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Abstract

In the report, the problem of optimal allocation of Distributed Multimedia Applications
(DMA) into Distributed Computer Systems (DCS) is examined. We are given precedence
graphs representing topologies of the DMA and data streams between components of
DMA. Nodes and arcs of the graphs are weighted by the computational and communica-
tion resources needed to meet quality of service requirements of DMA. A special-purpose
precedence graph model is proposed to present the structure of DCS including computers,
virtual channel connections and communication resources of DCS over which the chan-
nels are routed. Nodes and links of the graph are weighted by the computational resources
and capacities of communication resources available to mapped DMA.

An approach, based on the solving two kinds of the mapping problem, is proposed. The
first one is formulated as a nonlinear integer programming problem with cost function
under constraints on DCS resources available to mapped DMA. If the first one has not an
acceptable solution, then other problem, formulated as minimax nonlinear integer one to
find the DMAIlocation into the DCS with minimum DCS resource gap, is solved. To solve
both problems, effective algorithms based on the branch-bound method are proposed.
Computational efficiency of the algorithms is examined and illustrated by numerical
examples.
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1 Introduction

Recent technological developments in high speed networks and multimