphs. We will also use the notation V(G) =V and E(G) = E. A path of
length n > 0 in G between u € V and v € V is a sequence [vg, vy, ..., U]
of nodes such that vy = u, v, = v, and (v;,v41) € E for all 0 < i < n,
it is a closed path if u = v, it is a simple path if v; # v; for @ # j. We
write dg(u,v) for the distance between the nodes u,v € V, i.e., dg(u,v) is
the minimal length of a path between w and v. If such a path does not
exist, we write dg(u,v) = co. The r-sphere, centered at v € V, is Sg(r,v) =
{u € V| dg(v,u) < r}. For a k-tuple v = (v1,...,v;) € V¥ we define
Sa(r,v) = UL, Sa(r,v;). The graph G is connected if dg(u,v) < oo for
all u,v € V. The graph G is acyclic if G does not contain a closed path
[v1, Vo, ..., Uy, v1] such that n > 3 and [vy,vy,...,v,] is simple. An acyclic
graph is also called a forest, a connected forest is called a tree. Let U C V.
The undirected graph G|U is called the subgraph of G, induced by U. The
diameter diamg(U) of U is the supremum in NU {oco} of the set {dg(u,v) |
u,v € U}. A connected component of G is an induced subgraph G[U such
that U = {u € V | dg(v,u) < oo} for some node v € V. The degree of a
node v € V is the cardinality of the set {u € V | (v,u) € E}. The graph G
is called of bounded degree, if there exists some d € N such that each node
v € V has degree at most d. In this case we also say that G is of bounded
degree d.

Let m = [v1,v2,...,Un,v1] be a sequence of nodes v; € V' (which is not
necessarily a path). With 7 we associate a closed convex polygon Pol(7) in
the plane, whose boundary has m vertices z1, ..., x,,, which are labeled in
clockwise order with vy,...,v,. For M > 1, an M -triangulation of 7 is a
plane triangulation of Pol(7) with vertex set {x1, o, ..., 2y, } and additional
edges of the form (x;, ;) for de(vi,v;) < M, only. We say that G can be
M -triangulated, if every closed path m of G can be M-triangulated [144, 220).
The example below shows a 3-triangulation of the sequence [a, b, c,d, e, f] in
the graph on the right. We have three additional edges in the triangulation,
namely (b, e), (b, f), and (c, e).

N
]

N

A tree decomposition of G = (V, E) is a pair (7, f), where T is a tree and

f b




72 CHAPTER 4. LOGIC OVER CAYLEY-GRAPHS

f:V(T) — 2V \ {0} is a function such that the following holds:

* UweV(T) flw)=V,
o for every (u,v) € E there exists w € V(T) such that u,v € f(w), and

e if wy, w3 € V(T') and ws lies on the unique simple path from w; to ws
in the tree T, then f(w;) N f(ws) C f(ws).

The supremum in NU{oo} of the cardinalities | f(w)|, w € V(T), is called the
width of the tree decomposition. We say that G has tree-width < b if there
exists a tree decomposition of width < b. Finally G has finite tree-width if it
has tree-width < b for some b € N. The notion of tree-width was introduced
in [170], and plays a central role in Robertson’s and Seymour’s theory of
graph minors, see e.g. [71] for an overview.

For the rest of Section 4.3, a strengthening of the notion of tree-width
will be more important. The next section introduces this strengthening.

4.3.2 Strong tree decompositions

Let G = (V, E) be an undirected graph and let P be a partition of V, i.e.,
P C 2V \ {0}, Wiy n Wy = 0 for W; and W, distinct elements of P, and
UwepW = V. We define the quotient graph of G by P as the undirected
graph

G/p:(P, {(Wl,WQ)EPXP|W17éW2, (W1XW2)QE#®})

A strong tree decomposition of GG is a partition P of V such that the quotient
graph G/p is a forest. Note that if G is connected and P is a strong tree
decomposition of G, then G/p must be also connected, i.e., it is a tree. The
width of a strong tree decomposition P is defined as the supremum in NU{cc}
of the cardinalities |W| for W € P. We say that G has strong tree-width < b
if there exists a strong tree decomposition of width < b, G has finite strong
tree-width if it has strong tree-width < b for some b € N. The notion of
strong tree-width is taken from [182].

Any strong tree decomposition {W; | i € J} gives rise to a tree decompo-
sition formed by the sets W; U W; whenever W; x W; contains some edge of
the graph. Thus, a graph of finite strong tree-width has finite tree-width as
well. On the other hand, the converse implication is in general false:
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Example 4.3.1. Let G be the following graph of unbounded degree:
v

. V4 V_3 V_o V_3 Vo (1 (%) V3 V4
A tree decomposition of G of width 3 is (T, f) with
T=(Z,{(n,n+1),(n+1,n) | n €L}

(this is a tree) and f(n) = {v, vy, Vpi1}. On the other hand, for every parti-
tion P of the set of nodes of G such that every partition class of P is finite,
it is easy to see that G/p has to contain a triangle. Note also that Aut(G)
has only two orbits on G.

Our first result of this section, Theorem 4.3.4, states that at least for graphs
of bounded degree, finite strong tree-width implies finite tree-width. The
second and more important result is that under some conditions one can
even find a strong tree decomposition of finite width such that all partition
classes have a uniformly bounded diameter (Theorem 4.3.7).

In [206] it is shown that an arbitrary graph G has tree-width < b if and
only if every finite subgraph of G has tree-width < b. The corresponding
statement for strong tree-width is also true, at least if we restrict to countable
graphs:

Lemma 4.3.2. Let G be countable. Then G has strong tree-width < b if and
only if every finite subgraph of G has strong tree-width < b.

Proof. Tf G has strong tree-width < b, then it is easy to see that also every
finite subgraph of G has strong tree-width < b. Now assume that every finite
subgraph of G has strong tree-width < b. Since G is countable, we can choose
an enumeration vy, v1,... of V(G). Let G; = G[{vy,...,v;}. We construct
an infinite, finitely branching rooted tree 7" as follows: the nodes on the ¢-th
level of T" are precisely the strong tree decompositions of G; of width < b.
This set is finite and by assumption nonempty. The root of 7" is the trivial
strong tree decomposition of the graph ({vy},?). Now let P; (resp. Piy1) be
a strong tree decomposition of G; (resp. G;41) of width < b. We put an edge
between P; and P;;; in the tree T, if P; results from restricting P;,; to the
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nodes in V; = {vg,...,v;}, e, BE={WnNV; | W € P,,WnV,; #0}. Note
that this defines indeed a tree T. Since T is infinite but finitely branching,
Konig’s Lemma implies that 7" has an infinite path P, Py, ..., where P; is a
strong tree decomposition of G; of width < b. By taking the limit along this
sequence, we obtain a strong tree decomposition P of G of width < b. More
precisely, let W € P if and only if there is ¢ > 0 with W € P; but there do
not exist j > ¢ and W' € P; with W C W’. Then P is a partition of V(G)
and G/p is acyclic. 0

To the knowledge of the author it is open whether Lemma 4.3.2 also holds for
uncountable graphs. For the further discussion this problem has no relevance.

The following theorem was first stated in [22, Cor. 13]. It can be derived
from a corresponding result for domino tree-width, which was independently
shown in [72]. Later, a simplified proof was given in [21].

Theorem 4.3.3 (cf. [22]). Let b and d be constants and let S be a set of
finite graphs such that every G € S is of bounded degree d and has tree-width
< b. Then there exists a constant cpq such that every G € S has strong
tree-width < cpq.

In [21] it was shown that ¢, 4 = (904 7)d(d + 1) — 2 suffices in the previous
theorem.

Theorem 4.3.4. Let G be a graph of bounded degree. Then G has finite
tree-width if and only if G has finite strong tree-width.

Proof. If G has a strong tree decomposition P of width < b, then we can
construct a tree decomposition of G of width < 2b from all sets W; U Wa,
where W1, Wy € P and E(G) N (W x Wa) # 0.

Now assume that G has finite tree-width b and bounded degree d. First,
we consider the case that GG is connected. Since G is of bounded degree, G
must be countable. Let & be the set of finite subgraphs of G. Then the
tree-width of every graph in S is bounded by b [206]. Trivially, the degree
of every graph in § is also bounded by d. From Theorem 4.3.3, we can infer
that the strong tree-width of the graphs in S is bounded by some constant
c. Hence, by Lemma 4.3.2, also G has strong tree-width < ¢. If G is not
connected, then the above argument yields that all its connected components
have strong tree-width < c¢. Hence ¢ bounds the strong tree-width of G as
well. O
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For the further consideration let us fix a connected graph G = (V, E). If V
is partitioned into nonempty sets V; and V5, then the set of edges

C=En[VixVa)U(VaxW)]

is a cut of G. If |C'| < 2k, then C is called a k-cut of G (we choose 2k here,
since for undirected graphs, edges always come in pairs). The sets V; and
V5, are called the sides of the cut C. If both G[V; and G [V, are connected
subgraphs of G, then C is called a tight cut. The importance of tight cuts
in our context comes from the following result of Dunwoody [74, Paragraph
2.5], later a simplified proof was given in [207, Prop. 4.1].

Lemma 4.3.5 (cf. [74, 207]). Let G be a connected graph and let k € N.
Then every edge of G is contained in only finitely many tight k-cuts of G.

Let P be a strong tree decomposition of the graph G and let e = (W, W) €
E(G/p) be an edge of G/p. Since {e} is a cut of the tree G/p, we can define
a cut

cut(e) = EN[(Wy x W) U (We x )]

of G/p. We say that P is tight if cut(e) is tight for all e € E(G/p).

Lemma 4.3.6. Let G be connected and of strong tree-width < b. Then there
exists a tight strong tree decomposition of G of width < b.

Proof. Let P be a strong tree decomposition of G of width < b. We first
refine P maximally to a strong tree decomposition @), where () is finer than
P — written @Q <X P — if for any W € @, there is W' € P with W C W',
Then, we will show that () is tight.

So let (P,)a<s be some decreasing chain (with respect to <) of strong
tree decompositions P, with Py, = P, where k is some ordinal. If we order
the sets in | J,., Po under set inclusion, we obtain a disjoint union of finite
trees (one for each W € P). Then the set @) of all minimal elements in
Ua<r Pa (with respect to C) is a partition of V(G). Assume that there is a
cycle in G/, involving the nodes Uy, ..., U, € Q. Then there is some o <
with Uy,...,U, € P,, contradicting our assumption that P, is a strong
tree decomposition. Thus, @) is a strong tree decomposition of G. We have
shown that any decreasing chain of strong tree decompositions is bounded
from below. By Zorn’s Lemma, this implies the existence of a minimal (with
respect to <) strong tree decomposition @ in {P’ | P' < P}.
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Suppose @ is not tight, i.e., there is an edge e € E(G/g) such that cut(e)
is not tight. Let U C V(G) be one of the sides of cut(e) such that G|U is
not connected and let U; C U (j € J) be the node sets of the connected
components of GJU. Let

P={WnU; [ WeQ,jeJ WNU; 20} Uu{W e Q| W CV(G)\U}.

Then P’ is a strong tree decomposition of G that is finer than @), because if
e = (Wi, Ws), then at least the W; with W; C U will be refined. We have
obtained a contradiction. O

The next theorem is the main result of this section. Recall the notion of an
orbit, which was defined in Section 2.2 for arbitrary relational structures.

Theorem 4.3.7. Let G be a connected graph of bounded degree and of finite
tree-width such that Aut(G) has only finitely many orbits on G. Then there

exists a strong tree decomposition P of G of finite width and a constant c
such that for all W € P, diamg(W) < c.

Proof. By Theorem 4.3.4, G = (V, E) has strong tree-width < b for some
constant b. Thus, by Lemma 4.3.6 there exists a tight strong tree decom-
position P of G of width < b. Hence, for all e € E(G/p), cut(e) is a tight
b?-cut. In the following, for a cut C C E let V(C) denote the set of all
u € V such that (u,v) € C for some v € V. Let Oy, ..., 0O, be the orbits of
Aut(G) on G. For every 1 < i < n choose a node v; € O;. Since every node
v; has only finitely many adjacent edges and, by Lemma 4.3.5, each of these
edges is contained in only finitely many tight b%-cuts, it follows that there
are only finitely many tight b*-cuts C with V(C)N{v1,...,v,} # 0. Let C be
the set of all these cuts. Since C is finite and G is connected, we can define
d = max{diamg(V(C)) | C € C} € N.

Now, if e € E(G/p), then cut(e) can be mapped via some f € Aut(G)
to some cut in C (take any node v € V(cut(e)), then v can be mapped via
some f € Aut(G) to some v;, thus f maps cut(e) to some cut from C). Thus,
diamg(V (cut(e))) < d.

Now let W € P and let eq,...,e, € E(G/p) be all those edges that are
adjacent with W in G/p. Let V; = V' (cut(e;)) NW. Thus, also diamg(V;) < d
for all 1 < ¢ < m. Choose u,v € W with u # v. We will show that
dg(u,v) < bd — 1, which proves the theorem. Since G is connected, we can
choose a simple path 7 in G between u and v of minimal length. Since G/p
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is a tree, we can split the path 7 into subpaths my, vy, m9, Vo, ..., Ty, Ve, Mot
(¢ > 0) such that

e 7 starts in u, m.; ends in v, and the final node of 7; (resp. v;) is the
initial node of v; (resp. 1),

e for all 4, m; is completely contained in W, and

e for all 7, there exists j such that both the initial and final node of y;
belong to V; and are different, thus the length of 7; is bounded by d > 1.

Since 7 is simple, the sum of the lengths of all paths 7; is at most |[W|—-1—¢ <
b—1—¢, and moreover £ < |W| < b. It follows that the length of 7 is bounded
byb—1—4+£L-d=b—1+4d—-1)<b—1+bd—1)=0bd—1. O

It is open whether every graph G that satisfies the conditions of Theo-
rem 4.3.7 has a strong tree decomposition P of finite width such that more-
over every partition class in P is connected.

4.3.3 Labeled directed graphs

Let I' be some finite alphabet of labels. A I'-labeled directed graph is a
relational structure G = (V, (Ey)aer), where V is the set nodes and E, C
V' x V is the set of a-labeled directed edges. Note that self-loops are allowed
in directed graphs. The Cayley-graph C(M,T') of a monoid M with respect
to the finite generating set I' is for instance a I'-labeled directed graph. Let
us fix G = (V, (Ey)aer) for the further discussion. We associate with G the
unlabeled undirected graph

ud(G) = (V, U{(u,v) | u# v, (u,v) € E, or (v,u) € E,}).

acl’

We say that G is connected (resp. of bounded degree) if ud(G) is connected
(resp. of bounded degree). Note that for U C V, G|U and G \ U are also
[-labeled directed graphs. A connected component of G is a subgraph G|U,
where ud(G)|U is a connected component of ud(G). For a node v € V' we
call the structure (G, v) a rooted graph.

Assume now that G is connected and of bounded degree (and thus count-
able), and let vy € V be a distinguished node. Let v € V \ {vy} and
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d = dyua(e)(vo,v) — 1. The unique connected component of G'\ Suq(a)(d, vo)
that contains the node v € V' is denoted by G(v). Furthermore, let

A(v) = {u € V | u belongs to G(v), duqe)(vo, %) = dua(e)(vo,v)}-

Two subgraphs G(u) and G(v) are end-isomorphic if there exists a (label-
preserving graph-) isomorphism from G(u) to G(v), which bijectively maps
A(u) to A(v). We say that the rooted graph (G, vy) is context-free if there
exist only finitely many G(v) (v € V) that are pairwise not end-isomorphic.
This notion was introduced in [145], where it was shown that if (G,vy) is
context-free, then (G, u) is context-free for every u € V. Hence, in this case
we can say that the graph G is context-free. By [145] the context-free graphs
are exactly the transition graphs of pushdown automata. Moreover, by a
reduction to Rabin’s tree theorem [166], Muller and Schupp have shown that
every context-free graph has a decidable MSO theory.

4.3.4 Monadic second-order logic over graphs

We begin this section with several known results related to MSO logic over
graphs, see [55] for a more comprehensive exposition.

Let us fix a [-labeled directed graph G = (V, (Fy)aer). Note that MSO
logic as introduced in Section 2.2 only allows second-order quantifications
over subsets of V. In order to allow also quantifications over sets of edges,
we introduce, following [54], an extended representation of graphs. More
precisely, we define the relational structure

Gle = (VU U E,, (incs)ger),

acl

where inc, = {(e,u,v) € E, xV XV | e = (u,v) € E,}.* We have introduced
this extended representation of graphs because of the following important
result of Seese, see also [55, Thm. 5.8.10].

Theorem 4.3.8 (cf. [183]). Let G be a I'-labeled directed graph such that
MSOTh(G'®) is decidable. Then ud(G) has finite tree-width.*

30f course, we assume that VN E, =0 for all a € T.

4In [183] this theorem is stated only for unlabeled undirected graphs. But note that if
MSOTh(G'®)) is decidable, then also MSOTh(ud(G)(®)) is decidable.
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This theorem holds even for classes of graphs. The converse of Seese’s The-
orem is not true: Using an undecidable subset of N it is easy to construct
a tree with an undecidable first-order theory. On the other hand, Courcelle
has shown that for every b € N the class of all graphs of tree-width at most
b has a decidable monadic second-order theory [53].

Note that if MSOTh(G®) is decidable, then also MSOTh(G) is decidable.
For the reverse implication, restrictions on the graph G are necessary, e.g.,
for the complete graph on countably many nodes G = Ky,, MSOTh(G) is
decidable but MSOTh(G®) is not. Courcelle has shown in [54] that for an
undirected graph H of bounded degree, if MSOTh(H) is decidable, then also
MSOTh(H®)) is decidable.® Since the decidability of MSOTh(G) implies the
decidability of MSOTh(ud(G)), Theorem 4.3.8 implies the following result:

Theorem 4.3.9 (cf. [54, 183]). Let G be a I'-labeled directed graph of
bounded degree. If MSOTh(QG) is decidable, then ud(G) has finite tree-width.

Now we are ready to prove the main result of Section 4.3. It can be seen as
a converse of Seese’s Theorem for graphs with a high degree of symmetry.

Theorem 4.3.10. Let G be a I'-labeled connected graph of bounded degree
such that Aut(G) has only finitely many orbits on G. Then the following
properties are equivalent:

(1) MSOTh(G) is decidable.

(2) ud(QG) has finite tree-width.

(8) ud(G) can be M-triangulated for some constant M.
(4) G is context-free.

Proof. Since GG is connected and of bounded degree, G must be countable.
The implication (1) = (2) is stated in Theorem 4.3.9, whereas the implication
(4) = (1) is shown in [145].

For (2) = (3) assume that ud(G) has finite tree-width. Since any au-
tomorphism of G is also an automorphism of ud(G), the group Aut(ud(G))
has only finitely many orbits on ud(G). Hence, by Theorem 4.3.7, there ex-
ists a strong tree decomposition P of ud(G) of width < b such that for all

5The results in [54] are stated for sets of finite graphs, but it is easy to see that the
restriction to finite graphs is actually not crucial.
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W e P, diamud(G)(W) < ¢. Here b and c are fixed constants. Now consider
a sequence m = [vg, V1, .., Um_1, V] Of nodes v; € V(G). Let W; € P be
such that v; € W;. Assume that for all 0 < ¢ < m, either W; = W, or
(Wi, Wiy1) € E(ud(G)/p) (here and in the following, all subscripts are inter-
preted modulo m). Note that this implies that dua(a)(vi, viy1) < 2¢+1 for all
0 <i < mand that T, = (ud(G)/p)[{W, - .., Wmn_1} is a finite subtree of the
tree ud(G)/p. By induction on m, we will construct a (2c¢ + 1)-triangulation
of , thus in particular every closed path of G can be (2¢ + 1)-triangulated,
which shows (3).

The following construction is quite similar to the proof of [19, Thm. 8|].
The case that T, consists of a single node is obvious, since this implies
dua(a) (vi,vj) < cforall 4, j. Thus, assume that T, has at least two nodes. Let
W be a leaf of T, and let W' be the unique neighbor of W in T,.. Thus, there
exists a subsequence [v;, vii1,...,v,] of T with k —4 > 2, v;, v, € W', and
Vit1, - ., Vk—1 € W. Since diamyq(q)(WUW') < 2¢+1, we can find a (2¢+1)-
triangulation of the sequence [v;,v;i1,.-.,Vk,v;]. Moreover, by induction
there exists a (2¢ + 1)-triangulation of [vg, ..., Vi, Uk, ..., Um—1, V] By glu-
ing these two triangulations along the side [v;, v] (note that duqe)(vi, vx) <
2c+ 1), we obtain a (2¢ + 1)-triangulation of 7.

It remains to prove (3) = (4). If ud(G) can be M-triangulated for some
constant M, then by the argument given in the proof of Theorem 2.9 in
[145] it follows that diamyuqg)(A(v)) < 3 - M for every v € V(G). Let
O1,...,0, be the orbits of Aut(G) on G, and choose v; € O; arbitrarily.
Now if v € V(@) is arbitrary, then A(v) can be mapped injectively into
some sphere Syq(e)(3 - M, v;) for some 1 <4 < n. Hence, since every G(v) is
uniquely determined by A(v) and the set of those edges that connect nodes
from A(v) with nodes from G'\ G(v), there exist only finitely many G(v) that
are pairwise not end-isomorphic.° O

Remark 4.3.11. By [220, Remark 2], we can add the following two equiv-
alent properties to the list of properties in Theorem 4.3.10, see [220] for the
definition.

e ud(G) admits a uniformly spanning tree.

o All ends of ud(G) have finite diameter.

6The latter argument appears in the proof of Theorem 2.9 in [145] for a vertex-transitive
graph, i.e., a graph where Aut(G) has only one orbit on G.
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Remark 4.3.12. Let G = (V, E) be a graph and let P be the partition of
V' given by the orbits of Aut(G) on G. In [189] it was shown that if G is
context-free, then also G /p is contezt-free. Hence, a natural generalization of
Theorem 4.53.10 would be the following statement: Let G' be a connected graph
of bounded degree such that the quotient graph G/p is context-free. Then G
has a decidable MSO-theory if and only if G is context-free. But this is in fact
false: Take N together with the successor relation and add to every number
m = sn(n+1) (n € N) a copy m' together with the edge (m,m'), whereas
for every other number m we add two copies m' and m" together with the

edges (m,m') and (m,m"). The resulting graph is not context-free, but it has
a decidable MSO theory [79] (see also [145]) and G /p is context-free.

The next theorem generalizes Theorem 4.3.10 to graphs that are not neces-
sarily connected and countable. For graphs G, G, G5 and a cardinal «, oG
denotes the graph that consists of @ many disjoint copies of G, and G; + G4
denotes the disjoint union of G; and Gb.

Theorem 4.3.13. Let G be a graph of bounded degree but arbitrary cardinal-
ity such that Aut(G) has only finitely many orbits on G. Then MSOTh(G) is
decidable if and only if there exist finitely many context-free graphs G, ..., G,
and cardinals aq, ..., o, such that G = oG + - - - + o, G,

Proof. First assume that G = a1G + - -+ + «a,G,, where G; is context-
free. Thus, MSOTh(G;) is decidable. With [191] (see also [89, 203]) we can
deduce that also MSOTh(G) is decidable. Now assume that MSOTh(G) is
decidable, and let GG;, 7 € J, be the connected components of GG. First, note
that since every G} is of bounded degree and connected, all G; are countable.
Furthermore, since Aut(G) has only finitely many orbits on G, there exist
only finitely many pairwise nonisomorphic G;. Thus, G = ;G +- - -+, G,
for cardinals «;. Moreover, also every Aut(G;) has only finitely many orbits
on G;. Thus, in order to prove that every G; is context-free, it suffices by
Theorem 4.3.10 to show that MSOTh(G;) is decidable for all 1 < i < n.
The set of graphs {G1, ..., G,} can be partitioned into classes Cy,...,Cp
(m < n) such that MSOTh(G;) = MSOTh(G,) if and only if G;,G; € Cy
for some k. Thus, for each class Ci, we can select an MSO sentence 1 such
that G; = ¢ if and only if G; € C;,. Now we can reduce MSOTh(G;) to
MSOTh(G) as follows: Assume that G; € C;. Given an MSO sentence ¢, we
construct the following MSO sentence ¢y, (recall that the existence of a finite
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undirected path between two nodes can be expressed in MSO logic):

Va,y € X : duaie) (2, y) < 00 A
dr = IX S Ve e XVy & X :du)(r,y) =00 A
Ui A *

Here, ¢ denotes the formula that results from 1, by relativizing all quan-
tifiers in 1)y, to the set of nodes X, and similarly for ¢*. Then G; = ¢ if and
only if G = ¢. O

4.4 Cayley-graphs of groups

In this section we will characterize those finitely generated groups such that
the corresponding Cayley-graph has a decidable MSO (resp. first-order) the-
ory.

4.4.1 Monadic second-order logic

Recall from Section 2.4 that a finitely generated group G is context-free, if the
set of all words over the generators that represent the unit of G is a context-
free language. In [145] it is shown that a finitely generated group is context-
free if and only if its Cayley-graph (with respect to any generating set) is
context-free. Together with Theorem 4.3.10 we can deduce the following
result:

Corollary 4.4.1. Let G be a finitely generated group. The following proper-
ties are equivalent:

(1) MSOTh(C(G)) is decidable.
(2) ud(C(G)) has finite tree-width.
(8) G is context-free.

Remark 4.4.2. If G is a finitely generated group such that the corresponding
Cayley-graph has finite tree-width, then the corollary above implies that G s
context-free. Hence, by [144], G is finitely presented. It seems to be hard to
deduce this fact in a direct way.
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Further results on the geometric structure of context-free groups can be found
in [57, 160, 187].

Remark 4.4.3. A variant of the equivalence of (2) and (3) in Corollary 4.4.1
is stated in [19]: G is context-free if and only if there exists a (not necessarily
strong) tree-decomposition (T, f) of C(G) of finite width such that for all
w € V(T), the subgraph C(G)[f(w) is connected (note that in contrast to our
notation, in [19] such a tree decomposition is called strong).

4.4.2 The method of Ferrante and Rackhoff

Before we continue with the investigation of first-order theories of Cayley-
graphs of groups, we briefly interrupt with the discussion of a method of
Ferrante and Rackhoff for proving upper bounds on the complexity of first-
order theories.

Let A = (A, (R;)ics) be a relational structure, where R; has arity n;. The
Gaifman-graph G 4 of the structure A is the following undirected graph:

Ga=(A,{(a,b) e AxA|\/T(er,...,c) €R Tjik i cj=a#b=c}).
i€

We will mainly be interested in restrictions of the structure A to certain
spheres in this graph. To ease notations, we will also write S4(r,a) for
AlS¢g ,(r,a), i.e., Sa(r,a) is the substructure of A induced by the r-sphere
around the tuple @ in the Gaifman-graph of A. Gaifman’s theorem [86] in its
strongest form expresses that any first-order formula is logically equivalent to
a Boolean combination of “local sentences” (see [78] for a recent account of
this result). For our use, the following weaker statement is sufficient, which
is an immediate consequence of the main theorem in [86].

Theorem 4.4.4 (cf. [86]). Let @ = (a1, as,...,ax) and b= (by,bs, ..., by),
where a;,b; € A, such that

(Sa(7T",@),@) = (Sa(7",b),b).7

Then, for any first-order formula ¢(x1, Zs, - . -, k) of quantifier-depth at most
n, we have

A = o(@) if and only if A= o(b).

"Thus, there exists a bijection f : S4(7",a@) — S A(?”,E), which preserves all relations
from A and such that f(a;) =b; for 1 <i<k.
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A norm function on Ais just a function A : A - N. Wewrite A =3z <n:gp
in order to express that there exists a € A such that A(a) < n and A = ¢(a),
and similarly for Vo < n : ¢. Following Ferrante and Rackoff [83], we define
H-bounded structures:

Definition 4.4.5. Let A be a norm function on A. Let furthermore H :
{(j;d) e Nx N | j < d} - N be a function such that the following holds:
For any j <d €N, any a = (a1, az,...,aj-1) € A1 with \Ma;) < H(i,d),
and any a € A, there exists a; € A with Ma;) < H(j,d) and

(SA(,?dija Ziv CL), 67 CL) = (S.A(7d7j7 67 a’j)v aa aj)-
Then A (together with the norm function \) is called H-bounded.

This is a slight variant of the definition in [83] that suits our needs much bet-
ter than the original formulation. The following corollary to Theorem 4.4.4
was shown by Ferrante and Rackoff for their version of H-bounded structures.

Corollary 4.4.6 (cf. [83]). Let A be a relational structure with norm A
and let H : {(j,d) € NxN | j <d} = N be a function such that A is
H-bounded. Then for any first-order formula ¢ = Q121 Qaxs---Quxq : V¥
where 1 is quantifier free and Q; € {3,V}, we have A = ¢ if and only if

A}:lel SH(lad)Q2x2 SH(Q:d)Qdmd SH(d,d)w

Proof. For j < d, let v; denote the formula Q;z; Q11741 ---QaZq : ¥ and
let ¢; stand for the sentence

Qizy < H(,d)- - Qj_1xj1 < H(j —1,d) ;.

Thus, ¢ = ¢. We show that A = ¢; if and only if A = ¢;41, which then
proves the corollary.

Let @ = (ai,...,aj_1) € A7~ with M(a;) < H(i,d). First assume Q; = 3,
ie., ¥, =3z : Yj. If A= (a), then there is a € A with A = v¥;41(a, a).
By our assumption on the norm function A, we find a; € A with A(a;) <
H(j,d) and

(SA(7%7,4,a),a,a) = (Sa(7*7, @, a ), a, a ). (4.1)

Since the quantifier depth of t;; is d — j, Theorem 4.4.4 implies A =
Yi+1(a, a;) and therefore A = (3z; < H(j,d) ¥j11)(a). If, conversely, A =
(Fz; < H(j,d) ¥j11)(a), we have trivially A = 9;(a).
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Assume now that Q; =V, ie., ¥; = Vz; : ¢y If A = 9;(a), then
of course also A = (Vz; < H(j,d) : ¥;41)(a). Now assume that A |=
(Vz; < H(j,d) : ¢¥js1)(a) and let @ € A be arbitrary. We have to show
that A = 1;11(a,a). The case A(a) < H(j,d) is clear. Thus, assume that
Aa) > H(j,d). Then there exists a; € A with A(a;) < H(j,d) and (4.1).
Since A(a;) < H(j,d), we have A = 1,11(a,a;). Finally, Theorem 4.4.4
implies A )Z wj-l-l (5, a). [

4.4.3 First-order logic

Let us now consider first-order theories of Cayley-graphs of groups.

Theorem 4.4.7. Let G be a finitely generated group such that the word
problem of G belongs to ATIME(a(n),t(n)). Then FOTh(C(G)) belongs to
ATIME (n + a(20M), 20 4 #(20()).

Proof. Choose a finite generating set I' for G. We want to apply Corol-
lary 4.4.6, which requires to define the norm function A and the bounding
function H. For a group element a € G let A(a) € N denote the small-
est number n such that there exists a word w € I'* of length n, repre-
senting a. Thus, A(a) is the minimal length of a path from the identity
1 to a in the Cayley-graph C = C(G). Next we define the function H by
H(j,d) = H(j —1,d) +4-7%7 for 1 < j < d and set H(0,d) = 0. Thus,
H(j,d) € 20,

Now let j < d and @ = (ay,as,...,a;-1) € G/~ with A(a;) < H(i,d). Let
furthermore a € G with A(a) > H(j,d). The triangle inequality implies that
the distance between a and every a; in C is larger than H(j,d) — H(i,d) >
H(j,d)—H(j—1,d) =4-7%7 fori < j. Hence, S¢(7¢ 9, a)NSc(7%7,a) =
and moreover there is no edge in the graph C between a node in S¢(7%77,a)
and a node in S¢(7¢77 a).

Now assume that a; € G is any group element with A(a;) = H(j, d). Since
Aut(C) has only one orbit on C, we have (Sc(7%77,a),a) & (Sc(7%7, a;), a;).
Moreover, A(a;) = H(j,d) implies that also S¢(7477,a) N Sc(7%77,a;) = 0,
and that there are no edges between these two disjoint spheres. It follows
that

(Se(7*7,a,a),a,a) 2 (Sc(7*7,a, a;), a, a;).
Thus, indeed, the Cayley-graph C is H-bounded.
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Let ¢ = Q121Q2x2 - - - Quzy = Y(x1,...,24) be a first-order sentence over
the signature of C with d quantifiers @); € {3,V}. Then, by Corollary 4.4.6,
C = ¢ if and only if

C ):lel SH(lad)QQxQ SH(27d)Qd$d§H(d7d)w($la7$d)

Since H(i,d) € 2°U¢D) this implies the statement of the theorem: In order
to verify the above statement, we guess (either existentially or universally)
every x; < H(i,d). Every quantifier alternation leads to one additional alter-
nation. After having guessed every z;, all resulting identities in ¢ have expo-
nential length. These identities can be verified using the ATIME(a(n), s(n))-
algorithm for the word problem, which leads to a(2°(™) many additional
alternations. The time bound from the theorem follows analogously. O

Remark 4.4.8. Recall that a problem s called elementary decidable if it
2n

can be solved in time 0(2"- ), where the height of this tower of exponents is
constant. By the previous theorem, if the word problem for G is elementary,
then also FOTh(C(G)) is elementary decidable.

Together with Proposition 4.2.2, Theorem 4.4.7 implies the following corol-
lary.

Corollary 4.4.9. Let G be a finitely generated group. Then the following
properties are equivalent:

(1) IFOTh(C(G)) is decidable.
(2) FOTh(C(G)) is decidable.

(8) The word problem of G is decidable.

4.5 Cayley-graphs of monoids

The results from the previous section do not carry over to monoids (see
e.g. Proposition 4.2.3). In this section, we will prove several weaker results,
that give at least an impression on the borderline between decidability and
undecidability.
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4.5.1 Monadic second-order logic

Note that Cayley-graphs of finitely generated groups are always of bounded
degree. For Cayley-graphs of finitely generated monoids this is in general
not true, there may be nodes of even infinite indegree, take for instance the
monoid M(a,0 | a0 = 0). On the other hand, these graphs are still deter-
ministic: A T'-labeled directed graph G = (V, (E,)qcr) is called deterministic
if for all v € V and all a € T there exists at most one u € V with (v, u) € E,.

Lemma 4.5.1. Let G be a T'-labeled deterministic graph. Then MSOTh(G)
is decidable if and only if MSOTh(G'®)) is decidable.

Proof. For the nontrivial direction note that a set ' C |J,.r £, of edges of
G = (V,(E,)acr) can be represented by the tuple of node sets (U, )qer, where
U={veV|JueV:(vu) € E,NF}. O

Thus, we obtain the following proposition, where the second statement fol-
lows together with Seese’s Theorem 4.3.8.

Proposition 4.5.2. Let M be a finitely generated monoid.

e MSOTh(C(M)) is decidable if and only if MSOTh(C(M)®) is decid-
able.

e If MSOTh(C(M)) is decidable, then ud(C(M)) has finite tree-width.

The next result was shown in [110] for finite monadic presentations. Re-
call the definition of a left-basic presentation from Section 3.3. A finitely
generated presentation (I', R) is called regular if R can be written as R =
Ui, L; x R; where both L; CT* and R; C I'* are regular for 1 <i < n.

Proposition 4.5.3. Let (I', R) be a finitely generated presentation, which is
terminating, confluent, left-basic, and regular, and let M = M(T', R). Then
MSOTh(C(M)) is decidable.

Proof. Let (I', R) be terminating, confluent, left-basic, and regular. A T'-
labeled directed graph G' = (V, (E,)qer) is called prefiz-recognizable [44], if is
isomorphic to a graph of the form (L, (Fy)acr), where L is a regular language
over some finite alphabet ¥ and every F, is a finite union of relations of
the form {(uv,vw) | v € Uyv € V,w € W} where U,V, and W are regular
languages over ..
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It is easy to show that C(M,T") is prefix-recognizable: Since R is termi-
nating and confluent, M (T, R) is in one-to-one correspondence with IRR(R).
Moreover, since R is confluent and left-basic, for all u,v € IRR(R) and a € T

we have ua <»>g v if and only if ua =g v if and only if ua —*»R v, where the last
equivalence is stated in Lemma 3.3.3. With [44, Cor. 3.4] it follows that the
graph C(M,T') =2 (IRR(R), (Fy)aer) with F, = {(u,v) € IRR(R) x IRR(R) |
ua g v} is prefix-recognizable. Hence, by [44], MSOTh(C(M)) is decid-
able. O

4.5.2 First-order logic

We have already seen that the Cayley-graph of a finitely generated monoid
may have an undecidable first-order theory, also in case the word problem is
decidable (Proposition 4.2.3). On the decidability side, let us mention that
Cayley-graphs of (a, r)-automatic monoids (« € {¢,7}) have decidable first-
order theories: These graphs are automatic and hence, by Theorem 2.5.3
they have a decidable first-order theory.

By [20], there exists an automatic structure with a nonelementary first-
order theory. This complexity is already realized by Cayley-graphs of auto-
matic monoids:

Theorem 4.5.4. There exists a fixed length-lexicographic and confluent pre-
sentation (I, R) with the following properties, where M = M(T', R) and
h : IRR(R) — M is the bijection that maps a word w € T'* to the monoid
element represented by w.

e (I'NIRR(R), h) is an (o, B)-automatic presentation for M for all a, § €
{¢,r}.

e FOTh(C(M)) is not elementary decidable.

Proof. Let T' = {a,b,a,b,$1,$2,$.} and let the semi-Thue system R over I'
consist of the following rules, where ¢ € {a, b}:

C$1—)$1C C$2—)$QC —)$C

é$1—>c E$2—)$1é

$a
$. —
$a

S QO

—>$b

It is easy to see that R is length-lexicographic and confluent. Arguments
similar to those from the proof of Theorem 3.8.2 show that (I',IRR(R), h)
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is an (o, f)-automatic presentation for M. Thus, it remains to show that
FOTh(C(M)) is not elementary decidable. For this we reduce the first-order
theory of finite words over {a,b} to FOTh(C(M)). The former theory is
defined as follows: A word w = ajasy---a, € {a,b}* of length n is identified
with the relational structure S, = ({1,...,n},<,Q,), where < is the usual
order on natural numbers and @), is the unary predicate such that i € @), if
and only if a; = a. Then the first-order theory of finite words (over {a, b})
consists of all first-order sentences ¢ over the signature (<,@,) such that
Sw E ¢ for every word w € {a,b}*. It is known that the first-order theory
of finite words is decidable but not elementary, see [85, 142, 169, 200]. A
simplified proof can be found in [48, Example 8.1].

For our reduction first notice that IRR(R) = {$1,%2,9$.}*{a,b,a,b}*.
Hence the latter set can be identified with the monoid M. Now for z €
IRR(R) we have z € {$,9%,,%8,}"{a,b}* if and only if 2$,$; # 2$;$; in
C(M). This allows us to represent all words from {a,b}* in C(M). The fact
that a word w € {a, b}* is represented by infinitely many elements of C(M),
namely by all elements from {$;, $5, $,}*w does not cause any problems, it
is only important that every word w € {a,b}* is represented at least once.
In the sequel let us fix z = vw with v € {$1,%2,$,}* and w € {a,b}*. The
set of all positions within the word w is in one-to-one correspondence with
the set of all y such that y$; = z in C(M): the latter fact holds if and
only if there exist wy, wy € {a,b}* and ¢ € {a, b} such that w = w;cwy and
y = vwicwy. Thus, we can quantify over positions of the word w by quan-
tifying in C(M) over all those y such that y$; = = in C(M). Assume that
y = vwicwe and w = wicws, i.e., y represents the position |w;| + 1 of w.
Then ¢ = a if and only if y$, = 2 in C(M), thus we can express whether a
position is labeled with the symbol a. It remains to express that a position
is smaller than another one. Thus, assume that y = vwcw,, y' = vw'dwb,
wicwy = widwh = w, and wy # w}, i.e., the two positions represented by y
and y' are different. Then |w;| < |w}| if and only if there exists a monoid
element z € M such that z$; =y and 2$, = ¢’ in C(M).

From the preceding discussion it follows that for every first-order sentence
Y over the signature (<,Q,) we can construct in polynomial time a first-
order formula ¢(z) over the signature of the Cayley-graph C(M) such that
1) belongs to the first-order theory of finite words if and only if C(M) = Vz :
¢(z). This proves the theorem. O

Corollary 4.5.5. There ezists a fized finitely generated monoid M such that:
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o M is simultaneously («, B)-automatic for all a, f € {¢,7} and
e FOTh(C(M)) is not elementary decidable.

Since the word problem for an automatic group can be solved in time O(n?),
Corollary 4.4.7 implies that the nonelementary lower bound from the previous
corollary cannot be realized by an automatic group. In fact, already for right-
cancellative automatic monoids, we obtain elementary upper bounds:

Theorem 4.5.6. Let M be a finitely generated right-cancellative («,r)-
automatic monoid (for a« =1 or a« ={). Then FOTh(C(M)) can be decided

. 20(77-)

in ATIME(O(n),2% ).

Note that every node in the Cayley-graph of a right-cancellative monoid has
bounded indegree (if I' is the set of generators, then the number of incoming
edges is bounded by |I'|). Thus, Cayley-graphs of finitely generated right-

cancellative monoids have bounded degree. Therefore, Theorem 4.5.6 is an
immediate corollary of the following much more general statement.

Theorem 4.5.7. Let A be an automatic structure such that the Gaifman-
graph G 4 of the structure A has bounded degree. Then FOTh(A) can be

decided in ATIME(O(n), 22°").
Proof. Let us fix an r-automatic presentation (I, L,h) for A and let the
degree of G4 be bounded by d. By [109] we can assume that h : L — A

is injective and thus bijective. Let us define the norm A(a) for ¢ € A by
AMa) = |h™(a)|. By Corollary 4.4.6 it suffices to prove that A is H-bounded

@
by some function H satisfying H(j,d) € 922" for all j < d € N (the rest
of the argumentation is analogous to the proof of Theorem 4.4.7). First we
proof the following:

Claim 1. Let R be an n-ary relation of A. Then the relation
R ={(u,...,u,) € L™ | (h(wy),...,h(u,)) € R}

has bounded length-difference (see Section 2.5).

Proof of Claim 1. Since (I', L, h) is an r-automatic presentation for A, we
know that the language

{ve(uy, .5 u,) | (U, ---,u,) € R'}
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can be recognized by a finite state automaton Ag, where v, is the coding
function from Section 2.5. Let m be the number of states of Az. Then
R’ must have length-difference bounded by (n — 1) - m. Because otherwise
there would exist a tuple (ug,...,u,) € R’ such that (after reordering its
components) |u;| < |u;y1| for all 1 < ¢ < n and |ujq1| — |u;| > m for at
least one j. Then a simple pumping argument shows that the automaton Ag
accepts an infinite number of words of the form

! !
Vp(Ut, ooy Uy WS gy ey Uyy)

for u;H, ...,u;, € L. Since the function A is a bijection between L and
A, it follows that the Gaifman-graph G4 has infinite degree, which is a
contradiction.

An immediate consequence of Claim 1 is the next statement.

Claim 2. If there is an edge between a and b in the Gaifman-graph G 4, then
|IA(a) — A(b)| <~ for some constant v > 1.

Clatm 3. Let r € N and a € A. Then there exists a finite automaton A, ,
with 22°” many states such that

L(Ara) = {u € L[ (Sa(r,a),a) = (Sa(r, h(u)), h(u))}.

Thus, the automaton A, , accepts a word u € L if and only if the r-sphere
around the element h(u) € A represented by u is isomorphic to the r-sphere
around « (with @ mapped to h(u)). For the proof of this claim first notice
that since G4 has bounded degree, |S(r,a)| € 2°. We will use this in
order to describe the finite substructure S4(r,a) by a formula of size 20(")
over the signature of A:

First, for 0 < n < d (d is the maximal degree in the Gaifman-graph) let
the formula 6, (z) express that the degree of z in the Gaifman-graph G4 is
exactly n. Thus, 6,(z) is a fixed first-order formula over the signature of .A.
Next take m = |S4(r, a)| many variables z1, ..., z,,, where z; represents the
element a; € S4(r,a), (a; # a; for i # j) and w.l.o.g. @ = a;. Then write
down the conjunction of the following formulas, where R is an arbitrary
relation of A and 0 < n < d:

o z; #x; fori#j,

[ R(.Til,...,.fb'in) lf (ail,...,ain) - R,
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o R(zy,...,x;,) if (a;,...,0;,) ¢ R, and
e 0,(x;) if the degree of a; in G 4 is precisely n.

Finally we quantify the variables z, ..., z,, existentially. Let ¢(z;) be the
resulting formula. We claim that A = ¢(b) if and only if (S4(r,a),a) =
(Sa(r,b),b). Only the use of the predicates 6, (z;) needs some explanation.
If we would omit these predicates, then A = ¢(b) would only express that
(Sa(r,a),a) is isomorphic to some induced substructure of (S4(r,b),b) (with
a mapped to b). But by fixing the degree of every z; we exclude the possibility
that there exists y € Sy(r,z1) with y # z; forall 1 <i <m.®

Now the automaton A,, is obtained by translating the formula ¢(z;)
into an automaton using the standard construction for automatic structures,
see e.g. [109]: each of the predicates listed above can be translated into an
automaton of fixed size. Since we have 2°0) such predicates, their conjunc-
tion can be described by a product automaton of size 22°” working on 20
tracks (one for each variable z;). Finally, the existential quantification over
the variables s, ..., z,, means that we have to project this automaton onto
the track corresponding to the variable ;. The resulting automaton is 4, ,,
it still has 22°" states and only one track. This proves Claim 3.

Using Claim 2 and 3 it is not difficult to prove that A is H-bounded for a
suitable H. Assume that the size of A, , is bounded by 2%, where c is some

fixed constant. Define the function H by H(j,d) = H(j—1,d) +2_7.220.7d—j’

where «y is the constant from Claim 2 and H(0,d) is set to 0. Note that
20(d) _ )
H(d,d) € 22 . Nowlet 1 < j < d and @ = (a1,az,...,a;-1) € A~

with A(a;) < H(i,d). Let furthermore a € A with A(a) > H(j,d). Thus,
Aa) = A(a;) >2-7v- 92™ 7 for every 1 < i < j—1, which by Claim 2 implies
that the distance between a and every a; in the Gaifman-graph is larger than
2927 Thus, the spheres S4(7¢7,a) and S4(7% 77, a) are certainly disjoint
and there is no edge between these two spheres. '

Now consider the automaton Aza-; , from Claim 3. It has at most 220'7(H
states. Since h(a) is accepted by Aza-; 4, it accepts a word of length larger

than H(j,d) = H(j—1,d)+2-v-2

c-74=J . .
27 Thus, a simple pumping argument

8The standard solution of this problem is to say that there does not exist y ¢
{z1,...,Zm} which is in G4 adjacent to some z; with dg,(z1,2;) < r —1, see e.g. the
proof of [204, Corollary 4.9]. But this would introduce a quantifier alternation that we
want to avoid.
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shows that Az-; , also accepts a word w € L with

20-7d_ 20-7d_

H(j—1,d)+~-2" " <|w|<H(G-1,d)+2-7-25" = H(j,d)

(note that v > 1). Let a; = h( ). Thus, Aa;) < H(j,d). Moreover, since
Maj) > H(j —1,d) +v-2* " , Claim 2 implies that the distance between

aj and g; (1 <4 < j) in the Galfman—graph is at least 2277 . Thus, also the
spheres S4 (7477, a) and S4(7%77, a;) are disjoint and there is no edge between
these two spheres. Finally, since by definition of the automaton Aza-; , we
have (S4(7%77,a),a) =2 (S4(7%77, a;), a;), we obtain

(Sa(77,@,0),a,a) = (Sa(7"7, @, 4;),d, a;).
Thus, A is H-bounded, which concludes the proof. O

Remark 4.5.8. Another application of Theorem 4.5.7 concerns transition
graphs of Turing-machines (such a graph has the set of all possible config-
urations as the set of nodes and an 7-labeled edge from configuration ¢, to
configuration co, if the machine can move from cy to co by applying transition
7). These graphs have bounded degree and are automatic. Thus, their first-
order theories are elementary, i.e., “local properties” of Turing-machines are
elementary decidable.

Remark 4.5.9. The proof of Theorem 4.5.7 shows also two other result.
Assume that the premises of Theorem 4.5.7 are satisfied:

(i) If moreover the Gaifman-graph G4 has polynomial growth, i.e., for
every a € A, the size of the r-sphere Sa(r,a) is bounded by r°), then the
size of the automaton A, , from Claim 3 is bounded by 2n°M) 1t follows that

2O
FOTh(A) can be decided in ATIME(O(n), 22( ))

(ii) IFOTh(A) can be decided in SPACE(22°™). To see this, take an ez-

istential sentence 3xy - -3y : (1, ..., 2,). Then every x; can be restricted
O(n)
to elements of norm at most 22" Now, instead of guessing for every x; a

word t; € I'* of length at most 2220@)’ we can first guess for every eristen-
tially quantified variable x; the first symbol. Then we can partially evaluate
the atomic predicates in ¢ by running the corresponding automata for one
step. After this we forget the first symbols of the x; and guess the second
symbol for every variable x; and so on. All we need to store beside the poly-
nomially many states of the automata for the atomic predicates in ¢ are the
lengths of the partial values for the variables x;, which needs space 220",
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Remark 4.5.10. It seems to be open, whether the upper bound in Theo-
rem 4.5.7 is sharp. To the knowledge of the author, the worst case example
with respect to complexity is the complete binary tree, i.e., the Cayley-graph of
the free monoid {a,b}*: it is automatic, of bounded degree, and its first-order
theory is complete for ATIME(O(n),2°™), see e.g. [48, Example 8.8].

A precise characterization of the class of finitely generated monoids whose
Cayley-graphs have decidable first-order theories (resp. MSO theories) of the
kind we have obtained for the group case, remains open. In Section 4.7 we
will prove that certain constructions for monoids preserve the decidability of
the first-order theory (resp. MSO theory) of the Cayley-graph. Before doing
this, we will first investigate a general unfolding operation that works for
arbitrary relational structures.

4.6 Unfoldings

In this section we will introduce a construction on relational structures, called
factorized unfolding (Definition 4.6.4). This construction results from the
tree-like unfolding (Definition 4.6.1) by taking the quotient with respect to
Mazurkiewicz’s trace equivalence (see Section 2.7 for the relevant definitions
concerning traces). Our main result about factorized unfoldings states that
the first-order theory of a factorized unfolding can be reduced to the first-
order theory of the initial structure. Later we will use factorized unfoldings
for the study of Cayley-graphs of graph products.

4.6.1 Tree-like unfoldings

In [186] Semenov introduced the following construction, which he attributes
to An. A. Muchnik and which generalizes a construction from [191, 201].

Definition 4.6.1. Let A = (A, (R;)i<i<x) be a relational structure with
finitely many relations, where the relation R; has arity n;. On the set of
finite words A*, we define the following relations:

—~

R, = {(uay,uay,...,ua,,) | uve A" (a1, a,...,a,,) € R;}
suc = {(u,ua)|ue€ A% a€ A}
cd = {(ua,uaa) |ue€ A*ae A}
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The relational structure A = (A*, (E)lsism suc, cl) is is called the tree-like
unfolding of A.°

One can think of the structure A as a tree (A*,suc) together with some
additional relations. Any tuple of elements of A* that appears in one of the
additional relations is “local”: the distance between any two entries in the
tree (A*,suc) is at most 2. The term tree-like unfolding comes from the fact
that A is an extension of the tree (A*, suc).

In [186], Semenov also sketched a proof of the following result, which
he attributes again to An. A. Muchnik. A complete proof was given by
Walukiewicz [219].

-~

Theorem 4.6.2 (cf. [219]). MSOTh(A) can be reduced to MSOTh(A).

The relations of the tree-like unfolding are instances of a more general con-
struction, which will be crucial for our notion of factorized unfoldings: Let ¢
be a first-order formula over the signature of A with """ | k; free variables,
where k; € N (k; = 0 is allowed). For words u; = a;1a;2- - aik, (a;; € A) of
length &; (1 <i <n) we write A = ¢(uq, ug, ..., uy,) if

A ): QO(al’l, . .,al’kl,ag,l, ‘e ,ag,kz, ‘e 70177,,17 e ,an,kn).

An n-ary relation R over A* is k-suffixz definable in A if there are kq, ..., k, <
k and a first-order formula ¢ over the signature of A with Y | k; free vari-
ables such that

R = {(uuq, wug, ..., uuy,) | u,u; € A, |u;| = ki, A = @(ur,ug, ..., u,) }-

Note that a formula ¢ with m free variables can define many different k-suffix
definable relations, namely one for each partition of the number m.

Obviously, all relations of A are 2-suffix definable in A. On the other
hand, there exist k-suffix definable relations such that adding them to A
makes Theorem 4.6.2 fail: To see this, let

cp = {(ua,uba) | u € A", a,b € A},

which is 2-suffix definable in A.'® Recall that < denotes the prefix order on
A*, thus it is the reflexive transitive closure of the relation suc from A and
therefore MSO definable in A.

9¢«c]” stands for “clone”.
104en” stands for “copy”.
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Proposition 4.6.3. Let S = {(n,n+1) | i € N} be the successor relation on
N. Then MSOTh(N, S) is decidable but FOTh(N*, S, <, cp) is undecidable.

Proof. The decidability of MSOTh(N, S) was shown by Biichi [32]. For the
undecidability of FOTh(N*,§ , <, cp) recall that it is undecidable whether a
given two-counter machine (with zero-tests), started with empty counters,
finally terminates. Thus, let us fix a two-counter machine CM with initial
state gy and final state gy # go. We will construct a first-order sentence ¢caq
such that (N*, S, =<,¢p) E ¢em if and only if CM, started in the configura-
tion (go, 0,0) terminates. We can assume that the state space @ of CM is
{1,...,A}. Then a computation of CM starting in (go, 0,0) can be encoded
by a sequence of the form ggmgng0gimin, 0---q, ming € N such that
¢ € Q, my,n; > 1, my=n¢g =1, and (g1, mi41 — 1,n;41 — 1) is a successor
configuration of (g;, m; —1,n; — 1) in CM.

First, note that the relation suc from the tree-like unfolding is first-order
definable in (N*,<). For a fixed n € N, it is also easy to write down a
formula 1, (z) such that (N*, S, <, cp) k= 1, (w) if and only if w = vn for
some v € N*: We start with ¢g(z) = -3y : §(y, xz) A Jz : suc(z,x)
and define inductively ¢, (z) = 3y : Y—1(y) A §(y,x) Next, using the
prefix relation < and the formulas ¢, for 0 < n < A, we can construct
a first-order formula ¢q(z) such that (N*, S, <,cp) E ¢o(w) if and only if
w € N* has the form gy mgng0qgs min,0---q myng with ¢; € Q, m;,n; > 1,
my = ny = 1, and ¢ = ¢y. Furthermore, we claim that there exists a
formula ¢;(z) such that for every w € N* we have (N*, S, <, cp) = ¢, (w) if
and only if for every prefix vpkf0gmn < w with p,k,¢,q,m,n > 1, the
configuration (¢, m—1,n—1) is a successor configuration of (p, k—1,£—1), i.e.,
one of the finitely many transition rules of CM transforms the configuration
(p,k —1,£—1) into (¢,m — 1,n — 1). Let us consider one such transition
rule, saying, e.g., that if CM is in state ¢; € ), then CM can move into state
¢2 € @ and add 1 to the first counter. It suffices to construct a formula 6(z)
such that for every word w of the form vpmn0qk £ with v € N*, we have
(N*,S,<,¢cp) Ef(w) ifand only if p=¢1, g = ¢, £ =n, and k =m + 1.

It is easy to express p = ¢; and ¢ = ¢3. Thus, it remains to express
k =m+1 (and ¢ = n, which can be done analogously): This is the case if
and only if there are z;,y; € N* for 0 < ¢ < 4 such that

4
suc(zs, w) A ys=a4 A /\ (Suc(xi—laxi) A cp(Yi-1,4i) A S(l"o,yo)) :

=1
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Other transitions can be dealt with similarly. Hence, we have (N*, S ,=3,¢cp) =
dz @ ¢o(z) A ¢1(z) if and only if CM reaches the final state g; from the
initial configuration (go, 0,0). This proves the theorem. O

Since = is MSO-definable in the presence of suc, the previous proposition
implies that MSOTh(N*, S, suc, cp) is undecidable. Thus, the presence of
the relation cp makes Walukiewicz’s result fail.

Recall that the underlying set of the tree-like unfolding of a structure A
is the set of all finite words over the carrier set of A. In factorized unfoldings
that we introduce next, this underlying set consists of Mazurkiewicz traces.

4.6.2 Factorized unfoldings

Definition 4.6.4. Let A be a relational structure with carrier set A. Let
furthermore

e [ C Ax A be an independence relation that is first-order definable in A,

o n:M(A,I) — S be a monoid homomorphism into some finite monoid S
such that n=Y(q) N A is first-order definable in A for every q € S, and

e R; be a ki-suffix definable relation in A for 1 <i < k.

Then the structure B = (M(A,I), (07 (q))qes, (Ri/i)1<i<x) s a factorized
unfolding of A, it is also called the factorized unfolding of A corresponding
to _l, n, and (Rz)lgzgn

Note that in contrast to the tree-like unfolding there are many different
factorized unfoldings of A.

The notion of a factorized unfolding is a proper generalization of the tree-
like unfolding, also in case I = () in Definition 4.6.4: By Proposition 4.6.3,
the relation cp cannot be defined in the tree-like unfolding .,Zl\, but since it
is 2-suffix definable it may be part of a factorized unfolding. On the other
hand, for the relations 7!(g) in the above definition we have the following:

Lemma 4.6.5. Let MSOTh(A) be decidable and n : A* — S be a monoid
morphism into a finite monoid S such that n='(q) N A is MSO-definable in
A for every g € S. Then also MSOTh(A, (n7'(q))4es) is decidable.
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Proof. Since P, := n7'(q) N A is MSO-definable in A, the structure B =
(A, (P,)4es) has a decidable MSO theory. Hence, by Theorem 4.6.2, also
MSOTh(B) is decidable and it suffices to prove that n='(q) C A* is MSO-
definable in B. This can be shown similar to Biichi’s proof that recognizable
sets are MSO-definable [32]: Note that given z € A*, we can express in MSO
logic over B that X C A* is the set of all words on the unique path from ¢
to z in the tree (A*,suc). Then 7n(z) = ¢ if and only if there is a partition
X = UsES X, such that v € X, e € X; (where 1 is the neutral element of
S), and for all (y,2) € sucN (X x X): ify € X;,, 2z € X,,, and s € S such
that z € E, then s;s = s9 in the monoid S. O

The following theorem is the main result of this section.

Theorem 4.6.6. Let A be a relational structure and let B be the factorized
unfolding of A corresponding to I, n, and (R;)1<i<x, where {I(a) | a € A} C
24 is finite. Then any first-order sentence ¢ of quantifier alternation depth
d over the signature of B can be transformed effectively into a sentence 0 of
quantifier alternation depth d+ O(1) and size 22UV over the signature of A
such that B = ¢ if and only if A = 6.

Remark 4.6.7. The proof of Theorem 4.6.6 will show that not only the size
of 0 is bounded doubly exponential in the size of ¢, but also the time needed
to construct 0 from ¢ is bounded doubly exponential in |y

Corollary 4.6.8. Let A be a relational structure with a decidable first-order
theory. Let B be the factorized unfolding of A corresponding to I, n, and
(Ri)1<i<x, where {I(a) | a € A} C 24 is finite. Then FOTh(B) is decidable.

Before we prove Theorem 4.6.6, let us first discuss several related results.
The structure (N*, S, <, cp) from Proposition 4.6.3 has an undecidable first-
order theory. Thus, allowing the relation </;, which is the prefix order on
traces, in factorized unfoldings would make Theorem 4.6.6 fail (already for
I=0).

In Theorem 4.6.6, we also assume that there are only finitely many dif-
ferent sets I(a). The reason is again that otherwise the result would fail:
Let V.= {(m,n) e N |m < n}and E = {({,m,n) € N° | {,m < n}. On
A =V UE, define the relation R by

R ={((m,n), (¢(,m,n)) | £,m <n}U{(({n), ({,,mn))|l,m<n}.
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Thus, dom(R) = V and ran(R) = E. Furthermore, let I be the set of pairs of
distinct elements from V' U F that agree on their last component. Then there
are infinitely many sets I(a), but any of these sets is finite. We will consider
the structure A = (A, R,I). The decidability of FOTh(N, <) implies the
decidability of FOTh(A).

Theorem 4.6.9. Let B = (M(A,I),cl/;,suc/;, R/), which is a factorized
unfolding of A. Then FOTh(B) is undecidable.

Proof. We will reduce the first-order theory of all finite directed graphs
(which is undecidable by [209]) to the first-order theory of B.

The idea is to represent a finite graph by the finite (A, I)-clique max(s)
of a trace s € M(A, I), which by the definition of I is a subset of

VN (Nx{n}) U En(N x {n})

for some n € N. Those elements from V' (resp. E) in max(s) represent the
nodes (resp. edges) of G. To represent the set max(s) in B, we use the cl/;-
relation. More precisely, for s € M(A, I) let G(s) denote the set of traces ¢
such that (s,t) € cl/; in B. In other words, G(s) is the set of traces sa (with
a € A) such that a € max(s). By fs, we denote the bijection from G(s) to
max(s) given by sa — a (this is well-defined, since sa = sb implies a = b).
Now let t € G(s). Then f,(t) € V if and only if there is u € M(A, I) with
(s,u) € suc/; and (¢,u) € R/;. Similarly, f,(t) € E if and only if there is
u € M(A,I) with (s,u) € suc and (u,t) € R/;. Now let v,e € G(s) with
fs(v) € V and f,(e) € E. Then (f;(v), f,(e)) € R if and only if (v,e) € R/;.
Thus, we can write a formula graph(z) with one free variable z such that
B = graph(s) if and only if max(s) is a directed graph, i.e., any element of
max(s) N E is adjacent with two elements of max(s) N V.

Now let ¢ be a sentence over the signature of directed graphs. Using
the ideas explained above, we can construct a formula ¢'(x) with one free
variable such that for any trace s € M(A, I) satisfying graph(s), the graph
of maximal elements of s satisfies @ if and only if B = ¢'(s). Thus, ¢ is true
in all finite graphs (i.e., belongs to the theory of all finite graphs) if and only
if B |=Vz : graph(z) = ¢'(z). O

In order to prove the undecidability results in Theorem 4.6.3 and 4.6.9 we
used infinite structures. Infinity is needed as the next theorem shows. Recall
the definition of an automatic structure from Section 2.5.
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Theorem 4.6.10. Let A be a finite relational structure with universe A,
and let B = (M(A, I), (07 (q))qes, (Ri/i)1<i<x) be any factorized unfolding of
A. Then the structure (B, =< /r) is automatic and has therefore a decidable
first-order theory.

Proof. The free monoid F (A, I)* generated by the set of (A, I)-cliques maps
naturally onto M(A, I), let h denote the canonical homomorphism defined
by h(C) = [C]. Let FNF C F(A,I)* denote the set of Foata normal forms.
Then a word C1Cy - - - C,, over F(A, I) belongs to FNF if and only if for every
1 < i < nand every a € C;;1, there is b € C; with (a,b) ¢ I. Since A is
finite, the set FNF is recognizable. Moreover, h maps FNF bijectively to
M(A, I). We show that (F(A, ), FNF,h) is an r-automatic presentation for
(Ba = /I)

Reading the Foata normal form of a trace ¢, a finite automaton with
state space S can easily check whether n(t) = ¢ € S. The automaticity
of the relations R;/;, 1 < i < k, can be reduced to the automaticity of
the relations suc, = {(t,ta) | t € M(A,I)}, a € A, as follows: Since A is
finite and R; is k-suffix definable for some k, we can write R;/; as R;/; =
Usismyerm 181, -5 tsn) | t € M(A, 1)}, where F; C M(A,I)" is a finite
relation. Now, for s = [a1as - - - a]r € M(A, I), ay € A, define

sucs(zo, Tr) = Iy -+ - ITm_1 {/\ SUCy; (xj_l,xj)} )

Then (yi,...,yn) € R; if and only if

\/ Ela:{ /\ sucsj(x,yj)}.
JEF;

(81008 1<j<n

Finally, we can use the closure of automatic relations under first-order defi-
nitions (Theorem 2.5.2).

Thus, it only remains to show that the relations suc,, a € A, and the
prefix order < /; are automatic: Let v = B1By--- B, and w = C,Cy---C,
be two Foata normal forms. Then for a € A we have h(v)a = h(w) in M(A, I)
if and only if n € {m,m + 1} and there is j with 1 < j < n such that for all
1 <17 < m, we have

(1) if 7 75 j, then Bz = Ci,
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(2) C; =B;U{a}if j <m, and C,, = {a} if n=m+1=j, and
(3) if i > j, then {a} x B; C I.
Thus, reading v and w synchronously, a finite automaton can check whether

(h(v), h(w)) € suc,. Finally, we claim that the trace h(v) is a prefix of h(w)
if and only if

(1) m <mn,

(2) B; CC;for1 <i<m,and

(3) for i < j < m, we have (C; \ B;) x B; C I.

If these three conditions hold, then in M(A, I) we have

h(w) = [C1][Cs] - -+ (Gl
= [Bi][Cy\ B1][B] [C2\ Ba] -+ [Bp] [Cin \ Bi][Cma] - - - [Chn]
= [Bi][Be]- -+ [Bu][C1 \ Bi] -+ [Crn \ B [Crnpa] - - - [Cin]
= h(v)[C:\ Bi] -+ - [Crn \ B [Crga] - - - [Cha].

On the other hand, if h(w) = [C1][Cq] - - - [Cy] = [B1] [Ba] - - - [Bm]s = h(v)s

for some trace s, then

Cy = min(h(w)) = min(h(v)) U {a € min(s) | (a, h(v)) € I}
= By U {a € min(s) | (a,h(v)) € I}.

Since (a, h(v)) € I implies a ¢ B;, we have
Cy\ By = {a € min(s) | (a, h(v)) € I}.

Thus, (C1 \ By) x B; C I for j > 1. Moreover [Cy]---[Cy] = [Bs] - -+ [Bn]s'
for some s’. We can conclude inductively.

A finite automaton, reading v and w synchronously, can easily check (1)
and (2) above. In order to check (3), it has to remember {J,.;C; \ B; C A
when j goes from 1 to m, which is possible since A is finite. Thus, the prefix
order < /; can be checked by a finite automaton. O

Remark 4.6.11. We can also say something on the complexity of the de-
cision procedure for the first-order theory of (B, = /i) in the previous theo-
rem: Suppose that any two distinct letters from A are independent. Then
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one can reduce FOTh(B, <) to Presburger’s Arithmetic, which is decidable
in ATIME(O(n), 22°™) [17] and hence elementary. On the other hand, the
theory FOTh({a, b}*, suc,, sucy, <) is not elementary decidable, see [48, Ez-
ample 8.3].

Note that Theorem 4.6.10 implies in particular that the prefix order on finite
traces over a finite independence alphabet (A, I) has a decidable first-order
theory.

Proof of Theorem 4.6.6

Let us fix the factorized unfolding B = (M(A,1), (n7'(¢))ges, (Ri/1)1<i<k)
of A. We will reduce the first-order theory of B to the first-order theory
of A. We first show how to reduce a “local” sentence over the signature
of B to an equivalent sentence over the signature of A. In the sequel, we
will then show that every sentence over the signature of B can be reduced
to such a local sentence. Assume that R; is k;-suffix definable in A and
let k¥ = max{k; | 1 < i < k}. On M(A,I) we define a norm function
A:M(A,I) — N by A(t) = |t|. According to Section 4.4.2, 3z < n : ¢(x) is
an abbreviation for dz : |z] <n A ¢(x).

Proposition 4.6.12. Let ¢(z1,...,x4) be a Boolean formula over the sig-
nature of B. Let ny,...,ng € N, n = max{nq,...,nq}, and Q1,...,Qq €
{3,V}. Then we can effectively construct a sentence 6 over the signature of
A such that

BE Qiz1 <niQoxe <ng- - Qarg < ng:P(x1,...,%q) (4.2)

if and only if A = 0. Moreover, 6 has quantifier alternation depth d + O(1)
and size bounded by n? - || - 20,

Proof. We will encode a trace x € M(A,I) with |z|] < n by a sequence
Y1Y2 - - - Ym Of first-order variables y; € A of length m < n, with the meaning
that x = [y192 - - - Ym|7- First, for every m < n, we have to construct a first-
order formula in 2m free variables over the signature of A, which expresses
that [y1y2- - Ym|r = [2122- - - 2zm]r in M(A, I). This can be done inductively
as follows: If m = 0, then this formula is the truth value true. If m > 0,
then [y1ys - - - Ym|r = [2122 - - - 2i)1 if and only if

m i—1
\/ (yl =2z N /\(Ziazj) €I A [y Ymlr = [z 2im12i41 - 'Zm]l)

i=1 j=1
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(recall that by assumption the independence relation I can be defined by
a fixed first-order formula over the signature of A). The above recursive
definition would lead to a formula of exponential size for [y1ys- - Ym]r =
[2129 - - - zm]r. Using a trick from Ferrante [82, Lem. 2] we can be a little bit
more space economically: The above formula is equivalent to

(Yo Ymlr = [u1 - Uma]1 A
i—1
o | =2 A /\(zj:uj A (zi,uj) € I) A
Jug -+ 1 $ j=1 ;-
=LA 5=
\ =i+l )

Let s,, be the size of this formula with 2m free variables. Then s,, is bounded
by $m_1 + O(m?). Thus, s, € O(n®). Moreover the quantifier alternation
depth in the above formula is 0, since we only use existential quantifiers.

Now a bounded existential quantification Jz; < n; in (4.2) can be re-
placed by /1,3y - - - Jy;, where z is represented by the sequence y; - - - y;,
and similarly for a universal quantifier. Since there are only d quantifiers in
(4.2), these replacements increase the size of the formula at most by a factor
nd. Furthermore, the quantifier alternation depth is unchanged.

Next, consider an atomic formula R/;(z1,...,x,) in ¢, where R is one of
the k-suffix definable relations R; (1 < i < k). Since R is k-suffix definable,
we can assume that

R = {(uuq, vusg, ..., uu,) | u,u; € A |u;| = iy A = d(ug, ug,y ... ur)}

for some ¢; < k, where ¢ is a fixed first-order formula over the signature
of A. Assume that the trace x; € M(A, I) is represented by the sequence
Vit Yim; (M < n). If for some 1 <4 < r, we have m; < ¢;, then we can
replace R/;(z1,...,x,) by the truth value false. The same can be done if
m; — £; # m; — £; for two different 7, j. Thus, assume that m; —¢; = ¢ >0
for all 1 < ¢ <r. Then we can replace R/;(x1,...,z,) by the formula

/\ [yi,l o yzml]l = [Zl T RgZy 'Zz‘,&-]l
3 1<i<r 24,5 321 s 32@ 1<i<r s

1< <4,
A d)(zl,la R W SRR -2 % R ZT;ZT)

which has fixed quantifier alternation depth and size bounded by O(n?).
Similarly, an atomic formula of the form x = y can be replaced by a formula
of size s, € O(n?) and fixed quantifier alternation depth.
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Finally, we want to express n(z) = ¢ for some ¢ € S. Assume that
x € M(A, ) is represented by the sequence yi - - -y, where m < n. Then
we can replace n(x) = ¢ by

V A ) =a

(q15ensgm)€S™ 1<i<m

q1°q92°"qm=q
Recall that n(y;) = ¢; can be expressed by a fixed first-order formula over the
signature of A. Thus, the size of the above formula is bounded by O(|S|")
and its quantifier alternation depth is O(1).

Altogether, any of the atomic subformulas in ¢ gets replaced by a formula
of quantifier alternation depth O(1) and size bounded by 2°(™). Hence, the
size of the resulting sentence 6 is bounded by n¢-[+|-2°(™) and its quantifier
alternation depth is bounded by d + O(1). O

To reduce an arbitrary first-order sentence over the signature of B to a sen-
tence of the form (4.2), we will use the technique developed by Ferrante and
Rackoff, i.e., Corollary 4.4.6. In order to make it applicable, we next have to
investigate the metric on M(A, I) that is induced by the structure B.

Lemma 4.6.13. Let u = s[A;]---[An|y = tv € M(A, I) with s[A;]---[An]
in reversed Foata normal form and |v| < m. Thent = s[A;]---[Am_jy]w for
some w € M(A,I).

Proof. The lemma is shown by induction on |v|. The case v = ¢ is trivial.
Thus, let v = av’ for some a € A, ie., u = s[A1]---[An|y = (ta)v'. By
induction we have ta = s[A;]---[An,_jyj+1]w’ for some w' € M(A,I). Then

a € max(s[Ai]- - [Am_jol+1]w’). Since s[A;][As] - [Apm_jvj41] is in reversed
Foata normal form, we obtain a € max([Am_j+1])w'). Hence, there is a trace
w satisfying [Ap_jy+1]w' = wa, ie., t = s[A;] -+ [Ap_jyJw. O

Recall that for r € N and u € M(A, I) we denote by Sg(r,u) the substruc-
ture of B induced by the r-sphere around u in the Gaifman-graph Gz. The
distance function dg, of the Gaifman-graph Gz will be denoted by d in the
following. Recall also that k£ was chosen such that every relation R; is k-suffix
definable.

Lemma 4.6.14. Let u = s[A;]---[Ag+] be in reversed Foata normal form.
Then we have Sp(r,u) C sM(A,I).
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Proof. Let us take v € M(A, I) with d(u,v) < r. We have to show that v €
sM(A, I). By assumption there exists a path wug, u1, ... U, in the Gaifman-
graph of B such that ug = u, u,, = v, and m < r. Inductively we will show
that u; = s[A1]---[Agr_kily; for some y;, thus v = s[A1]---[Apr km]Ym €
sM(A, I). The case i = 0 is clear. Now assume that u; = s[A1] - - - [Agr—ki|yi
and ¢ < m. Since (u;,u;41) is an edge in the Gaifman-graph of B and
all nonunary relations of B result from k-suffix definable relations, we have
u; = s[A1] - [Apr—ki]yi = zw and u;1; = zw' for some z,w,w' € M(A,I)
with |w| < k. Lemma 4.6.13 implies that u;1 = s[A1] - [Agr—ki—]y'w for
some y' € M(A, I). Thus, we can set y;;1 = y'w'. O

Thus, the r-sphere around u = s[A1][As] - - - [Akr] is contained in sM(A, I).
The next lemma will be used to shorten s, i.e., to find v properly shorter
than u that is the center of an isomorphic r-sphere. Let s,t € M(A,I) be
two traces. Since M(A, I) is cancellative, the mapping f = f,;: sM(A4,I) —
tM(A, I) defined by f(su) = tu is a bijection. We will show that, under some
assumptions on s and ¢, it is an isomorphism from (Sg(r, u), u) to (Ss(r, v),v).

Lemma 4.6.15. Let u = s[A1]---[Agrsk] and v = t[A1]---[Agrsx] be in
reversed Foata normal form and n(s) = n(t). Then the mapping f = fs is
an isomorphism from (Sg(r,u),u) to (Sp(r,v),v).

Proof. Lemma 4.6.14 implies Sp(r,u) C s[A;]---[Ax]M(A, ), thus f is de-
fined on Sg(r,u). Since n(f(z)) = n(x), f preserves all unary predicates
n1(q) for ¢ € S. Now assume that (uy,...,u,) € R/;, where u; € Sg(r,u)
and R/; is a relation of B. Thus, R is k-suffix definable. Hence, there exist
Y, Wi, - ., Wy, € M(A, I) such that u; = yw;, |w;| < k, and (y'ws, ..., y"w,) €
R/, for all y' € M(A,I). Since Sp(r,u) C s[A1]---[Ax]M(A,I), we have
yw; = u; = s[A1]---[Ag]v; for some v; € M(A,I). Thus, Lemma 4.6.13
and |w;| < k implies y = sy; for some trace y;. Since M(A,I) is cancella-
tive, it follows y; = --- = y, =: 2. Thus, f(uw;) = f(szw;) = tzw,; and
(f(u1),..., f(u,)) € R/r. It follows that f maps Sp(r,u) injectively and
structure preserving into Sg(r,v). Since we may exchange the roles of s
and ¢, it follows that f maps Sg(r,u) bijectively to Sg(r, v). O

Now suppose that (A, I) has only finitely many neighborhoods, i.e., that the
set {I(a) | a € A} is finite. Thus, also {D(a) | a € A} is finite, where
D=(AxA)\I.
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Lemma 4.6.16. There exists a homomorphism h : M(A,I) — Q into some
finite monoid @ such that for all s,t € M(A, I), we have:

if h(s) = h(t) and a € max(s), then b € max(t) : D(a) = D(b).

Proof. Let D be the powerset of {D(a) | a € A}, thus D is finite. For
s € M(A,I), define f(s) = {D(a) | a € max(s)} € D. Let s,t € M(A,I)
such that f(s) = f(t). We show that f(sc) = f(tc) for all ¢ € A: Clearly,
¢ € max(sc) Nmax(tc). Now let a € A\ {c}. Then a € max(sc) if and only if
(a,c) € I and a € max(s). Hence f(sc) = {D(c)} U{D(a) | D(a) € f(s),c &
D(a)}. Thus, indeed, f(sc) = f(tc).

Now consider the image f(D) of M(A,I) under f. Let @ be the trans-
formation monoid of f(D), i.e., @ = (f(P)’®,0) and define a mapping
h: A — @ such that h(a)(f(s)) = f(sa) which is well defined by the previous
paragraph. Clearly h(a) o h(b) = h(b) o h(a) for (a,b) € I. Thus, we can ex-
tend A to a monoid homomorphism h : M(A, I) — @ with h(t)(f(s)) = f(st).
Now suppose h(s) = h(t). Then a € max(s) implies D(a) € f(s) =
h(s)(f()) = f(t). Hence, there is b € max(t) with D(a) = D(b). O

Lemma 4.6.17. Let h be the homomorphism from Lemma 4.6.16 and let
s, s t,t' € M(A,I) with h(s") = h(t'), s = s'[max(s)], and t = t'[max(s)].
Then max(t) = max(s) and height(t) = height(¢') + 1.

Proof. Clearly, max(s) C max(t). So let a € max(¢) \ max(s). Since ¢t =
t'[max(s)], we get a € max(¢') and (a,c) € I for every ¢ € max(s). Since
h(s') = h(t'), it follows D(a) = D(b), i.e., I(a) = I(b) for some b € max(s').
Thus, also (b,¢) € I for every ¢ € max(s). But this implies b € max(s), i.e.,
(b,b) € I, a contradiction. Thus, indeed, max(t) = max(s). This implies
height(t) = height(¢'[max(s)]) = height(¢'[max(t)]) = height(¢') + 1. O

By Lemma 4.6.16 we can find a homomorphism 7’ from M(A, I) into some
finite monoid S’ (namely S x @) such that the following implications hold:

o If '(s) =7/(t) and @ € max(s), then 3b € max(t) : D(a) = D(b).

o 1f 7/(s) = 1/ (t), then 7(s) = n(?).

Lemma 4.6.18. Let u € M(A,I) and r,¢ € N such that ¢ > k(r + 1),
height(u) > k(r + 1) +|S’| + 1, and height(u) > £. Then there ezists v €
M(A, I) with

¢ < height(v) < £+ |S"|+1 and (Sp(r,u),u) = (Sz(r,v),v).
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Proof. Since height(u) > k(r + 1) + |S’| + 1, there are (A, I)-cliques A; C A
and s € M(A,I) such that u = s[A][As]- - - [Ake+1)] is in reversed Foata
normal form. Assume that height(u) > £+ |S'| + 1 (otherwise we can set
v = u). Thus, height(s) > ¢ — k(r +1) + |S’| + 1. Let s’ € M(A, ) with
s = s [max(s)]. Then height(s') > ¢ — k(r + 1) + |S’| + 1, and we can
write s’ = $15o with height(s;) = £—k(r+1) and height(ss) > |S’|. A simple
pigeon hole argument shows that there exists s5, € M(A, I') such that n/(sg) =
n'(s4) and height(sy) < [S'|. Define ¢’ = s;s, and ¢ = ' [max(s)]. Thus,
n'(s'") = n'(t'). Hence, by Lemma 4.6.17 we get height(t) = height(¢') + 1 and
max(t) = max(s). This ensures in particular

height(¢) = height(¢') +1 < height(s;) +height(s)+1 < {—k(r+1)+|S'|+1

and
height(t) > height(t') > height(s;) = £ — k(r + 1).

Now set v = t[A;][As] - - - [A(r+1)]. A repeated application of Lemma 4.6.17
implies height(v) = height(¢) + k(r 4+ 1) and therefore

¢ < height(v) < £+ |S"| + 1.

Since 7'(s) = 7/(t), we can apply Lemma 4.6.15, implying (Sp(r,u),u) =
(Sg(r,v),v), which finishes the proof. O

Proof of Theorem 4.6.6. We first show that the factorized unfolding B
is H-bounded for a suitable function H. Recall that the norm of a trace ¢
was defined as its length |¢|.

Since {I(a) | a € A} is finite, there is @ € N such that any (A, )-
clique contains at most « elements. We define H (i, d) inductively: H(1,d) =
a- (k77 +1)+2(]S"|+1)) and H(j,d) = - (H(j—1,d) +4-747 -k +|S'|+1)
for 1 < j < d. Then H(j,d) < H(d,d) is bounded by 2°@ for j < d.

Let d € N and t € M(A, ) with [t| > H(1,d). Let £ = k(71 +1) +
1S'+1 < H(1,d)/a and 7 = 7%, Then £ > k(r +1) and £ = k(r + 1) +
IS +1 < H(1,d)/a < |t|/a < height(t). Hence, by Lemma 4.6.18, there is
t; € M(A,I) with height(t;) < £+ [S’|+1 < H(1,d) and (Sz(7%1,t),t) =
(S5(7%71,¢1),t1). This proves the base case for the H-boundedness of B.

Next, let 1 < j < d €N, t = (t;,ta,...,tj1) € M(A, )7~ with [t;| <
H(i,d) and t € M(A, I) with |t| > H(j,d). In order to apply Lemma 4.6.18,
let £ = H(j—1,d)+4-7%7-k and r = 7977, Thus, £ > H(1,d) > k(7%"'+1) >
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k(r +1). Moreover, [t| > H(j,d) > H(1,d) > a- (k(7%7 +1) + |S'| + 1).
Hence, height(t) > % > k(r+1)+|5'|+1. Furthermore, [t| > H(j,d) > a- ¥
implies height(¢) > ¢. Thus, by Lemma 4.6.18, there exists ¢; € M(A, I) with

¢ < height(t;) < £+ [S'|+1 and (Ss(7%77,1),t) = (S(7* 7, t;),t;).

Thus, £ < |t;] < a- (£+[S'|+1). In the Gaifman-graph Gp, the distance
between ¢; and t; is at least (|t;|—|t;|)/k. Since |t;| < H(i,d) < H(j—1,d) for
1 <4 < j, we obtain d(t;,t;) > (|t;| — |[t:i|)/k > (L — H(j — 1,d))/k = 4-7%7.
Hence the spheres Sz(7%77,1) and Sp(7%77,t,) are disjoint and no edge in G
connects elements from the former to elements from the latter. Clearly, the
same holds for the spheres Sg(7%7,%) and Sg(7%7,t). Thus,

(SB(7d_j: /tv,t)’ Zt) = (SB(7d_ja ,tvatj)7 E;t])

Thus, the factorized unfolding B is indeed H-bounded.

Now let ¢ = Q121Q2x2 - - - Qg : Y(x1,...,24) be a first-order sentence
over the signature of B with d quantifiers @); € {3,V}. Then, by Corol-
lary 4.4.6, B |= ¢ if and only if

B IZ Ql.’l?l S H(l,d)QQl‘Q S H(Q,d) . 'ded S H(d, d) . ’(/)(.’1?1, .. ,.’Bd).

Since H(i,d) < H(d,d) € 294 Proposition 4.6.12 implies that this state-
ment can be reduced to an equivalent statement on A of quantifier alternation
depth d + O(1) and size 2277 O

Remark 4.6.19. Let (R;)ien be an enumeration of all relations that are k-
suffiz definable in A for some k € N. Note that there are only countably
many such relations. Moreover, let (L;);en be an enumeration of all subsets
n1(q) C M(A,I) such that n : M(A,I) — S is a homomorphism into a
finite monoid S, ¢ € S, and n~'(p) N A is first-order definable in A for
every p € S. Again there are only countably many such subsets. Note that
L; € REC(M(A,I)) for every i € N. Then also the first-order theory of
B = (M(A,I),(L;)ien, (Ri/1)ien) is decidable. The important point is that
any first-order sentence over the signature of B can mention only finitely
many relations R;/; and L;. Thus, it suffices to work in a suitable reduct of
B with only finitely many relations, which can be handled by Theorem 4.6.6.
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4.7 Graph products

In this section we will introduce graph products of monoids. The graph prod-
uct construction generalizes both the free product and the direct product.
Graph products were introduced in [87]. Our main result will state that the
decidability of the first-order theory (resp. MSO theory) of the Cayley-graph
is preserved under graph products (resp. free products). Other closure results
for graph products can be found for instance in [94, 121, 211, 212].

Let (X, I5) be a finite independence alphabet, i.e., ¥ is finite, and let
M, = (M,,0,,1,) be a finitely generated monoid for every o € ¥. As al-
ready mentioned in Section 2.3, the monoid M, can be presented by (4., R,)
where A, = M, \ {1,} and

R, ={(ab,c) | a,b,c € Ayz,a0,b=c} U {(ab,¢e) | a,b € Ayya0,b=1,}.
Let R =J,cy, Rs and define an independence alphabet (A, I) by

A=J4, and T= ] 4, xA4,

o€X (o,7)EI

where w.l.o.g. A, N A, =0 for o # 7. The graph product P(X, I, (M;)sex)
is defined by

P(%, I, (My)sex) = M(A, RU {(ab, ba) | (a,b) € I}).

Special cases are the free product *,cs M, (if Is = () and the direct product
[[es Mo (if Is = (X x £) \ {(0,0) | 0 € £}). Let us fix a graph product
P =P(%, I, (M,)sex) for the further discussion.

In the following we will consider R as a trace rewriting system over the
trace monoid M(A, I'), which is not finitely generated as soon as one of the
monoids M, is infinite. From the definition of P we obtain P = M(A, )/ <& k.
The crucial fact for our further investigation is the following:

Lemma 4.7.1. The trace rewriting system R over M(A, I) is confluent.

Proof. Since R is terminating, it suffices to show that R is locally confluent.
Thus, assume that s — g s; and s —x so. Hence, s = t;a;b;u; and s; = t;r;u;
for i = 1,2, where (a;b;,7;) € R. Thus, ; € AU {e}. By applying Levi’s
Lemma 2.7.1 to the identity tia1b,u; = tyasbous, we obtain the following
diagram:
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Uz Wa q1 V2
a2b2 D2 t G2
to v | p1 | Wy
[ ab | |

Thus, (wq,wy) € I. For the further arguments it is easy to see that we may
assume v; = vp = €. Assume that a;,b; € A,,. Let us first assume that ¢ # ¢.
Thus, 01 = 09 = 0, 11,79 € A, U {e}, and (c,w;) € I for all ¢ € A, and
i = 1,2. Moreover, since (p1,p2) € I but both traces only contain symbols
from A,, we have either p; = € or p, = ¢ and similarly either g; = ¢ or g5 = €.
If p. = p» = ¢ = ¢ = € then s; = so. Otherwise, since a1b; cannot be a
proper factor of asby and vice versa, we obtain up to symmetry the following
diagram:

U2 W2 by €

Clzbg a9 bgzal g

19 € € w1
o b Jw]

Thus, s1 = asweriw, = wiasriwe and So = wireweb; = wirebiwy. Finally,
by definition of the system R, it follows that a,r; and ryb; can be reduced

t0 ag 0, by 0, by = ag 0, a1 o, by. This concludes the case t # ¢.
Now assume that ¢ = . Thus, we have the following diagram:

Ug Wa q1 €
asby || po € g2
to E | p1 | W
[ Jaibr o]
If also p; = ¢, i.e.,
(%) Wa a1b1 g
asby || po € g2
tg 3 9 w1
|t [aaby [ |

then (wiqq,a1) € I implies (wigo,71) € I. We have to show that s; =
Powsoriwige and So = wyreweaib, can be reduced to the same trace. We have
S9 — g wiTowyr;. Moreover with the independencies listed above, we obtain

81 = PoWaTr1W1G2 = PoWaW1qeT1 = W1P2GoWeT1 — R W1ToWaT 1.
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If one of the traces py, q1, or ¢ is empty, then we can argue analogously.
Thus, we may assume that p, ps, ¢1, and ¢ are nonempty. It follows p; = a4,
¢1 = b1, p2 = ag, and ¢go = by. Then all traces from {wy, we, a1b1, azby} are
pairwise independent, from which it follows again easily that s; and s, can
be reduced to wiwsriTe. O

Since R is also terminating, the previous lemma implies that P is in one-to-
one correspondence with IRR(R) C M(A, I), which is the set of all traces
that do not contain a factor of the form ab with a,b € A, for some o € X.

For the further consideration, assume that M, is finitely generated by
', € A,. From the definition of P it is obvious that P is finitely generated
by I' = U, ex s, and we will choose this finite generating set for the further
discussion.!!

In the sequel, it will be useful to add the neutral element as a constant
to the Cayley-graph. Thus, define the rooted Cayley-graph of a finitely gen-
erated monoid M as the rooted graph (C(M),1), where 1 is the neutral
element of M.

Our next goal is to define the rooted Cayley-graph (C(P,I"), 1) within the
trace monoid M(A, I). For a € T, let us define the edge-relation

F, = {(s,t) € IRR(R) x IRR(R) | sa S5 t}.

Since P = M(A, I)/<>g and R is confluent and terminating, we obtain the
following lemma:

Lemma 4.7.2. (IRR(R), (F,)acr),€) is isomorphic to (C(P,T),1).

Lemma 4.7.3. For s,t € IRR(R) C M(A,I) and a € T, C A, we have
(s,t) € F, if and only if in M(A, I):

e t =sa (and thus max(s) N A, =0), or
e s=tbforbe A, andbo,a=1,, or

e s=ub foru € IRR(R), b€ A,, bo,a=c#1,, and t = uc.

11n fact, if the monoid M, is given by the presentation (I',,S,), then, using Tietze
transformations, it is easy to see that IP can be presented by (U, cx; I's, Uyex SoU{(ab, ba) |
a€ly,bel,, (o,1) € Ix}).
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Proof. If one of the three cases above holds, then it is easy to see that indeed
sa g t,ie., (s,t) € F,. Now assume that sa —x t € IRR(R). If t # sa,
then sa —x v =g t for some trace v. Thus, there exist 7 € &, (be,r) € R;,
and s1,sy € M(A, I) such that sa = s1bcse. By applying Levi’s lemma to
this identity and using s € IRR(R), we obtain the following diagram:

S92 S92 g

be|l b |a=c

S1 S1 g
ls] o |

Thus, 7 = ¢ and (a, so) € I, which implies also (b, s2) € I. Thus, s = ub, for
u=8$18. If r =¢,ie,bo,a=1,, then v = u € IRR(R), thus ¢t = u and
s = tb, i.e., the second case from the lemma holds. On the other hand, if
r=bo,a =c# 1,, then v = uc, which again belongs to IRR(R) (otherwise,
since a,c € A,, also s = ua € RED(R)). Hence t = v = uc. O

We now define a structure

A= (A, (As)oes, (Ea)aers (@)aer),

where for a € T, 0 € X, E, consists of all pairs (z,y) € A, X A, such that
z o, a =1y in M,. Thus, A is the disjoint union of the restricted Cayley-
graphs C(M,,';)\{1,}, where moreover every generator a € I', is added
as a constant, and every A, C A is added as a unary predicate. We will
apply Theorem 4.6.2 and 4.6.6 to the structure A. For this, we now define a
suitable factorized unfolding of A. First, note that the independence relation
I C A x A is first-order definable in A using the unary predicates A, and
that {I(a) | a € A} is finite: If a,b € A,, then I(a) = I(b). In order to
define a suitable homomorphism 7 : M(A4,I) — S into a finite monoid S,
let us consider the finitely generated trace monoid M(X, I;). The closure
properties of recognizable trace languages (see Section 2.8) imply that

L= |JM(Z, Ix)ooM(E, Iy) € REC(M(SZ, I)).

cEY

Hence, there exists a homomorphism A : M(3, Is) — S into a finite monoid
S and a subset ' C S such that L = h™*(F). Now define g : A — X by
g(a) = o if a € A,. We can extend g to g : M(A,I) — M(X,Iy). Let
n = goh. Then n~'(F) = RED(R) and ~'(S \ F) = IRR(R). Note that
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for every ¢ € S, the set n7(¢q) N A, is either empty or A,. Thus, every set
n~1(q) N A is first-order definable in A.
From the previous discussion it follows that the structure

B = (M(A7 I)7 (77_1 (q))QGS: suc, (:4\0/[)0627 (E\a/I)aEFa (a/I)aEI‘)

(see Section 4.6.1 for the definition of the relation R) is a factorized unfolding
of A.'2 We next present a first-order interpretation of the rooted Cayley-
graph (C(P,I'),1) in B.

Lemma 4.7.4. (C(P,T'),1) is first-order interpretable in B.

Proof. By Lemma 4.7.2 it suffices to show that (IRR(R), (F},)aer,¢) is first-
order interpretable in B. First, recall that IRR(R) = (S \ F). Moreover,
¢ is the only trace t such that there is no s with (s,¢) € suc. Finally, by
Lemma 4.7.3 we have (s,t) € F, for s,t € IRR(R) and a € T, if and only if
in B:

o (s,t) €suc, s ¢ ;1;/1, and t € @/, (i.e., t = sa) or
o (t,s) €suc, t & ;1;/[, s € ;L\,/I, but there is no u with (s,u) € E\a/l
(note that if s = vb with b € A, but there is no u with (s,u) € E,/r,
then bo, a = 1,), or
i (Sat) € E\a/I-
This proves the lemma. O
The following theorem is the main result of this section.

Theorem 4.7.5. Let P = P(X%, I, (M, )oes ), where M, is finitely generated.

(1) If FOTh(C(M,), 1,) is decidable for all o € 3, then also FOTh(C(P),1)
15 decidable.

(2) If Iy = 0 and MSOTh(C(M,),1,) is decidable for all o € 3, then also
MSOTh(C(P), 1) is decidable.

12Here we identify the constant a with the unary relation {a}, thus @ = A*a.
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Proof. Assume that M, is finitely generated by I'; C M, \ {1,}. Thus, P
is finitely generated by I' = | J, 5, I's-

Let us first prove (1). If FOTh(C(M,,T';), 1,) is decidable, then, since ev-
ery a € I, is first-order definable in the rooted Cayley-graph (C(M,,T'5), 1,),
also the structure (C(M,,T,)\{1s}, (@)acr,) has a decidable first-order the-
ory. By the Feferman-Vaught Theorem [81], the same holds for the disjoint
union of these structures with the unary predicates M, \ {1,} added. But
this is precisely the structure A from the previous discussion. We can there-
fore apply Corollary 4.6.8 and obtain that FOTh(B) is decidable. Since
(C(P,T'), 1) is first-order interpretable in B (Lemma 4.7.4), it follows that the
first-order theory of (C(P), 1) is indeed decidable.

Now assume that Iy = 0, i.e., M(A,I) = A*. The argumentation is
similar to the first-order case: If MSOTh(C(M,,T;),1,) is decidable for
every o € 3, then also MSOTh(.A) is decidable, see e.g. [191]. Hence, by
Lemma 4.6.5, also MSOTh(A, (77}(q))qes) is decidable. But the structure B
from the previous discussion (for I = }) is a reduct of this structure. Hence,
MSOTh(B) is decidable, and the result follows again from Lemma 4.7.4. Note

that the cl-predicate from Ais actually not needed here. O

Remark 4.7.6. Concerning the complezity of FOTh(C(PP), 1), note that The-
orem 4.6.6 (more precisely Remark 4.6.7) allows us to reduce FOTh(C(PP), 1)
in doubly exponential time to FOTh(A). Recall that A is essentially the
disjoint union of the Cayley-graphs of the monoids M,. To the knowledge
of the author, all known proofs for decomposition theorems (in the style of
Feferman-Vaught’s theorem) that allow to reduce the theory of a disjoint
union (or direct product) to the theories of the factors, lead to a nonele-
mentary blow-up in terms of complexity. Therefore, we are only able to
give a nonelementary upper bound for FOTh(C(IP), 1) even if all the theories
FOTh(C(M,),1,) can be decided in elementary time.

For monadic second-order logic the situation is clear: Note that C(Z/2Z)
s a graph with two nodes, thus its monadic second-order theory is in PSPACE
(it is in fact PSPACE-complete). But in C(Z/2Z x Z/2Z) we can define Z
with the successor relation, which has a nonelementary MSO theory [142].

An immediate corollary of Corollary 4.4.9 and Theorem 4.7.5(1) is the fol-
lowing result:

Corollary 4.7.7. Let M be a graph product of automatic monoids and
groups with decidable word problems. Then FOTh(C(M)) is decidable.
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The author currently doesn’t know any larger class of monoids with the latter

property.
Theorem 4.7.5(1) does not generalize to MSO theories:

Proposition 4.7.8. Let P = P(%, Iy, (My)ses), where M, is nontrivial and
finitely generated by T',. If MSOTh(C(P), 1) is decidable, then:

e (X, I5) does not contain an induced cycle of length 4 (also called C4),
e if (0,7) € I, and M, is infinite, then M, is finite,

o if (0,01),(0,09) € Iy, 01 # 09, and M, is infinite, then (o1,09) € Iy,
and

e MSOTh(C(M,),1,) is decidable for every o € X.

Proof. If one of the first three conditions is not satisfied, then PP contains a
submonoid of the form M; x Ms, where both M; and M, are infinite (note
that we assume that every M, is nontrivial). Since C(M;) is infinite and
has bounded outdegree, we find an infinite path a;; — a;2 — --- in C(M;).
In M; x My C P, these two paths generate an infinite grid. Hence the MSO
theory of C(P) is undecidable, see Theorem 4.5.2.

Next we show that MSOTh(C(M,), 1,) is decidable for every o € ¥ in
case MSOTh(C(P), 1) is decidable. Note that an MSO sentence ¢ holds in
(C(M,),1,) if and only if its restriction to M, C P holds in (C(P),1). It
therefore suffices to show that M, is definable in the Cayley-graph of the
graph product. But z € P belongs to M,, if and only if there exists a
path from 1 to z in C(P) such that every edge along this path is labeled
by a generator from I',. This property can be easily expressed in monadic
second-order logic. O

4.8 Open problems

Various problems remain open for Cayley-graphs of finitely generated monoids.
The most ambitious goal would be to obtain a complete (algebraic or com-
binatorial) characterization of those monoids such that the corresponding
Cayley-graphs has a decidable first-order theory or MSO theory, respectively.
But due to the missing symmetry in Cayley-graphs of monoids this problem
might be too difficult. A promising class for further results might be can-
cellative monoids. Their Cayley-graphs have at least bounded degree. Is
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there a cancellative monoid with a decidable word problem such that the
corresponding Cayley-graph has an undecidable first-order theory? Is there
a cancellative monoid such that its Cayley-graph has finite tree-width but
an undecidable MSO theory?

We have shown that for Cayley-graphs of finitely generated groups the
decidability of the full first-order theory is equivalent to the decidability of the
existential first-order theory (Corollary 4.4.9). The corresponding problem
for monoids is again open.

As already mentioned, in Theorem 4.7.5(1) it remains open whether the
complexity of FOTh(C(P),1) is bounded elementary in the complexity for
the theories FOTh(C(M,), 1,), where the M, are the factors of the graph
product. For MSO theories, the statements in Theorem 4.7.5(2) and Propo-
sition 4.7.8 leave a gap. We conjecture that MSOTh(C(P), 1) is decidable if
and only if the four conditions in Proposition 4.7.8 are satisfied. One might
first try to prove this conjecture for graph products of finite monoids. In
particular, if the independence relation (X, Iy) is a chain of four nodes (also
called P4) and every node is labeled with a finite monoid, then it is not
clear whether the corresponding graph product has a Cayley-graph with a
decidable MSO theory.

Section 4.3.4 leaves also some open problems concerning general graphs.
We have shown that a connected graph of bounded degree with only finitely
many orbits has a decidable MSO theory if and only if it is context-free.
Is there an analogous characterization for countable graphs of unbounded
degree? Note that for graphs of unbounded degree, the decidability of
MSOTh(G) does not necessarily imply the decidability of MSOTh(G®)) -
take for instance the complete graph on N. One might conjecture that for a
connected and countable graph G with only finitely many orbits, MSOTh(G)
(resp. MSOTh(G(®))) is decidable if and only if G is prefix-recognizable [44]
(resp. equational [53]) if and only if G has finite clique-width [56] (resp. finite
tree-width).



Chapter 5

Word equations

5.1 Outline

In this chapter we will present several new results concerning theories of
word equations over monoids. In Section 5.2 and 5.3 we will introduce the
general framework of this chapter. Section 5.4 deals with existential theories.
Our first main result (Theorem 5.4.3) states, roughly speaking, that, given
a structure A = (A,...) with a decidable existential theory together with an
independence relation I, we can define on the trace monoid M(A, I) a suitable
lifting of A, whose existential theory is again decidable. Similarly to our main
result on factorized unfoldings (Theorem 4.6.6) we have to require that the
set {I(a) | a € A} is finite and that [ is definable in A (in fact we will require
a stronger condition). Based on this result, we will show in Section 5.4.3
that under some algebraic restriction on the factors of a graph product, the
decidability of the existential theory of word equations is preserved under
graph products (Theorem 5.4.10). This closure result remains also valid if
we allow constraints for variables, which means that the value of a variable
may be restricted to some specified set. More precisely, we will define an
operation, which, starting from a class of constraints for each factor monoid
of the graph product, constructs a class of constraints for the graph product.
This construction is inspired by the notion of bipartite automata, which was
introduced by Sakarovitch [177, 178] in order to study rational sets in free
products. We will also present an upper bound for the space complexity of
the existential theory of the graph product in terms of the space complexities
for the existential theories of the factor monoids. This upper bound involves

117
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an exponential blow-up. For a restricted class of graph products, we show in
Section 5.4.4 that this exponential blow-up can be avoided. More precisely,
we show that for a graph product of finite monoids, free monoids, and free
groups, the existential theory of word equations can be decided in PSPACE
(Corollary 5.4.16). This class of graph products strictly covers for instance
trace monoids, free partially commutative groups (called semifree groups in
[11, 12], right-angled Artin groups in [31], and graph groups in [73]), and
plain groups [92]. If we allow constraints that are constructed from rational
sets for the factor monoids using the general construction from Section 5.4.3,
then we obtain PSPACE-completeness. Moreover, under certain restrictions
on the graph underlying the graph product, PSPACE-completeness holds
also in the case that (a suitable description) of the graph product is part of
the input.

In Section 5.5 we will investigate positive theories of equations (a sentence
is called positive if it is constructed from atomic formulas using only con-
junctions, disjunctions, and quantifiers). We prove that the positive theory
of word equations of a graph product of groups with recognizable constraints
can be reduced to

e the positive theories with recognizable constraints of those factors of
the graph product that are located in isolated nodes of the global de-
pendence relation and

e the existential theories of those factors of the graph product that are
located in nonisolated nodes of the global dependence relation.

As a corollary we obtain the decidability of the positive theory of a graph
product of finite and free groups with recognizable constraints. This general-
izes the well-known result of Makanin for free groups [132, 133]. The technical
part relies on a generalization of the techniques introduced by Merzlyakov
for free groups [141]. Our decision method leads only to a nonelementary
algorithm for the positive theory, but additional restrictions on the graph
underlying the graph product give us an elementary upper bound.
The results of this section are partially contained in [66].

5.2 Monoids with involution

A monoid involution on a monoid M = (M, o, 1) is an involution ¢ : M — M
such that ¢(aob) = ¢(b)oi(a) for all a,b € M and ¢(1) = 1. A typical example
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of a monoid involution is taking the inverse in a group. A partial monoid
involution on a monoid M is given by a submonoid Z of M together with
a monoid involution ¢ : Z — Z, the structure (M,) is called a monoid
with partial involution. If (N, () is another monoid with partial involution,
then a homomorphism f : (M,t) — (N,() is a monoid homomorphism
f+ M — N such that furthermore a € dom(¢) implies f(a) € dom(¢) and
((f(a)) = f(i(a)). Let us discuss two important special cases of a monoid
with partial involution:

e Let U be the subgroup of all units in M, i.e., a € U if there exists
b € M such that aob=boa =1. On U we can define an involution
L : U — U by setting 1(a) =a™".

e Let (A, ) be an independence alphabet and let B C A together with
an involution ¢+ : B — B. We say that « : B — B is compatible
with I if (a,b) € I and a,b € B implies (t(a), (b)) € I. This allows
to extend ¢ : B — B tot: M(B,I) — M(B,I) by «([a1---a,]1) =
[t(an)---t(a1)]r. The structure (M(A,I),:) is called a trace monoid
with partial tnvolution.

5.3 Theories of equations

Let (M, ) be a monoid with partial involution, where M = (M,o,1) and
¢ : Z — 7 for a submonoid Z. We can view (M, 1) as a relational structure by
considering the multiplication o as a ternary relation, ¢+ as a binary relation
and the constant 1 as a unary relation. Instead of ¢(z,y) (resp. o(z,y, z)) we
write t(z) = y (resp. z oy = z or briefly zy = z). Note that since ¢« may be
only partially defined on M, «(x) = y means in fact z,y € Z A 1(z) = y.

We will also consider extensions (M, ¢, (R;)ics) of the structure (M, ),
where R; is a relation of arbitrary arity over M. In case C is a class of subsets
of M, we also write (M, (,C, (R;)ics) instead of (M, ¢, (L)rec, (R;)ics) and
call formulas of the form x € L for L € C constraints. If we do not mention
¢ explicitly in the structure (M, ¢, (R;);es), then we assume that Z is the
group of units of M and ¢ is defined by taking inverses (in fact, in this case
the predicate «(x) = y is equivalent to xy = yx = z A z = 1, hence it can
be expressed by the other predicates).

In Section 5.5, we will also consider positive theories: The positive the-
ory posTh(M, ¢, (R;)ics) is the set of all sentences in FOTh(M, ¢, (R;)ics)
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that do not use negations, i.e., that are built from atomic predicates using
conjunctions, disjunctions, and existential and universal quantifications.

Remark 5.3.1. Usually the first-order theory of a monoid (with partial invo-
lution) is defined by allowing arbitrary equations of the form u = v, where u
and v are words over the variables, as atomic predicates. But this formulation
18 easily seen to be equivalent to our definition. Moreover, also constants from
M are usually allowed in equations. We can deal with constants by including
them as singleton subsets to the additional relations R;.

Note that if M is finitely generated by I", then constants from T suffice in
order to define all monoid elements of M. We call FOTh(M, 1, (a)qser) the
first-order theory of (M, ) with constants. On the other hand, the further
wmwvestigations are not restricted to finitely generated monoids.

A well-known example of a decidable theory of equations is Presburger’s
Arithmetic [164]. Translated into our framework, the results of [17] imply
the following statement, where RAT(N) and RAT(Z) are the classes of semi-
linear sets in N and Z, respectively:

Proposition 5.3.2 (cf [17]). For both M = N and M = Z, the theory
FOTh(M,RAT(M)) is complete for ATIME(O(n), 220(71)).

Remark 5.3.3. It is known that FOTh({a, b}*, a,b) is undecidable [165], in
fact already the V3-fragment of this theory is undecidable [76, 134]. Together
with Presburger’s result, it follows that the decidability of the full first-order
theory of equations is not preserved under free products. For a restricted
class of monoids, we will show such a closure result in Section 5.4.3 for the
exristential case, even for general graph products.

The following result can be easily deduced from Proposition 5.3.2, basically
because the free product Z/2Z x Z /27 of two copies of Z/27Z is isomorphic
to the semi-direct product of Z by Z/2Z.

Corollary 5.3.4. For M = Z/27 x 7./2Z, the theory FOTh(M,RAT(M))
15 elementary decidable.

Proof. Note that Z/2Z x Z./27. = M(a,b | o> = b*> = 1), thus every s € M
can be represented uniquely as s = (ab)’a’ where i € Z and j € {0,1} (note
that (ab)™! = ba in M). The subgroup K of M generated by ab is isomorphic
to Z. Furthermore let Q) = Z /27 be the subgroup of M generated by a. It is
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easy to see that M is the semidirect product of K by @, thus M ~ Z xZ/2Z.
An isomorphism h : M — Z x Z /27 can be defined by h((ab)'a?) = (i, j),
where ¢ € Z and j € {0,1}. In the following let h(s) = (ns, as). Thus, st = u
in M if and only if n, = ns+ (—1)*n; A as+a; = a, mod 2. Furthermore,
it is easy to see that if L € RAT(M), then h(L) = Lo x {0}UL; x {1}, where
Ly, Ly C Z are semi-linear sets that can be constructed inductively from a
rational expression for L, with at most an exponential size increase.

Now given a first-order sentence ¢ we take for every variable z in ¢ two
new variables n, and a,. Every quantification dx is replaced by dn, €
7\ o,e 0.1} (similarly for V-quantifications). An equation z = 1 is replaced
by n, = 0 A a; = 0. An equation zy = z is replaced by (n, = n, +
(=1)%n, A az +ay = a, mod 2). A constraint z € L with L € RAT(M)
is replaced by (n, € Ly A ay; = 0) V (ny € Ly A ay = 1) where
h(L) = Ly x {0} U Ly x {1}. Finally by substituting for the variables a, the
values 0 and 1 we obtain a Presburger formula over Z. Now the corollary
follows from Proposition 5.3.2. O

5.4 Existential theories of graph products

Based on results from [69] for (finitely generated) trace monoids with par-
tial involution (see Section 5.4.1), we will prove in Section 5.4.2 a general
preservation theorem for existential theories. In Section 5.4.3 we will use
this result in order to show that for a large class of monoids the decidability
of the existential theory is preserved under graph products (see Section 4.7
for the definition of graph products). A better upper complexity bound for
some special cases is presented in Section 5.4.4.

5.4.1 Trace monoids with partial involution

All our decidability results in this chapter are based on the main result from
[69]. In order to state this result in its whole generality, we have to intro-
duce the following graph theoretical concept: Let (A, I) be an independence
alphabet. We define on A an equivalence relation ~; by a ~; b if and only if
I(a) = I(b). Note that a ~; b implies (a,b) ¢ I: if I(a) = I(b) and (a,b) € I,
then also (a,a) € I, which contradict the irreflexivity of 1. An equivalence
class B of ~p is called a thin clan of (A, 1), if I(a) # 0 for some (and hence
all) a € B [69]. The cardinality of the set of thin clans of (A, I) is denoted by
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¢(A,I) — of course it may be infinite. The following facts are easy to verify:
e ¢(A,I) is bounded by the cardinality of A.

e There exist at most one equivalence class of ~;, which is not a thin
clan. It consists of all the isolated nodes of (A, I).

e The cardinality of a largest clique of (A, I) is at most max{1, c(A4,I)}.
e ¢(A,I)#1, and ¢(A,I) =0 if and only if I = ().

For the independence alphabet below, the equivalence classes of ~; are {a, b},
{¢,d, e}, and {f}, and they are all thin clans.

/6
b d\f

a /
\c

Now we can state the main result from [69].

Theorem 5.4.1. For every k > 0, the following problem is in PSPACE:
INPUT: A finite independence alphabet (A, I) with c¢(A,I) < k, an in-
volution + - B — B, B C A, which is compatible with I, and an existential
sentence ¢ over the signature of (M(A, ), 1, REC(M(A,I))) (with ¢ lifted to
M(B,I)).
QUESTION: Does (M(A,I),.,, REC(M(A,I))) = ¢ hold?
If ¢(A, I) is not bounded by a constant, then this problem is in EXPSPACE.

A few remarks should be made on Theorem 5.4.1.

e A recognizable set L € REC(M(A, I)) has to be represented by a finite
automaton for the regular language {u € A* | [u]; € L}. This is
crucial. For instance, if recognizable trace languages are represented

by loop-connected automata (see e.g. [147]), then already universality
is EXPSPACE-complete for some fixed independence alphabet [147].

e Since every singleton subset belongs to REC(M(A, I)), constants are
implicitly allowed in Theorem 5.4.1.
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e In [69], Theorem 5.4.1 is only stated for a completely defined involution
t: A — A. But if the involution is only defined on B C A, then we
can introduce a new dummy symbol @ for every a € A\B, extend the
involution by ¢(a) = @ and ¢(@) = a, and restrict every variable to the
original alphabet A, which is a recognizable constraint.

e The uniform EXPSPACE upper bound for the case that ¢(A, I) is not
bounded by a constant is not explicitly stated in the preliminary version
[69], but it can be easily derived from the proof in [69].

Theorem 5.4.1 cannot be extended to the case of rational constraints: For
M = {a,b}* x {c,d}* it is undecidable whether for given L, L, € RAT(M)
it holds L; N Ly = (B, see [1]. A further investigation leads to the following
characterization of Muscholl, see [146, Prop. 2.9.2 and 2.9.3].

Proposition 5.4.2. Let M = M(A, I) be a trace monoid with A finite. Then
JFOTh(M, RAT(M)) is decidable if and only if M is a free product of free

commutative monoids, i.e., M = «2 N¥i forn ki, ... k, € N.

5.4.2 A general preservation theorem

The aim of this section is to prove a general preservation theorem for exis-
tential theories. We will apply this result in the next section to existential
theories of graph products.

For the further discussion let us fix a set A together with a partial invo-
lution + on A and a countably infinite subset C C 24. Let A = (A, t, (L)rec).
Moreover, we have given an independence relation / C A x A and additional
predicates R; (1 < j < m) of arbitrary arity on A such that:

(1

)
(2) the set {I(a) | a € A} is finite,
)
)

¢ is compatible with I,

(3) dom(:) C A as well as every equivalence class of ~; belong to C, and

(4

Due to (1), we can lift ¢ to a partial involution on M(A, I). Moreover, (2) and
(3) imply that I is definable by a Boolean formula over (A, (L)rec), because
I is a finite union of Cartesian products of equivalence classes of ~j.

JFOTh(A, (R;)1<j<m) is decidable.
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From the unary predicates in C we construct a set £(C,I) C 240 ag
follows: A C-automaton A is a finite automaton in the usual sense, except
that every edge of A is labeled with some language L € C. The language
L(A) C A* is defined in the obvious way: ajas---a, € L(A) (a; € A) if

and only if there exists a path g L, q1 L2, qs- - N Qn-1 Lo, g, in A
such that g is the initial state of A, ¢, is a final state of A, and a; € L; for
1 <i < n. We say that A is I-closed if [u]; = [v]; and v € L(A) implies
v € L(A). In the following, we will identify L(.A) with the set of traces
{lu]r | v € L(A)}. Then L C M(A,I) belongs to £(C,I) if there exists an
I-closed C-automaton A with L(A) = L. In the following, we will briefly
write £(C) instead of L£(C,I). For effectiveness statements, it is necessary
that languages in C have some finite representation. Then, also languages
from £(C) have a canonical finite representation.

Since A C M(A, I), we can view every relation R; also as a relation over
the trace monoid M(A, I). This is done in the following theorem, which is
the main result of this section:

Theorem 5.4.3. Let A, I, and (R;)1<j<m be as above. Then
ElFOTh(M(A, I), L, ,C(C), (Rj)lfjfm) (51)

is decidable. Moreover, if IFOTh(A, (R;);es) is decidable in NSPACE(s(n)),
then (5.1) can be decided in NSPACE(2° + s(n°M)).

Reducing the number of generators

The main difficulty in the proof of Theorem 5.4.3 is to reduce the infinite set
of generators of M(A, ) to a finite set of generators B. In the sequel, we
will restrict to some reduct (A, ¢, (L)rep), where D C C is finite and contains
dom(:) as well as every equivalence class of ~;. We denote this reduct by A
as well. For the following consideration it is useful to fix some enumeration
Ly, ..., Ly of D, where dom(¢) = Ly and L, ..., L, is an enumeration of the
equivalence classes of ~y. Thus, {Ly,..., L} is a partition of A. Moreover
there exists a fixed independence relation I’ on {1,...,¢} such that I =
U(i,j)EI’ Li x L.

Given another structure B = (B, (, (K;)o<i<k) (with ¢ an involution on B,
K; C B, and K, = dom(()), amapping f : A — Bis a strong homomorphism
from A to B if for all a € A:
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e a € L;if and only if f(a) € K; for all 0 < i < k and

e f(u(a)) =((f(a)) if a € dom(s).

Lemma 5.4.4. We can effectively construct a finite structure
B = (B, ¢ (Ki)ogz‘gk)

(with ¢ a partial involution on B, K; C B, and dom({) = K;) such that
|B| < 2K1(2%1 4 2) and there exist strong homomorphisms f : A — B and
g:B — A with f surjective.t

Proof. First we will define B and f : A — B such that every L; is a finite
union of preimages f~'(c) (c € B), i.e., f saturates every L;. Moreover,

(t) f(a) = f(d') and a,d’ € dom(:) will imply f(¢(a)) = f(¢(a')), and
(1) f(a) = f(«(a)) will imply @' = ¢(a’) for some o’ with f(a) = f(a').

Figure 5.1 visualizes the construction. For simplicity we assume that k = 2.
The sets L, and L4 are represented by the left half and lower half, respectively,
of the whole square, which represents A. The right half (resp. upper half)
represents A \ L; (resp. A\ Ls), the big inner circle represents dom(t) = Ly,
and the thin lines represent the partial involution ¢ on A. The 22 regions
that are bounded by thick lines represent the preimages f~'(b) (b € B) and
hence the elements of B. Of course, the sets f~*(b) will be infinite in general.

Let [k] = {0,...,k}. We realize B as a subset of 2/¥ u (2l x 2[) U
(2 x {0,1}).2 For a subset o C [k] define L* = (., Li N MNiga A\ Li- If
a C [k] is such that 0 ¢ « (i.e., L*Ndom(:) = () and L* # 0, then we
put « into B and define the function f on L® by f(L*) = «. Note that
we can check effectively whether L* # (), we just have to decide whether
A = dz : x € L®. For instance the four outer regions in Figure 5.1 would
be represented by {1,2}, {1}, {2}, and 0. If 0 € @, i.e., L* C dom(:), then
L* has to be split into possibly several preimages of f. To represent them
in B, take a second subset § C [k] with 0 € 8. In case a # [ we check
whether L¥N¢(LP) # 0, ie., A =TJr € L* Iy € LP : x = (y). If this is true,

! Effectiveness in this context means that given a finite set D C C, we can construct the
finite structure B effectively.

2The specific representation of B is not really important, we only need some finite
representation.
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A\ Ly —-| O

L,

Ly A\Ll

Figure 5.1: The construction from the proof of Lemma 5.4.4

then we put (o, 8) and (3, @) into B and define f(L* N (LP)) = (o, B) and
f(LP N y(L*)) = (B,a). Now assume that @ = 3. We proceed with testing
whether A = 3z € L* : z = «(x). If this holds, then we put (o, ) into
B and define f(L*N«(L*)) = (a, ). For instance, the region containing
a in Figure 5.1 is represented by ({0, 1,2},{0,1,2}). On the other hand, if
A E -3z € L* : © = (z), then we check whether L* N «(L%) # 0, i.e.,
A= 3z,y € L* : 1(x) = y. If this holds, then due to (1) the set L* N +(L%)
has to be split into precisely two preimages Cy and C; of f, where «(a) € C;
for all @ € C1_;. These two classes can be represented by the pairs (c,0)
and (a, 1), which we put into B. We set f(C;) = («,4). For instance the two
regions containing b and ¢ = ¢(b) in Figure 5.1 are represented by ({0,1},0)
and ({0,1},1) (it does not matter which of the two possible assignments is
chosen). This completes the construction of the alphabet B as well as the
definition of the surjection f. The size bound |B| < 2*+1(28+1 4+ 2) follows
immediately from the construction.

We define the involution ¢ on B as follows: If o, 8 € 2/ are such
that (o, 8) € B, then we define ((a, 8) = (B,a). If a € 2% is such that
(e, 0), (e, 1) € B, then ((a,i) = (a,1 — 1) for i € {0,1}. We define the set
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K; C B by

Ki={aeBlaec2¥ ica}lu{(a,f)eB|a,Bec2¥ ica}u
{(a,j) € Blae2¥,je{0,1},i € a}

This finishes the construction of B. Clearly K; = f(L;), B\ K; = f(A\ L),
and ((f(a)) = f(t(a)), i-e., f: A — B is a strong homomorphism.

We have defined f : A — B such that if {(b) = b, then there exists
a € f~1(b) with v(a) = a (see (f)). This allows to select g(b) € f~1(b) for
every b € B such that 1(g(b)) = g(¢(b)). Moreover, since g(b) € f~'(b),
we have b € K; if and only if g(b) € L;. Thus, ¢ : B — A is a strong
homomorphism as well. O

Note that since the strong homomorphism f is surjective in the previous
lemma and {L1, ..., L,} is a partition of A, also {Kj, ..., K,} is a partition
of B.

Now assume that we have given a third structure C = (C, &, (As)o<i<k);
where C' is finite, ¢ is a partial involution on C, A; C C for 0 < 7 < k,
dom(§) = Ag, and {A4,...,A.} is a partition of C' (with A; = () allowed).
In the sequel, an embedding of C in A is an injective strong homomorphism
h:C— A

For the independence relation I let f(I) = {(f(a), f(a')) | (a,d') € I} in
the following lemma.

Lemma 5.4.5. Given C as above, we can effectively construct a finite struc-
ture B = (B, (, (Ki)o<i<k) (with ¢ a partial involution on B, K; C B, and
dom(() = Ky) together with an independence relation J C B x B such that:

e O CB,
o [B| < 2M1(28 +2) +[C],
e ( is compatible with J, and

o for every embedding h : C — A there exist strong homomorphisms
f:A — Bandg:B — A such that f(I) C J, g(J) C I, and
f(h(c)) = ¢, g(c) = h(c) for all c € C.

Proof. By Lemma 5.4.4 we can effectively construct a finite structure B’ =
(B', (', (K})o<i<k) such that dom(¢') = K|, |B'| < 2F+1(2%1 + 2), and there



128 CHAPTER 5. WORD EQUATIONS

exist strong homomorphisms f' : A — B and ¢’ : B — A with f’ surjec-
tive. Note that {K7,..., K;} must be a partition of B’. Now we define the
structure B = (B, ¢, (K;)o<ick) by B=B'UC, ( = ('U¢, and K; = K[ U A,
for 0 < i < k. The given size bound for |B| in the lemma follows from
|B'| < 2F+1(26+1 4 2). Since {Kj,..., K,} is a partition of B, we can define
the independence relation J on B by J = j)cp Ki x Kj.

Given an embedding h : C — A, we define f : A — B by f(h(c)) = ¢
for ¢ € C (since h is injective, this is well-defined) and f(a) = f'(a) for
a € A\h(C). We define g : B — A by g(b) = ¢'(b) for b € B’ and g(c) = h(c)
for c € C. Since h: C — A and f': A — B are strong homomorphisms, the
following properties are easy to verify for alla € A and be B= B'UC:

e a € L; if and only if f(a) € K; and b € K; if and only if ¢(b) € L;.

o f(t(a)) =((f(a)) and ¢g(¢(b)) = ¢(g(b)) (for the first identity note that
a € h(C) implies ¢(a) € h(C)).

Thus, f: A — Band g : B — A are strong homomorphisms with f(h(c)) = ¢
and g(c) = h(c) for all ¢ € C. Moreover, since I = (J; jcp Li X L; and
J = U(i,j)e]’ K; x Kj, the first point above implies that (a,a’) € I if and
only if (f(a), f(a')) € J and (b,b') € J if and only if (g(b),g(b')) € 1. In
particular, f(I) C J and g(J) C I.

In order to see that ¢ is compatible with J assume that (a,b) € J and
a,b € dom(¢). Then (g(a),g(b)) € I and g(a),g(b) € dom(s). Since ¢

is compatible with I, we obtain (:(g(a)),t(g(d))) = (9(¢(a)), g(¢(b))) € I.
Hence, (((a),((b)) € J. O

Proof of Theorem 5.4.3

For the proof of Theorem 5.4.3 let us take a Boolean formula # over the
signature of (M(A, I),¢, L(C), (R;)1<j<m). We have to decide whether 6 is
satisfiable in the structure, (M(A,I), ¢, L(C), (R;)1<j<m)- For this, we will
present a nondeterministic algorithm that constructs a finitely generated
trace monoid with partial involution (M(B, J), () and a Boolean formula ¢’
over the signature of (M(B, J),(,REC(M(B, J))) such that 6 is satisfiable
in (M(A,1),t,L(C), (Rj)1<j<m) if and only if for at least one outcome of our
nondeterministic algorithm, ¢’ is satisfiable in (M(B, J), (, REC(M(B, J))).
This allows to apply Theorem 5.4.1.
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Assume that every C-automaton in € only uses sets among the finite
set D C C. Assume that also dom(z) as well as every ~j-equivalence class
belongs to D. Let D = {Ly,..., Ly}, where Ly = dom(s) and Lq,..., L, is
an enumeration of the ~;-equivalence classes of (A, I). Note that £ € O(]6)]).

First we may push negations to the level of atomic subformulas in 6.
Moreover, disjunctions may be eliminated by nondeterministically guessing
one of the two corresponding disjuncts. Thus, we may assume that 6 is a
conjunction of atomic predicates and negated atomic predicates. We replace
every negated equation xy # z by vy = 2’ Az # 2z, where 2’ is a new variable.
Similarly an equation ¢(z) # y is replaced by ¢(z) = z A z # y. Thus, we
may assume that all negated predicates in # are of the form x # y, x ¢ L,
and —R;(x1,...,x,) for variables z,y, z; and L € L(D).

We can write 6 as a conjunction ¢ A ¥, where 1) contains all predicates of
the form (—)R;(z1,...,2,). Let z # y be a negated equation in ¢, where
and y are variables. Since x # y is interpreted in the trace monoid M(A4, I),
we can replace x # y by either

x=zau N y=zbv N a,b€ L N a#b or

z=zu Ny=z2v ANue LM(AI) AN vg LM(A,I),

where L € D is an equivalence class of ~; that is guessed nondeterminis-
tically. In the first case, we add a,b € L AN a # b to the “A-local” part
¥. In the second case, we have to construct an I-closed D-automaton for
LM(A, I), which is easy, since all ~;-equivalence classes belong to D. Thus,
in the sequel we may assume that ¢ does not contain negated equations.

So far, we have obtained a conjunction ¢ A 1, where ¢ is interpreted in
(M(A,1),t, £(D)) and 1 is interpreted in the base structure (A, (R;)1<j<m,)-
The formula ¢ does not contain negated equations. Let = be the set of all
variables that occur in ¢ A 1, and let {2 C = contain all variables that occur
in the A-local part . Thus, all variables from {2 are implicitly restricted to
A CM(A,I). Note that variables from 2 may of course also occur in ¢. In
case ¢ contains a constraint z € L with L € L(D) and z € , then we can
guess L' € D with L N L' # () and replace z € L by the constraint z € L/,
which will be shifted to ¥. Hence, we may assume that for every constraint
x € L that occurs in ¢, we have z € Z\ Q.

Next, for every variable z € 2 we guess whether x € Ly, = dom(:) or
x ¢ dom(¢) holds and add the corresponding (negated) constraint to . In
case x € dom(r) was guessed, we add a new variable T to Q2 and add the
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equation ¢(x) = T to 9. Next, we guess for all different variables z,y € Q
(here 2 refers to the new set of variables including the added copys 7),
whether x = y or z # y. In case x = y is guessed, we can eliminate for
instance y. Thus, we may assume that for all different variables z,y € 2
the negated equation z # y belongs to . Finally, for every set L; with
1 <1<k and every = € {2 we guess whether z € L or x ¢ L holds and add
the corresponding constraint to 1. We denote the resulting formula by 1) as
well.

Most of the guessed formulas ¢ will be not satisfiable in (A, (R;)i<j<m)
(e.g.,if L;NL; = 0 and the constraints = € L; and x € L; were guessed). But
since IFOTh(A, (R;)1<j<m) is decidable, we can effectively check whether the
guessed formula v is satisfiable. If it is not satisfiable, then we reject on the
corresponding computation path. Let us fix a specific guess, which results in
a satisfiable formula 1, for the further consideration.

Now we define a finite structure C = (£,&, (A;)o<i<k) as follows: Let
Q = {7 | z € Q} be a disjoint copy of the set of variables . For 0 < i < k
let A; be the set of all T € Q such that x € L; belongs to 9. Finally,
we define the partial involution £ on €2 as follows: The domain of £ is Ay
and £(Z) = y in case ¢(x) = y or ((y) = = belongs to the conjunction .
Since 1) is satisfiable and {L;...,L;} is a partition of A, it follows that
{Ay...,As} is a partition of Q (with A; = 0 allowed). Thus, C satisfies all
the requirements from Lemma 5.4.5 and we can apply Lemma 5.4.5 to the
structures A and C. Hence, from C we can effectively determine a finite
structure B = (B, ¢, (K;)o<i<k) together with an independence relation J C
B x B such that Q C B, ( is compatible with J, and for every embedding
h : C — A there exist strong homomorphisms f : A - Band g : B — A
with f(I) C J, g(J) C I, and f(h(z)) =7, g(Z) = h(Z) for every x € Q. We
also obtain a size bound of |Q 4+ 20%) C 2009) for |B|. We denote the lifting
of ¢ to M(B, J) by ¢ as well.

Recall that we have to check whether there exist assignments x : 2 — A
and A : 2\ Q — M(A4, I) such that & satisfies ¢ in (A, (R;)1<j<m) and £ U A
satisfies ¢ in (M(A4, I), ¢, £L(D)). We have already verified that the conjunc-
tion ¢ is satisfiable in (A, (R;)i<j<m). For the following consideration let us
fix an arbitrary assignment x : Q — A that satisfies ¢ in (A, (R;)i<j<m).’
Then x defines an embedding h : C — A by h(z) = k(z) for z € Q. There-
fore there exist strong homomorphisms f : A — B and ¢ : B — A with

3We do not have to determine this assignment explicitly, only its existence is important.
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f(k(z)) = = and ¢(z) = k(z) for every z €  and all the other properties
from Lemma 5.4.5. Since f and g preserve the involution on A and B, re-
spectively, and f(I) C J, J C g(I), we obtain the following homomorphisms
between trace monoids with partial involution:

o f:(M(A,I),t) —» M(B,J),()
e g:(M(B,J),() = (M(A,I),¢).

Given a D-automaton A, we define a new automaton A’ by replacing every

edge p Ly gin A by p LN g (and changing nothing else). Recall that
K; C B. Since A is I-closed, A’ is easily seen to be J-closed. Moreover,
since B is finite, L(A') C M(B, J) is a recognizable trace language. Recall
that for every 0 < i < k, we have a € L; if and only if f(a) € K; and b € K;
if and only if g(b) € L;. Thus, the following statement is obvious:

Lemma 5.4.6. Let t € M(A,I) and u € M(B, J):
o t € L(A) if and only if f(t) € L(A").
o u e L(A) if and only if g(u) € L(A).

Next, we transform the conjunction ¢ into a conjunction ¢, which will be
interpreted over (M(B, J),(, REC(M(B, J))), by replacing in ¢ every occur-
rence of a variable z € 2 by the constant z € Q C B. Thus, ¢’ contains
constants from  and variables from =\, which range over the trace monoid
M(B, J). Moreover, every constraint z € L(A) (resp. x ¢ L(A)) in ¢ is re-
placed by z € L(A’) (resp. z ¢ L(A’)) (note that z € =\ Q). Thus, all
constraint languages in ¢' are recognizable trace languages.

Lemma 5.4.7. The following two statements are equivalent:

(1) There exists an assignment A : Z\Q — M(A, I) such that k U X satisfies
¢ in (M(4,1),:, L(D)).

(2) There exists an assignment X' : Z\Q — M(B,J) that satisfies ¢' in
(M(B, 7),(, REC(M(B, J))).

Proof. First, assume that (1) holds. We claim that (2) holds with A’ = fo \.
Consider a constraint z € L(A') (resp. ¢ L(A')) of ¢'. Then z € E\ Q
and z € L(A) (resp. z ¢ L(A)) is a constraint of ¢. Thus, A(z) = (kU
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A)(z) € L(A) (resp. A(z) & L(A)), which implies X' (z) = f(\(z)) € L(A")
(resp. N (z) ¢ L(A')) by Lemma 5.4.6. Now let ' = v' be an equation of
@', which results from the equation u = v of ¢. The only difference between
u = v and v’ = v’ is that every occurrence of every variable x € Q in u = v
is replaced by the constant z in v’ = v'. The assignment x U A is a solution
of u=wvin (M(A4,I),¢). Since f is a homomorphism between trace monoids
with partial involution, fo (kUAX) = fok U fod= for U X is a solution
of u=vin M(B, J),(). Since f(k(x)) = T for every x € 2, the mapping X’
is a solution of v’ = v" in (M(B, J), ().

Now assume that (2) holds. We claim that (1) holds with A = go X'.
Let x € L(A) (resp. © ¢ L(A)) be a constraint of ¢. Then z € Z\ Q
and z € L(A') (resp. = ¢ L(A')) is a constraint of ¢', hence \'(z) € L(A)
(resp. N(z) ¢ L(A’)). Lemma 5.4.6 implies that A(z) = g(N(x)) € L(A)
(resp. A(z) ¢ L(A)). Now consider an equation u = v of ¢ and let v’ = o'
be the corresponding equation of ¢’. Thus, X' is a solution of v’ = ¢’ in
(M(B, J),(). Let the function m map every variable z €  to the con-
stant ¥ € B. By construction of v’ = v/, X' U 7 is a solution of v = v in
(M(B, J),(). Since g is a homomorphism between trace monoids with partial
involution and g(7(z)) = k() for every = € 0, the mapping go (X' U 7) =
A U & is a solution of u = v in (M(A, I),¢). O

For the previous lemma it is crucial that the conjunction ¢ does not contain
negated equations, because the homomorphisms f and g are not injective in
general, and therefore do not preserve inequalities.

Since Lemma 5.4.7 holds for every « : 2 — A that satisfies ¥ in the
structure (A, (R;)1<j<m), and we already know that such an assignment ex-
ists, it only remains to check whether (M(B,J),(,REC(M(B, J))) = ¢
By Theorem 5.4.1 this can be done effectively. This finishes the proof of
Theorem 5.4.3.

For the upper complexity bound in Theorem 5.4.3 one has to notice the
following two points:

e The size of the new alphabet B is bounded by 2°U) and size of
the formula ¢’ is bounded by [|#|°(), where 6 is the initial formula.
Moreover, ¢(B,J) = c(A,I), where the latter is a fixed finite con-
stant. This allows to apply the complexity statement from Theo-
rem 5.4.1 in order to check in NSPACE(2°(9)) whether ¢' is satisfiable
in (M(B, J),(,REC(M(B, J))).
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e During the construction of B and ¢’, we had to check the validity of
existential formulas of size |§|°() in the structure (A, (R;)1<j<m), which
can be done in NSPACE(s(]0|°M)).

5.4.3 Closure under graph products

In this section we will apply Theorem 5.4.3 in order to show that under
some restrictions, the decidability of the existential theory is preserved by
graph products. Concerning graph products we will use the notation from
Section 4.7 in the following.

We fix a graph product P = P(X, Iy, (M, )sesx) for the further discussion,
where M, = (M,,0,,1,). Let A, = M,\{1,} and define

A:UAU and I = U A, x A,

oen (o,7)els

where w.l.o.g. A, N A, for 0 # 7. In Section 4.7 we have defined the trace
rewriting system

R = U{ab—>c|a,b,c€Aa,aoab:c} U{ab—¢e|a,be A;,a0,b=1,}

oEY

over M(A, I). We have seen that R is confluent (Lemma 4.7.1) and that P
is in one-to-one correspondence with IRR(R) C M(A, I). Let U, C M, be
the group of units of M, and let U be the set of units of P. It is easy to see
that U=P(X%, Iy, (Uy)sex). On 'V, = U, \ {1,} C A, we define an involution
Ly * V, = V, by taking the inverse in the group U,. Let V = UUEE V., and
t = U,ex to- Then the involution ¢ : V' — V' is compatible with I, hence
it can be extended to a partial monoid involution ¢ : M(V,I) — M(V,I).
Moreover, the set of traces M(V, I)NIRR (R) is in one-to-one correspondence
with the group of units U.

Constraints

Our announced closure result will also include constraints. In this paragraph
we present a general construction that defines a class of constraints in the
graph product P, starting from a constraint class for every factor monoid
M. The following construction is inspired by [177, 178|.

For every o € X let C, C 2M- be a class of languages and let D, =
{L\{1,} | L € C,}. It is not required that D, C C,. Let C =, C, and

ocEX
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D = |J,ex Dy C 24, Recall the definition of the class £(D,I) = L(D) C
2MAD) from Section 5.4.2. We define the class ZL(C, I, R) C 2¥(4.0) by

7£(C,I,R) = {LNIRR(R) | L € £(D,I)}.

In the following, we will briefly write ZL(C) for ZL(C, I, R). Using the one-
to-one correspondence between P and IRR(R), we may view LNIRR(R) also
as a subset of P, hence ZL(C) C 2F.

The main result

Throughout this section we will assume that the following two requirements
hold:

Assumption 5.4.8. Ifa,b € M, satisfy ao, b =1,, then a,b € U,.

For example groups, free monoids, and finite monoids satisfy all this require-
ment,* whereas M(a, b | ab = ¢) does not.

Assumption 5.4.9. 3FOTh(M,,C,) is decidable and U, € C,.
The following theorem is the main result of this section.

Theorem 5.4.10. Let (3, Ix) be a finite independence alphabet. Let M, be
a monoid and C, C 2M< be a class of languages such that Assumption 5.4.8
and Assumption 5.4.9 hold. Then, for C =], .5 Co,

AFOTh(P(X, I, (Mo)ses), ZL(C)) (5-2)

is also decidable. Moreover, if each of the theories IFOTh(M,,C,) is in
NSPACE(s(n)), then (5.2) can be decided in NSPACE(2°™ + s(n°M)).

Before we go into the details of the proof of Theorem 5.4.10 let us first present
an application. The existential theory of a finite monoid is decidable for
trivial reasons. By Makanin’s result, the existential theory with constants
of a free monoid is also decidable. Finally, by [184], also the existential
theory with constants of a torsion-free hyperbolic group is decidable.® Note

4For a finite monoid note that aob = 1 implies that the mapping 2 + bo x is injective,
hence it is surjective. Thus, there exists ¢ with boc = 1.

SRips and Sela have shown in [168] that it is decidable whether a word equation is
solvable over a torsion-free hyperbolic group. In [184], Sela extended the approach of [168]
such that also negated equations can be handled.
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that every free group is torsion-free hyperbolic. Since finite monoids, free
monoids, and groups in general all satisfy Assumption 5.4.8, we obtain the
following corollary:

Corollary 5.4.11. Let P be a graph product of finite monoids, free monoids,
and torsion-free hyperbolic groups, and let I be a finite generating set for P.
Then IFOTh(P, (a)acr) is decidable.

We begin the proof of Theorem 5.4.10 with a few simple observations.
Assumption 5.4.8 implies that if a o, b = 1, for a,b € A, in the monoid
M,, then a,b € V, and 1,(a) = a~! = b, thus

R= U{ab—>c|a,b,c€Aa,aoab:c} U{a(a™) —¢e|a€V,}.

gEY

We may assume that M, € C,, i.e., A, € D, for every ¢ € ¥ without
violating Assumption 5.4.9.% Hence, since every equivalence class of ~; is a
union of some of the A,, we may assume that these classes belong to D as
well. Finally, since V, € D and V = J,c5 V5, also V € D may be assumed.

Note that A, € D also implies that IRR(R) € L(D): The closure
properties of recognizable trace languages (Section2.8) imply that the set
K = U,ex M(3, Is)ooM(X, I) belongs to REC(M(X, Iy)). Thus, L =
Y\ {u e X* | [ul, € K} C ¥*is a regular language. In order to define a
D-automaton for IRR(R), we just have to replace in a finite automaton for
L every label o by A,.

It follows that every constraint x € ZL(C) can be written asz € Ly A x €
Ly with Ly, Ly € L(D).

Isolating the structure of the M,

In this paragraph we finish the proof of Theorem 5.4.10. Assume that for ev-
ery o € ¥ the theory 3FOTh(M,,C,) is decidable in NSPACE(s(n)). Then
the same holds for the theory 3FOTh(A,, o4, ty, (L)Lep, ), Where o, is con-
sidered as a tenary relation that is restricted to A,. Let A = (A, ¢, (L)rep).
We obtain that also FFOTh(A, (o, )sex) is decidable in NSPACE(s(n)). Now
we apply Theorem 5.4.3 to the structure A together with the independence

6Note that a constraint of the form z € U, could be eliminated by 3y : o,y = 1,, but
this is not possible for constraints = ¢ U, , since we would introduce a universal quantifier
in this way. Therefore we assume explicitly that U, € C,.
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relation I and the additional relations o,. Clearly, (A, (o, )sex) and I satisfy
the requirements from Section 5.4.2. It follows that

FFOTh(M(A, I), 1, L(D), (05 )ses)

is decidable in NSPACE (29 4 s(n®W)).

Let € be a Boolean formula with atomic predicates of the form zy = 2
and z € L, where L € ZL(C).” We have to check, whether there exists an
assignment for the variables in € to elements in P that satisfies 6.

The rest of the section shows that € can be transformed in polynomial
time into an equivalent existential statement over (M(A, I), ¢, £L(D), (04)sex)-
Thus, in some sense we isolate the structure of the factor monoids M, into
the “M,-local” o,-predicates.

First, we may push negations to the level of atomic subformulas in §. We
replace every negated equation xy # z by xy = 2/ Az # 2/, where 2’ is a new
variable. Thus, we may assume that all negated predicates in # are of the
form x # y and x ¢ L for variables x and y.

Recall that P = M(A, I)/<>g and that R is confluent and terminating.
Hence, if w(s) denotes the unique trace from IRR(R) that represents s € P,
then for all s,t,u € P and L € ZL(C), we have:

e s =1t if and only if w(s) = w(t),
e st =u in P if and only if w(s)w(t) =& w(u), and
e s € L if and only if w(s) € L.

For the last point note that ZL(C), viewed as a subset of 2Y(4-D) is contained
i OIRR(R)

Hence, if we add for every variable z in # the constraint z € IRR(R)
(recall that IRR(R) € L(D)) and replace every equation xy = z in @ by the
rewriting constraint zy — 2, then we obtain a formula, which is satisfiable
in the trace monoid M(A, I) if and only if the original formula 6 is satisfiable
in P. Using the following lemma, we can replace the rewriting constraints
Ty —g z by ordinary equations plus o,-predicates.

Lemma 5.4.12. There exists a fized positive Boolean formula
7/’(377 Y,2,T1, ... 7xm)

over the signature of (M(A, I),t, (0,)sex) sSuch that

" Atomic predicates of the form z = 1 are not necessary since {1} € ZL(C).
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e the size of v is bounded by |X|0€H12) 8 gnd

e for all 2,9,z € IRR(R) we have xy g z in M(A,I) if and only if
(M(A: I)7 Ly (OU)UEE) ): E]:El e EL,»Em : lﬁ(% Y, 2,1y -, xm)

Proof. Recall that F(A,I) is the set of all independence cliques in (A, I).
For the further reasoning it is important to note that a,b € A, and (a,c) € I
implies (b,c) € 1.

First we show that for all z,y,z € IRR(R), zy —x z in M(4, I) if and
only if there exist p,7,s,t,u € IRR(R) and Cy,Cy € F(A,I) such that in
(M(A,),)

[C1][Co] Dru, up)=r, z=s[Cip, y=r[Cst, z=sut. (5.3)

If (5.3) holds, then zy —>5 z follows immediately. Now assume that zy —5
z. We can choose p € M(A, ) of maximal length such that z = 2'p and
y = 1(p)y’. Let C; = max(z') € F(A,I), C, = min(y’') € F(A,I), and
[C1][C3] =k v € IRR(R). Hence, there are s and t with z = s[Ci]p, y =
1(p)[Cy)t, and 2y =g sut g 2. Note that p, s,t,u, [C1], [C2] € IRR(R). Due
to the choice of p, only rules of the form (ab,c) € R, where a € Cy, b € C,
and a,b,c € A, for some o € ¥, can be applied to the trace [C1][C5]. Thus,
alph(u) = C1UCs, and if (a,u) € I for a € A, then also (a,C;) € I. We claim
that sut € IRR(R), which implies z = sut and hence (5.3). Assume that
there exist ab € dom(R) and traces ¢y, g2 such that sut = gyabg,. By Levi’s
Lemma 2.7.1 we obtain up to symmetry one of the following two diagrams
(recall that s,u,t € IRR(R)):

G2 || S2 | u2 | t2 G2 || S2 | u2 | t2
ab|l a | e | b ab|l a | b | e
qi || S1 | ur |ty qi || S1 | ur |ty

[s]ult] [s]ult]

Assume that a,b € A, (0 € X). Let us first consider the left diagram.
Since (a,u1) € I, (b,uz) € I, and u = wyuy, we obtain (a,u) € I and thus
(a,Cy) € I. Furthermore, from the diagram we obtain also (b, s3) € I. Thus,
(@, s2) € I, which implies a € max(s). Together with (a,C}) € I it follows
that a € max(s[C}]) = C1, which contradicts (a,C;) € I.

8This is a fixed constant in our situation. But latter we will apply an analogous lemma
in a situation, where (X, Is) belongs to the input.
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Now let us consider the right diagram. Again we have a € max(s).
Furthermore, since b € min(u) N A,, there are two possibilities: either there
exists @' € C1 N A, or b € Cy and (b,Cy) € I. If o' € C; N Ay, then s[Cy]
would contain the factor aa’ € dom(R,), which contradicts z = s[Ci]p €
IRR(R). If b € Cy and (b,Cy) € I, then also (a,C;) € I, which implies
a € max(s[C}]) = Cy, again a contradiction.

Thus, zy — 5 2 is equivalent to (5.3). It remains to replace the additional
rewriting constraints of the form [C1][Cs] =& u, where Cy,Cy € F(A,I),
by equations of the form z’' o, ¥’ = 2'. Since C; € F(A,I) we can write
down a disjunction over all independence cliques C] and C} in (X, Iy), with
the meaning that C] = {0 € ¥ | C; N A, # 0}, and replace C; in (5.3) by
Ti1Tio - Tin,, where n; = |Ci| < |X| and z;; is a new variable. Moreover,
we add the constraints x; ; € Ay j), where C; = {o(4,7) | 1 < j < n;}. Since
there are at most |X|“*)+! many cliques in (X, Iy;), this results in a disjunc-
tion of |¥|9(>/)) many conjunctions of size O(|2|). Finally the rewriting
constraint i ---Z1,,%21 " Top, —*>R u is equivalent to a conjunction of at
most |X| many equations of the form z’ o, 3y = 2’ with 2/,y/,2' € A, and a
single equation over M(A, I). O

Let us illustrate the last step in the previous proof with an example:

Example 5.4.13. Assume that ¥ = {a, b, c,d} and the independence relation
I, looks as follows:

N
N

a

b

Then the rewriting constraint
1 ! *
LaTpTe TyTpXg —7R U,
where 4, T, € Aq, Tp, Ty € Ap, T € Ae, and x4 € Ay, s equivalent to
! !
a0 Ty =Ya N Tp0p Ty =Yb N U= YagUpTcTd

with the additional constraints y, € A, and y, € Ay. Here, the equation
U = YaYpTeZq 1S interpreted in the trace monoid M(A, I).

By applying Lemma 5.4.12 to every rewriting constraint zy —g z, we ob-
tain an equivalent formula over (M(A, I),¢, (o5 )ses, £(D)). Since (%, Iy) is
assumed to be fixed, the size of the resulting conjunction increased only by
a constant factor. This concludes the proof of Theorem 5.4.10.
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5.4.4 Graph products of finite monoids, free monoids,
and free groups

In this section we briefly consider a restricted class of graph products, for
which we derive better complexity bounds. More precisely, we consider graph
products of the form P = P(Z, Iy, (M, )sex), where for every o € X, the
monoid M, is either a finite monoid, or a free monoid, or a free group.
In fact, it is enough (and convenient) to assume that every M, is either
isomorphic to N or to Z, or M, is finite. If all M, are equal to N, then we
obtain trace monoids. If all M, are equal to Z, then we obtain free partially
commutative groups, which are also known as semifree groups [11, 12] or
graph groups [73]. Free groups and free commutative groups arise as the
extreme cases. If I, = () and all M,, are finite or free groups, then we obtain
plain groups in the sense of Haring-Smith [92].

Let us fix a graph product P = P(3, I, (My)sex), where for all o € ¥,
the monoid M, is either finite, or is isomorphic to N or Z. We select a
natural set of generators I', for M, as follows. If M, is finite, let us define
Ly = M,\{1,}. If M, is isomorphic to N, let I';, = {a,} for a generator a,.
Finally if M, is isomorphic to Z, then T, = {a,,a,'}, where a, generates
Mg as a group. Let I' = {J Ty and I = U(U,T)EIE ', x I';. Since every
I', is closed under taking the inverse in the group of units of M,, we have
a partial involution + on I' that can be lifted to a partial involution on the
finitely generated trace monoid M = M(T', I). This trace monoid will replace
the monoid M(A, I) from the previous section. Define the trace rewriting
system R on M by

R= U{ab—)c | M, is finite, a,b,c € T',, and a o, b = c} U
oex
U{a(a‘l) — ¢ | a € Ty, a invertible in M, }.

oEY

Thus, R is a finite trace rewriting system over the finitely generated trace
monoid M and P = M/é) r- Completely analogous to Lemma 4.7.1 we can
show that this new system R is again confluent.

Let w : P — IRR(R) be the function that maps s € P to the unique
irreducible trace from M representing s. Following [66], we choose for P the
constraint class NRAT(P) = {L C P | w(L) € REC(M)} C 2F.° In [66] it

9«NRAT” stands for “normalized rational”.
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was shown that NRAT(P) is an effective Boolean algebra. We represent a
set L € NRAT(P) by a finite automaton for {u € T* | [u]; € w™1(L)}.

It is not hard to see that the class NRAT(P) can be also obtained by
applying the ZL-operation from the previous section to the classes RAT(M,)
for 0 € ¥. Hence, Theorem 5.4.10 implies that IFOTh(P, NRAT(P)) is
decidable in exponential space. In this section we will improve the complexity
to PSPACE. In order to obtain existing results for free monoids as special
cases, we will also put a description of the graph product P into the input.
This description contains the adjacency matrix of (X, Iy), and for each node
o either the multiplication table of M, if M, is finite or a bit indicating
whether M, 2 N or M, £ Z.

We proceed analogously to the proof of Theorem 5.4.10: We may assume
that we have given a positive Boolean combination # of predicates of the
form xzy =z, xt #y, x € L, and = ¢ L, where z,y, and z are variables and
L belongs to NRAT(P). In order to change from P to the finitely generated
trace monoid M, we add for every variable z the constraint z ¢ RED(R)
and replace every equation zy = z by £y —x 2. These rewriting constraints
can be replaced by ordinary equations using the following lemma, which can
be shown analogously to Lemma 5.4.12.

Lemma 5.4.14. There exists a positive Boolean formula

w(‘r? Y, 2,1, .. 7xm)
over the signature of (M, 1) such that
e the size of v is bounded by |T'|°CD) and

e for all z,y,z € IRR(R) we have xy —>g z in M if and only if (M, 1) =
Ay -+ Az, Y(T, Y, 2,21, - oy Tin).

Note that in contrast to Lemma 5.4.12 we can avoid the o,-predicates in
the present situation: We would only obtain “local equations” of the form
r o,y = z for the case that M, is a finite monoid, which allows to substitute
all possible values from M, for z, y, and z.

Since ¢(I',I) = ¢(%, Is) < k, the above transformations can be done in
time polynomial for every fixed k. Thus, we have shown the following result:

100f course this constraint is equivalent to z € IRR(R), but we prefer the negated
constraint z ¢ RED(R), since an automaton for {u € I'* | [u]r € RED(R)} can be easily
constructed in polynomial time: {u € I'* | [u]r € RED(R)} = U, pcdom(r) I "al(a)*bI™.
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Theorem 5.4.15. For every k > 0 there is a deterministic polynomial time
algorithm such that:

e The input consists of a graph product P = P(X, I, (My)sex) (coded as
described above) with M, finite or isomorphic to N or Z and c¢(X, Iv) <
k, and an erxistential sentence 6 over the signature of (P, NRAT(P)).

e On a given input (X, I, (My)ses, 0), the algorithm produces an exis-
tential sentence ¢ over the signature of (M, 1, REC(M)) such that

(P,NRAT(P)) k= 0 if and only if (M, ., REC(M)) £ ¢.

Corollary 5.4.16. The following problem is PSPACE-complete for every
fixed k > 0:

INPUT: As in Theorem 5.4.15.

QUESTION: Does 6 belong to IFFOTh(P, NRAT(P)) ¢
If ¢(%, I5) is not bounded by a constant, then this problem is in EXPSPACE.

Proof. The PSPACE (resp. EXPSPACE) upper bound follows from Theo-
rem 5.4.1 and Theorem 5.4.15 with ¢(X, Iy) = ¢(I', I). PSPACE-hardness fol-
lows from the PSPACE-hardness of 3FOTh({a,b}*, RAT({a, b}*)), see [114,
Lem. 3.2.3] and [162, Thm. 1]. O

Remark 5.4.17. Corollary 5.4.16 encompasses corresponding statements
from [65, 67, 68, 69, 91, 131, 1532, 162].

5.5 Positive theories of graph products

In this section we consider positive theories of graph products. Assume that
P =P(%, Is, (Gs)sex) is a graph product such that every G, is a finitely gen-
erated group. Let I, be a finite generating set for G,. Then P is generated by
I'=U,ex [o- Let Dy = (X x X) \ Iy the dependence relation corresponding
to Is. A node o € X is called an isolated node of the dependence alphabet
(3, Dy) if Dy(0) = {o}. Throughout this section, we make the following
two assumptions:

Assumption 5.5.1. For every isolated node o of (X, Ds:), the positive theory
posTh(G,, (a)aer, , REC(G,)) is decidable.
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Assumption 5.5.2. For every nonisolated node o of (3, Dy, the existential
theory AFOTh(G,, (a)ser, , REC(G,)) is decidable.

Since we restrict to finitely generated groups, we obtain finite representations
for recognizable constraints. More precisely, since P is a group, it follows that
L € REC(P) if and only if there exists a surjective group homomorphism
p: P — S onto a finite group S such that L = p~'(p(L)). Thus, L can be
represented by the finite group S, the homomorphism p and F' C S with
L = p7!(F). To represent p, it suffices to specify its value p(a) for every
generator a € .
The aim of this section is to proof of the following result:

Theorem 5.5.3. Let P = P(3, I, (Gy)oes) by a graph product such that As-
sumption 5.5.1 and Assumption 5.5.2 hold. Then posTh(P, (a)ser, REC(PP))
15 decidable.

Since the theory of a finite group is of course decidable, and the same holds
for the theory of Z with rational constraints (Proposition 5.3.2), we obtain
the following corollary:

Corollary 5.5.4. Let P be a graph product of finite groups and free groups.
Then posTh(P, (a)aer, REC(P)) is decidable.

Remark 5.5.5. Note that Corollary 5.5.4 cannot be extended by allowing
monoids for the factors of the graph product. Already the positive V3*-theory
of the free monoid {a,b}* is undecidable [76, 134]. Similarly, Corollary 5.5.4
cannot be extended by replacing REC(P) by RAT(P), since the latter class
contains a free monoid {a,b}* in case P = F, is the free group of rank 2.

The proof of Theorem 5.5.3 consists of the following steps:

e In a first step, we will reduce posTh(P, (a)4er, REC(P)) to the positive
theories posTh(P;, (a)ser;, REC(P;)), 1 < i < n, where the P; result
from the connected components of the dependence alphabet (3, Dy,).
Thus, P = [];; P;. After this step, we may assume that (X, Dy) is
connected and (by Assumption 5.5.1) contains at least two nodes.

e Next, we will reduce posTh(P, (a)ser, REC(P)) (where the underlying
dependence alphabet (¥, Dyx) is connected and contains at least two
nodes) to IFOTh(P x F, (a)gerux, REC(P * F') UC). Here F = F(K)
is the free group generated by the finite set K, and C contains all
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subgroups of P x F' of the form P x F(K') for K' C K. This second
step in inspired by techniques of Makanin and Merzlyakov [133, 141]
developed for free groups. The proof of the main technical lemma is
shifted into Section 5.5.3.

e The last step consists of an application of Theorem 5.4.10. In order
to apply this theorem to IFOTh(P * F, (a)aerux, REC(P * F) U C), we
have to “decompose” the constraints (Lemma 5.5.8).

5.5.1 Simplifying the graph product P

In a first step we may assume that no finite group G,, o0 € X, is a direct
product of two finite nontrivial groups, since otherwise we could replace o
by two independent nodes. In particular, if G, is not Z/2Z, then there must
exist a € G, such that a® # 1,, i.e., a # a~! in G,. Next, assume that the
dependence alphabet (X, D) consists of two nonempty disjoint components
(31, D1) and (X9, Dy), which define graph products P; and Py, respectively.
Then P = P; x P,. Furthermore by Mezei’'s Theorem, see e.g. [18], every
L € REC(P) is effectively a finite union of sets of the form L, x L, with
L; € REC(P;). Since the corresponding statement for singleton sets (i.e.,
constants from I') holds as well, we may apply the following Proposition
5.5.6, which is a decomposition lemma in the style of the Feferman Vaught
Theorem [81].

Proposition 5.5.6. Let M and My be monoids with classes C; C 2™t and
Co C 2M2. Let C be a class of subsets of My x My such that each L € C
1s effectively a finite union of sets of the form L x Lo with L; € C; and
Ly € Cy. If both (pos)FOTh(M;,Cy) and (pos)FOTh(Ms,Cy) are decidable,
then (pos)FOTh(M; x Mo, C) is decidable, too.

Proof. Let ¢(z1,...,x,) be afirst-order formula with free variables z1, ..., z,
and atomic subformulas of the form z =1, xy = 2, and x € L with z, y, and
z variables and L € C. For every variable z that appears in ¢ let (') and
2@ be two new variables. Then we replace each quantification 3z (resp. Vz)
in ¢ by 32M3zx@ (resp. V2(Vvz®?). Furthermore every equation zy = z is
replaced by the conjunction My = 2 A @y = 22 and similarly for
z = 1. Finally, given a constraint « € L in ¢, where L = |J;_; Li1 X L;»
with L;; € C; and L;» € Cy, we replace this constraint by \/:.L:l(x(l) €
LiiAx® € L;5). Let us call the resulting formula ¢'(x§1), x§2), o), :E(HQ)).
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If all quantified variables of the form z® only range over M; in ¢', then for
all ¢; = (a;,b;)) € My x My (1 <i < n) we have ¢(cy,...,c,) if and only if
@' (a1,b1,...,a,,b,). We claim that ¢ is logically equivalent to a formula of
the form \/;.”:1(0](-1) A 0§-2)), where for i € {1,2} the formula Hj(-i) only contains
variables of the form z("). Note that this proves the proposition. The claim
above can be shown by induction on the quantifier-depth of ¢. The case
that ¢ is quantifier-free is clear. Assume that ¢ = dx : x. Hence, ¢’ is
of the form 3232 y'. By induction we can assume that ' is logically
equivalent to a formula \/;11(9](-1) A 0§-2)), where for ¢ € {1,2} the formula 0§Z)
only contains variables of the form y®. Thus, 3z(M3z? ¥’ is equivalent to
Vi, Bz 9](-1) A Fz?) OJ(-Z)). In the case of a universal quantification we can

conclude similarly, but we first have to transform the formula \/;”:1 0§-1) A 0§-2)
into a formula of the form /\;?:1 wj(-l) \% 1/19, where zj)](-i) only contains variables
of the form y®. This is of course possible but may cause an exponential

size increase. Finally note that the construction above does not introduce
negations and thus can be also used for positive formulas. O

Note that the construction from the previous proof may lead to a nonelemen-
tary blow-up with respect to formula size, since each quantifier alternation
leads to an exponential size increase. This will be the main bottle neck in
our proof of Theorem 5.5.3.

By Proposition 5.5.6 and Assumption 5.5.1 we may assume that the graph
(3, Dy) is connected and contains at least two nodes. By Corollary 5.3.4 we
can also exclude the case that ¥ contains exactly two Dsx-adjacent nodes,
which are both labeled by Z/27Z. Thus, we may assume that either the
graph (X, Dy) contains a path consisting of three different nodes or one of
the groups G, has a generator g € G, with g7 # g # 1,. Hence, there
exist three different generators a € Gy) \ {lo)}: 0 € Go) \ {10}, and
¢ € Go(e) \ {1o(c)} such that

e o(a) # o(b) and (o(a),o(b)) € Dy,
e 0(b) # o(c) and (o(b),0(c)) € Dy, and finally
e cither o(a) # o(c) or a # a™ = ¢ in G,().
Thus, the dependency between a, b, and ¢ being used is
a—b—c.

In Section 5.5.3, a, b, and ¢ will always refer to these three elements.
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5.5.2 Reducing to the existential theory

Our strategy for reducing the positive theory of P to an existential theory is
based on [133, 141], but the presence of partial commutation and recognizable
constraints makes the construction more involved: Given a positive sentence
6, which is interpreted over P, we construct an existential sentence 6', which
is interpreted over a free product P x F' of P and a free group F', such that
f is true in P if and only if #' is true in P x F'. Roughly speaking, #' results
from 6 by replacing the universally quantified variables by the generators of
the free group F.

Assume that we have given a positive Boolean combination ¢ of equations
(with constants) and recognizable constraints z; € L; (1 < i < n), where the
latter are represented via surjective homomorphisms p; : P — S; such that
L = p;'(pi(L;)). Let S = [, S; and define p(z) = (p1(2),-- -, pu())
for x € P. Now we can replace every constraint x; € L; by constraints of
the form p(z;) = g for ¢ € S. Note that the number of these constraints
is bounded exponentially in the size of the description of ¢. Thus, we may
assume that all recognizable constraints in our initial positive formula are
given in the form p(z) = ¢ for ¢ € S and a fixed surjective homomorphism
p:P — S onto a finite group S.

Let K be a finite set of new constants, K N T' = (). Recall that F(K)
is the free group generated by K. For the free product P x F(K) we will
write P[K] in the following. Instead of P[{k1, ..., k,}], we write P[k1, ..., ky].
Similarly, instead of P[K U {k}] we write P[K, k]. In the sequel we also have
to deal with formulas, where the constraints are given by different extensions
of our basic homomorphism p : P — S to P[K]|. For this we introduce the
following notation: Let G be an arbitrary group, and let o : G — S be a
group homomorphism onto some finite group S. Let K = {ky,...,k,} and

¢1,---,qn € S. Then gf-kn - GIK] — S denotes the unique extension of

0, defined by gfl-kn(k;) = ¢;. Similarly, if ¢ is some Boolean combination
of equations and constraints of the form p(z) = ¢, then qﬁ’;;;_‘_‘_‘:gg denotes

the formula that results from ¢ by replacing every constraint p(z) = ¢ by

" _ 1
0glrvam () = g. Let us now fix a formula

0(z) = Va1 Iyr - Ve, 3un (1, - -y Yny Y1y - -+ > Unsy 2),

1Tn the following symbols with a tilde like Z will denote sequences of arbitrary length
over some set that will be always clear form the context. If say @ = (a1,...,an), then
a € Ameansa; € A,...,a, € A.
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with ¢ a positive Boolean formula over the signature of (P, (a)qer, REC(P))
such that all recognizable constraints are given in the form p(z) = ¢ € S for
our fixed homomorphism p : P — S. Choose for every universally quantified
variable z; in 6 a new constant k; and let K = {ki,...,k,}. The following
theorem yields the reduction from the positive to the existential theory.

Theorem 5.5.7. Let 0(2) = Vx13y; - - -V, 3y, (21, .- ., Tny Y1,y -« -, Yn,y 2) e
as above. For allu € P we have 0(w) in P if and only if

/\ Yi € Plkr, ... k] A

A 3y N\ e 1<ica in P[K].  (5.4)
q€S €S Qi (kyy o Ky Y1y - - - Yno W)

Proof. We prove the theorem by induction on n. The case n = 0 is clear. If
n > 0, then inductively we can assume that for all s1,%;,u € P we have

VCU2E|ZU2 oo vxnayn (b(sla L2 Tn, tla Y25 -+ -5 Yns ﬂ) in P
if and only if

/\ yZE]P[kZ:akZ]/\

/\ Jyp - - /\ Jyn § 2<i<n

02€S €S Ph2rtn (51, kgy oo ks 1, Y2 - - Yn, W)
is true in P[ky, ..., k,]. Thus, for all u € P we have
Vxlz]yl"'vxnayn¢($la"'axnayla"'aynaa) in P

if and only if

ZEP[I{J ,...,ki]/\
Ve, € P dy, /\ dyg - - /\ Jyn 19/§ny i

€S an€S PEn (21, kgy oo Ry Y1y s Yny )
is true in Pk, ..., k,]. Note that if we transform this formula into prenex

normal form, in the resulting existential formula the constraints are given by
different extensions of the basic homomorphism p.

Since p is surjective, we can replace the universal quantifier Vx; € P by
Ay es Ve € p~H(q). Hence, by the following Lemmas 5.5.10 and 5.5.11 the
above formula is true in P[ks, ..., k,] if and only if

I\ vi € Plky, ko, k] A

/\ 3y /\ Jyp - - /\ Fyn  1<i<n

k1,k2,...,k ~
nes 72€5 €S ¢q11,’q22,’...,’q: (kla koy. .. kny Y1y Un, ’U,)
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is true in Plky, ko, ..., k,] = P[K]. Whereas Lemma 5.5.10 is only valid for
positive sentences, but has a quite simple proof, Lemma 5.5.11 holds for
arbitrary formulas, but its proof is quite involved. O

To complete the proof of Theorem 5.5.3, we apply Theorem 5.4.10 to the
group P[K], which is a graph product as well: Add every k € K as an iso-
lated node to the independence alphabet (3, Iy;) and label it with F'(k) = Z.
For every o € ¥ let C, = REC(G,) U {{a} | a € T,} and for every k € K
let C, = RAT(F(k)), which contains REC(F'(k)) and every singleton sub-
set. Let C = U,cxux Cr- By Assumption 5.5.2 (note that (3, Dx) does
not contain isolated nodes by the simplifications from the previous section),
GFOTh(G,,C,) is decidable for every o € . By Proposition 5.3.2, for every
k € K, 3JFOTh(F(k),Cy) is decidable as well. Thus, in order to apply Theo-
rem 5.4.10, it suffices to show that all constraint sets and constants (viewed
as singleton sets) in (5.4) belong to ZL(C). For the constants this is clear —
they all belong to 'U K. Also Pk, ..., k;] € ZL(C) is easy to see. Thus, the
following lemma finishes the proof of Theorem 5.5.3.

Lemma 5.5.8. Let P = P(X, Iy, (My),ex) be an arbitrary graph product of
monoids M,. Then REC(P) C IL(C) for C = |J, ez REC(M,).

Proof. Let D =, cx{L\{1,} | L € REC(M,)}. Assume that L € REC(P)
and let p : P — S be a surjective homomorphism onto the finite monoid S
such that L = o7 !(F) for FF C S. We define A4,, A, I, and R in the same way
as at the beginning of Section 5.4.3. Note that if we restrict o to M, C P,
we obtain a homomorphism from M, to S. Thus,

A, ={4;N¢"(q) [ g€ S}\ {0} C D.

Let A = U,ex A0 and In = U, ryen, Ao X A;. Hence, (A, 1) is a finite
independence alphabet. Define the homomorphism 7 : M(A,Ix) — S by
(A, N o '(q)) = ¢. Since (B,C) € I implies 7(B)n(C) = n(C)w(B) in S,
this defines indeed a homomorphism. Thus, 77 1(F) € REC(M(A, IA)). Let
A be a finite state automaton that accepts {w € A* | [w];, € 7 '(F)}. Since
every edge of A is labeled with a set from A C D, we can interpret A also
as a D-automaton, which is moreover I-closed. It is easy to see that L(A),
viewed as a subset of M((A, I), equals h~*(o™!(F')), where h: M(A,I) — Pis
the canonical homomorphism that maps a trace t € M(A4, I) to the element
of P represented by t.
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Now consider ¢ € M(A,I). Then h(t) = h(NFg(t)). Thus, t € L(A) =
h=t(o7(F)) if and only if NFg(¢) € L(A). Tt follows that L(A) NIRR(R) C
M(A, I) is precisely the set of irreducible traces that represents our initial
language L C P. Thus, L € ZL(C). O

Remark 5.5.9. Concerning the complezity, it can be shown that our proof
of Theorem 5.5.3 leads to a nonelementary blow-up due to the construction
i our proof of Proposition 5.5.6. On the other hand, if we restrict to con-
nected graphs (X, Dyx), then Proposition 5.5.6 becomes superfluous. Due to
Corollary 5.3.4 and the complexity statement in Theorem 5.4.10, we obtain
an elementary reduction from the positive theory to the theories in Assump-
tion 5.5.1 and 5.5.2.

For the further consideration let us fix a set of constants K and a further
constant k ¢ K. Moreover, let K; C K for 1 <7 <m. Fix also g€ S and a
sequence U = (ug,...,uy) of elements u; € P.

Lemma 5.5.10. Assume that ¢(x,yy,...,Ym,2) @S a positive Boolean for-
mula with constraints of the form o(y) = p for (possibly different) extensions
0:PK|—>Sofp:P—SandpeS. If

N i € PK;, k] A
Yy - Y { 1<i<m in P[K, k],

qb’;(k’yla .. 'aym7a)

then
/\ Y; € P[KZ] A
\VI.T c PN p_l(q) Eyl e Elym 1<i<m n P[K]
d)(.T, Yiy-- -5 Ym, a)

Proof. Assume that

/\ v € PIK;, k] A
dy1 - Ym { 1<i<m in P[K, k.

¢I(;(kay17 e '7ymaﬂ)

Then there are t; € P[K;, k], 1 <1i < m, such that ¢’;(k, 11,y tm, ) is true
in P[K, k]. Now choose an arbitrary s € PN p~!(g) and define a homomor-
phism h : P[K, k] — P[K]| by h(k) = s and h(z) = z for x € P[K]. Since
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p(s) = q, h(u) =@ € P, h(s) = s € P, and ¢f is positive, the statement
, ..y h(tm),u) is true in P[K]. Thus, indeed

>

~
—
N—

/\ Y; € ]P’[KZ] N
Ve e PNp~(q) Fyr- - Fym { 1<icm in P[K].

¢($7y1a .. '7ymaa)
Ol

Note that the assertion of Lemma 5.5.10 does not hold in general, if ¢ involves
negations. For example Vz : z # 1 is false, but k£ # 1 is true. On the other
hand, the converse implication of Lemma 5.5.10 is true for arbitrary formulas:

Lemma 5.5.11. Assume that ¢(x,y1, ..., Ym, 2) is a not necessarily positive
Boolean formula with constraints of the form o(y) = p for (possibly different)
extensions 9 : PIK] = S of p:P— S andpe S. If

o /\ yi € PIIGIA |
Ve e PNp (g Iy - Fym { 1<i<m in P[K],

¢($,y1: .. 'aym,a)

then
/\ Y; € P[Kl,k] A
Ty - m  1<i<m in PK, k.
(b";(k, Y1y, -y Ym, a)

The statement of Lemma 5.5.11 will be shown by a reduction to the underly-
ing trace monoid with involution. For this, we need one more lemma. First,
we have to introduce a few notations.

In Lemma 5.5.11, the groups P, P[K;], P[K;, k|, P[K], and P[K, k] appear
(1 <4 < m). Similarly to Section 5.4.3 we define A, = G, \ {1,} for o € &,
A =Usen Ao, and I =, 1yery Ae X Ar. Let M =M(A, ). Since every G,
is a group, we can define a total involution ¢ on A by taking the inverse in
each group G,, which can be lifted to a total involution on M. Next, take
for each constant x € K U {k} a new copy %. Let K = {k | kK € K} and
similarly for K;. We extend the involution ¢ on A to AU K UK U {k, k} by
setting (k) = K and (k) = k for k € K U {k}. Then ¢ can be also lifted
to the free product M x (K U K U {k, k})*, which will be the largest trace
monoid in our further investigation. We will use the following abbreviations
in the sequel: M[K;] = M x (K; U K;)*, M[K;, k] = M x (K; U K; U {k, k})",
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M[K] =M * (K UK)*, and M[K, k] =M (K UK U {k,k})*. Finally let R
be the trace rewriting system on M[K, k] defined by

R:U{ab—>c|a,b,ceAa, aosb=c}U{a(a™’) = e|a€ A, }U
oEN
U {KE = €,kk — ¢}
kEKU{k}

Then R is confluent and M[K, k]/<5 g & P[K, k]. Similarly, if we restrict R
to traces from M[K] (resp. M), then M[K /> = P[K] (resp. M/ g = P).

Let w = (wy,...,wy), where w; € MNIRR(R) is the unique irreducible
trace representing the fixed group element u; € P. In the following, we
identify a homomorphism p : P[K] — S with ho p : M[K] — S, where
h : M[K] — P[K] is the canonical homomorphism that maps a trace ¢ to the
group element represented by t. Moreover, for p : M[K] — S, we denote with
of : M[K, k] — S the extension of g, defined by of(k) = ¢ and of(k) = ¢ *.

Similarly to Section 5.4.3, in the following lemma o, denotes the tenary
relation {(a,b,c) | a,b,c € Ay,,a0, b=c} CM? for o € X.

Lemma 5.5.12. Let x(x,y1,...,Ym, 2) be a not necessarily positive Boolean
formula over the signature of (M[K], ¢, (a)serur , REC(M[K]), (04 )sex) such
that all recognizable constraints in x have the form o(y) = p for (possibly
different) extensions o : M[K| — S of p-M — S andp € S. If

/\ ¥ € M[K;] N IRR(R)
Vz € IRR(R)Np~'(q) 3y1 - TFym { 1<i<m in M[K],
A X(x’yla .. -,ym;ﬁ)

then there are s1,s9 € MNIRR(R) with p(s1)gp(s2) = q in S and

/\ v € MIK;, k] N IRR(R)
Y1 - FYm § 1<i<m in MK, k].

A xE(s1ks2, y1, - - -, Ym, @)
The proof of Lemma 5.5.12 is the main technical difficulty and shifted to the

next section. Using Lemma 5.5.12, we can finish the proof of Lemma 5.5.11:
Assume that

B N wi€ePKIA )
Ve e PNp (¢) Iy - Fym § 1<i<m in P[K].
(b(xa Y155 Ym, U,)
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By restricting every variable in ¢ to M[K| N IRR(R) and replacing every
equation zy = z by zy -5 2, we obtain a true statement over M[K]. Simi-
larly to Lemma 5.4.12, we can replace every rewriting constraint zy —z z by
a formula ¥ (z,y, z, .. .) over the signature of (M[K], t, (05 )ses:). This trans-
formation introduces only new existentially quantified variables (y below).
We obtain a formula x over the signature of (M[K], t, REC(M[K]), (05 )ses)
such that

/\ i € MIK;] N IRR(R)
1<i<m

Vo € IRR(R) N p™"(q) 3y1---3ym W A 7 € M[K] N IRR(R)

AN X(xayla"'aymagaﬁ;)

is true in M[K]. Thus, by Lemma 5.5.12 there exist s1,s0 € M N IRR(R)
such that p(s1)gp(s2) = ¢ in S and

N\ v € MIK;, k] N IRR(R)
1<i<m

Jyr-- Fym3IYQ A 7 € M[K, k] N IRR(R) in MIK, ]
A Xk (51K52, Y1, -, Yms §s D)

By doing the above transformation from P[K] to M[K]| backwards, it follows
that

Elylzlym{ /\ yZEP[KZ7k] A (ﬁ];(slks%yla"'vym?ﬂ)} in P[K’k]v

1<i<m

where s; € M N IRR(R) is identified with the group element it represents.
Let us define a group homomorphism A : P[K k] — P[K, k| by h(k) =
sy ks, ! and h(r) = x for + € P[K]. First, note that h is injective (the
homomorphism defined by g(k) = s1kss defines an inverse). Thus, the truth
value of all (negated) equations is preserved by h. Moreover, p(s1)gp(s2) = ¢
and hence, of(s7'ksy") = p(s1) qp(s2) ™! = g = oF(k) for every extension
o of p. Thus, all recognizable constraints are also preserved by h. Finally,
h(siksy) = s157'ksy'sy = k in P[K,k]. Hence, applying h to the above
statement yields

1<i<m
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5.5.3 Proof of Lemma 5.5.12

Recall that M C M[K;] C M|K] C M[K,k], ¢ € S, and w = (w1, ..., wy)
with w; € MNIRR (R) are already fixed. Let D = (AUKUKU{k, k})?\I be
the dependence relation corresponding to M[K, k]. The involution ¢ is totally
defined on M[K, k]. In the following we will write ¢ instead of ¢(¢). Recall
that (3, Dy) is assumed to be connected with |3| > 1. Let x(z,y1,-- -, Ym, 2)
be an arbitrary Boolean formula with atomic predicates of the form xy = z,
=7,z =1t xo,y = 2, and p(zr) = p, where z, y, and z are variables,
t € M[K] is a constant (w.lo.g. [t| < 1), p € S, and p : M[K] — S is
some extension of our basic homomorphism p: M — §. Since p was derived
from a corresponding group homomorphism on P, s < t implies p(s) = p(t)
for s,t € M. Let W = {wq,W1,...,wy,Wn} and let d be the number of
equations of the form zy = z that occur in x. Choose A such that |S| divides
A—1land A > 2d + 1.

We start with the definition of some specific traces. A chain is a trace
t = ajas- - - a, such that a; € A,, (1 <i < k) and [01,09,...,04] is a path
in the dependence graph (X, Dy). Thus, t € MNIRR(R) and (a;, a;41) € D
for1<i<gkg-—1.

Recall that we have fixed symbols a,b,c € A at the end of Section 5.5.1
such that (a,b), (b,c) € D and either a, b, and ¢ belong to pairwise different
A, or a # @ = c. It is possible that (a,c) € I.

Lemma 5.5.13. There exists a trace £ € M NIRR(R) such that p(£) = h,
(¢,t) € D for every t # €, and min(¢) = max(¢) = {a}.

Proof. First, for every z € A we construct a trace t(z) € M NIRR(R) such
that min(¢(z)) = {z}, max(t(x)) = {Z}, and p(t(x)) = 1. If a, b, and ¢ belong
to pairwise different alphabets A,, then we set t(z) = z s (ba)/(cb)®I57,
where x sb is a chain from x to b, which exists since (X, Dy) is connected.
On the other hand, if a # @ = ¢, then choose a chain xz sa and define
s(z) = zs(aba)¥I57. Since a # @, we have a> —5 o for some a' € A.
Then in P the element s(z) equals zsa(ba')! "' ba57 € IRR(R) and we
can choose the latter trace for ¢(z).
Now we construct ¢ as follows:

e Select a trace s = byby---b, € IRR(R), b; € A, with p(b; ---b,) = g.
Recall that p was assumed to be surjective, hence s exists.
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o Let uy,...,uer1 € MNIRR(R) be chains, visiting every subset A,
(o € %), such that the trace au;biusgbs - - - ugbsu,i1a is also a chain.
These u; exist, since (X, Dy) is connected.

o If u; = ¢;---c,, with ¢; € A, then define v; = t(¢1)---t(cy,;) (thus
o(0) = 1).

e Finally, let £ = t(a)v1b1vebs - - - VbV 11(T).
The construction implies that ¢ has indeed the desired properties. O

For the rest of the section let £ € M be some trace satisfying the properties
from the previous lemma.

A trace system of degree n is a tuple R = (rg,...,7\) of A + 1 traces
r; = t;(ba)®(eb)S! with t; € {(ba)'®!, (be)lS1}*, |t:| = 2n|S| for some n large
enough. The value of n will be made more precise later. Note that the
traces r; are irreducible and almost chains (only the single factor ac leads to
commutation) with p(r;) = 1. There are 2"**1) trace systems of degree n.
We append the suffix (ba)!®/(cb)!5 to every ¢; in order to assure that every r;
starts and ends with b.

An owerlapping of two traces u,v € M is a trace s with v = ts and
v = st’ for some t,¢' € M. The trace system R = (rg,...,7x) has no long
overlapping, if

e the traces rg,...,r, are pairwise different (then also rq,7,..., 7\, Ta
are pairwise different), and

o forall 0 < 4,5 < A, u € {r;,7;}, and v € {r;,7,;} we have: if s is

% then

an overlapping of v and v with |s| > w = (n+2)|S] - 3,

S=U=".

Note that this implies in particular that if r;lr;; = urv with r € {r;,7,},
then either u = ¢ and 7, =7 or v = € and r; = r, i.e., r cannot be properly
contained in 7;0r; ;.

The following lemma can be derived by standard techniques that random
strings are incompressible, the formal proof is therefore omitted. The idea
is that if R has a long overlapping, then, in case n is large enough, the
description of R can be compressed to less than n(\ 4+ 1) bits. But this
cannot happen for all systems R.
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Lemma 5.5.14. There exists ny (depending only on A and |S|) such that for
all n > ng there exists a trace system of degree n without long overlapping.

Remark 5.5.15. Later, we will use R to construct a trace s, which can be
replaced by the trace s1ksy in Lemma 5.5.12. An explicit construction of s
without using the notion of random strings is given in [66].

Let us fix a trace system R = (7o, ..., 7)) of degree n without long overlap-
ping, where 2|r;| + || = 4(n + 2)|S| + |[£] > |w]| for all w € W. For every
1 <4 < )X define the length-reducing trace rewriting system

T, ={ricilri > i kry, H4Ti1 > T kTi1}.

We consider T; as a trace rewriting system over our largest trace monoid
M[K, k]. Note that W U A C IRR(T;) for all w € W by the choice of n, and
that s —r, t implies also 5§ —, t.

Lemma 5.5.16. FEvery trace rewriting system T; is confluent.

Proof. Since T; is terminating, we have to verify that 7; is locally confluent.
Assume that ¢ 7,4— s —r, u, where ¢ (resp. u) results from s by an application
of the rule r;_10r; — r;_1kr;, all other cases can be dealt analogously. Thus,
there exist traces 1, to, u1, us € M[K, k| such that

S = tl’l'z'_l gritQ = U1T;—1 ET‘z‘UQ and t= tlri—l k T‘itz, U= U1T;—1 k"f’i’U,Q.

Now we apply Levi’s Lemma 2.7.1 to the identity t17;_1 £7ito = uir;_1 £ 1;Us.
Recall that every r; starts and ends with b. Hence, nonempty prefixes
(resp. suffixes) of r;_1 (resp. r;) are dependent. Moreover, £ is dependent
from every nonempty trace. Thus, we obtain up to symmetry one of the
following two diagrams:

Ug € S9 19 Ug € € U9

7“1'_157“1' 9 7",'_157“1' 9 Ti_lfTi 3 S S9

U1 tl S1 9 U1 tl S1 v
Tt [ros | 6] To [rostr] 2]

In the first case, s; = € = s and thus £ = u. In the second case, we may
assume that s; # € # sy, since otherwise we obtain a special case of the first
diagram. Furthermore, if s = ¢, then

t = tiricikrivrios kriug o+ u.
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Thus, assume that also s # €. Since r;_1 £r; = 515 = s 59 With s1 # € # so,
and R has no long overlapping, there exist traces r and 7’ such that s; =
rialr, so=1r"Lry, ri=rs, ;1 =sr’. Since (v,s) € I, we obtain

t=tiri1krita = tiriikrsvr fr;us
= tiriikrvsr lriusg
=1 tiri krvsrkriug
= tiriikrsvrkr; us
. tiri 1 brsvr' krug

= tyrilrvsrkriuy, = uiri_1 kriug = u.
Thus, 7T; is confluent. 0

The previous lemma implies that for every 1 < i < A, every trace s € MK, k]
has a unique normal form NFrz(s) € IRR(7;). In the following, we briefly
write NF;(s) for NF1,(s). The following lemma is easy to verify. For the last
point note that p(f) = ¢ = pk (k).

Lemma 5.5.17. For every 1 <i < X and s € M[K]| we have:

e NF;(s) =sif|s| <1orse W, in particular, if ao,b = ¢ fora,b,c € A,
(o € X), then also NF;(a) o, NF;(b) = NF;(c),

e NF;(s) = NF,(5), and
o o(s) = &i(NFi(s)) for every extension o : MIK] = S of p: M — S.

Thus, every normal form mapping NF; preserves constants, the involution —,
and recognizable constraints. On the other hand, concatenation in M[K] is
in general not preserved, but the following statement will suffice:

Lemma 5.5.18. Let u,v € M[K]. There are at most two i € {1,...,\} such
that NF;(u)NF;(v) # NF;(uv).

Proof. Assume that 1 < 7 < X is such that NF;(u)NF;(v) € RED(T;). We
only consider the case that NF;(u)NF;(v) = srifr;,1t for some s,t € M[K].
Due to the dependencies between nonempty suffixes and prefixes of r;, £, and
riy1, we obtain one of the following three diagrams (where 1’ # ¢ # 7 for

je{i—1,i}):
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NF;(v) || so |7y [ £ ]|t NF;(v) ||[e| € |e |7 |t
NF;(u) || s1 |7y |e| € |€ NF;(u) || s |rmie1 [ €] 7 | &1
Is Triea [£]ri[ 2] lslria [£]r]¢]

— [ —

NFZ(’U) S92 15 EQ T; t2
NFZ(’U,) S1 | Ti—1 El 9 tl
Is Tri [ €fr] ]

Since every r; starts and ends with b, it follows that (s, b) € I (resp. (¢1,b) €
I) in the first and third (resp. second and third) diagram. Let 7 denote
the homomorphism that projects onto the subalphabet {a,@,b,b,c,¢,k, k}.
Thus, 7(sg) = 7(t1) = €. It follows that one of the following three cases
holds, where z,y € {a,@,b,b,c,¢,k, k}* and ¢' = 7(£):

e 7m(NF;(u)) = zr and n(NF;(v)) = r'l'r;y where r; 1 =71’

o 7(NF;(u)) = zr;—1¢'r and 7(NF;(v)) = r'y, where r; = rr'

o 7(NF;(u)) = zr;—1¢} and 7(NF;(v)) = lyr;y, where £ = £/},
But then there are also 2',y' € {a,@,b,b, c,¢}* with

e 7(u) =2'r and 7w (v) = r'l'r;y’ where r;_1 = rr' or

o 7m(u) =2a'r;_1f'r and 7(v) = r'y’, where r; = rr’ or

e 7(u) =a'r;_1£) and w(v) = Lyryy’, where £ = £} 4},

The traces z’ and y' result from x and y, respectively, by replacing every
occurrence of k and k, respectively, by ¢ and /', respectively. Thus 7(u) =
x'z1, m(v) = 29, and 2129 = r;_1£'r;. Now assume that this holds for three
different i1, 45, and 73. Then it is easy to see that two of the three traces
ri—1l'r; (j € {i1,142,i3}) have a “long” overlapping, contradicting the fact
that R has no long overlapping. O

Since moreover NF;(u) = NF;(v) implies u = v for all u,v € M[K], we
obtain the following lemma — recall that A > 2d + 1, where d is the number
of equations in the formula y.
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Lemma 5.5.19. Let zj,y;,2; € MIK] for 1 < j < d. Then there exists
1 <4 < X such that for all 1 < j < d, we have z;y; = z; if and only if

Now we are able to prove Lemma 5.5.12: Assume that

A\ i € M[K;]NIRR(R)
Vz € IRR(R)Np™ ' (q) Iy1 -+ Iy { 1<i<m in M[K].
A X(xaylv .. '7yma,&7)

Let s =r9flri£---ry_1 £ry € MNIRR(R). Since p(r;) = 1 and A was chosen
such that |S| is a divisor of A — 1, we have p(s) = p(#*) = ¢* = ¢. Thus,
there exist traces t; € M[K;] N IRR(R), 1 < i < m, with x(s,t1,...,tm, W)
in M[K]. By Lemma 5.5.17 and Lemma 5.5.19 there exists 1 < j < A such
that x5 (NF,(s), NF;(t1),...,NF;(tm), @) in MK, k]. Note that we can write
NF,(s) = s1 k sy for s1,so € MNIRR(R) such that p(s1)gp(s2) = p(s) = gq.
Thus,

A v € MIK;, k] N IRR(R)
Ty IWYm { 1<i<m in MK, k.

A XE(51K82, U1, -+ s B)

5.6 Open problems

Concerning existential theories, the following problems might deserve further
investigations:

e [s the additional exponential summand in Theorem 5.4.10 unavoidable?
e Is Assumption 5.4.8 necessary in Theorem 5.4.107

e Is the existential theory of a context-free (i.e., virtually free) group
decidable? Is at least the solvability of a single equation decidable for
a context-free group? Note that every context-free group is hyperbolic,
but the fact that the existential theory of a torsion-free hyperbolic
group is decidable [184] does not help with respect to this problem: By
a result of Stallings [196], a torsion-free context-free group is already a
free group.
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o [s the existential theory of an automatic group undecidable? At least
for asynchronous automatic groups (see [80]) this is the case, in fact
already conjugacy is in general undecidable for asynchronous automatic
groups [14]. Further results concerning undecidable existential theories
for groups and monoids can be found in [167, 174].

For positive theories it remains open whether an elementary reduction is
possible in Theorem 5.5.3 in case (3, Dy) is not connected. One might also
investigate, whether the positive theory of a torsion-free hyperbolic group is
decidable. Further results on positive theories can be found in [173, 210].

Finally, one may hope to get decidability results for full first-order the-
ories of restricted graph products, like for instance graph groups. One ap-
proach might be to generalize the techniques developed by Kharlampovich
and Myasnikov for solving Tarski’s problem on free groups to broader classes.
We should mention here that elementary decision procedures cannot be ex-
pected for full first-order theories. By a result of Semenov [185], the full
first-order theory of a free group of rank 2 is nonelementary.



Chapter 6

Conclusion

In this work we considered three problem domains for infinite monoids:
e the word problem
e first-order and monadic second-order logic over Cayley-graphs
e word equations and theories of word equations

For each of these three topics we proved new complexity and decidability
results — but many exciting open problems and further research directions
remain (see also Section 3.9, 4.8, and 5.6):

Concerning the complexity of word problems, our results from Chap-
ter 3 mainly apply to monoids. This is not really surprising: It is in gen-
eral much harder to encode computation steps in a faithful way in groups
— a phenomenon, which is also documented by the complicated proof of
the Novikov-Boone-Theorem on the undecidability of the word problem for
groups. In comparison to this, the undecidability proof for the word prob-
lem for monoids is straight-forward. On the complexity theoretical side, this
means that it is in general quite hard to prove lower bounds for word prob-
lems on groups. In fact, some of the results that were shown for monoids
in Chapter 3 are unlikely (under reasonable assumptions from complexity
theory) to hold for groups. For instance, a group that can be presented by a
weight-reducing and confluent presentation is already context-free [62, 128],
hence its word problem can be decided in logarithmic space [171, Thm. 6.8].
Thus, LOGDCFL-hardness, which was shown for the corresponding monoid
case (Theorem 3.3.4), is unlikely, because it would imply that deterministic
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context-free languages can be recognized in logarithmic space. On the other
hand, some of the results from Chapter 3 might be transfered to groups
as well, for instance the P-completeness of the word problem for automatic
monoids (Theorem 3.8.2) may also hold for automatic groups.

We studied theories of Cayley-graphs by investigating more general classes
of structures, in particular infinite graphs. During the last years, infinite
graphs and their logical properties received a lot of attention in the verifi-
cation community, see [30, 36, 205] for an overview. Infinite graphs are the
canonical model for systems with an infinite number of system states, like
unbounded stacks, unbounded communication channels, or systems defined
by unrestricted parameters: Nodes represent system states and edges repre-
sent transitions between them. Our results from Section 4.3.4 on graphs with
decidable MSO theories can be seen as a contribution to this research direc-
tion. Moreover, due to their generality, Cayley-graphs of infinite monoids
may be in particular useful for the specification of infinite state systems:
It is well-known that the theory of finite automata can be based on finite
monoids — monoid elements are states and transitions between them result
from right-multiplication. If we replace finite monoids by infinite monoids in
this approach, we obtain basically Cayley-graphs of infinite monoids, which
can therefore be viewed as an infinite version of finite automata. In this
context, closure results in the spirit of Theorem 4.7.5 are in particular use-
ful, because they allow a modular specification and verification of system
properties.

Word equations are a very general concept, and recently found applica-
tions in several other fields. For instance, in [179] it was shown with the
help of word equations that the problem of recognizing string graphs is NP-
complete. This problem was open for more than 20 years and has applications
in graph drawing for instance. By extending the fundamental decidability
results of Makanin [131, 132, 133] and at the same time improving the com-
plexity of the corresponding algorithms, the range of further applications
will be certainly extended. Concerning complexity, the major open problem
currently, is whether the solvability of word equations in a free monoid is NP-
complete. NP-hardness of this problem follows easily from the NP-hardness
of integer programming, thus it remains to prove membership in NP.

The investigation of word equations may also benefit from a better un-
derstanding of Cayley-graphs. In Section 5.6 we asked, whether solvability of
equations over context-free and automatic groups, respectively, is decidable.
In order to answer these questions, it might be helpful to study the Cayley-
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graphs of the corresponding groups in more detail — an approach that was
applied successfully in [168] for instance.
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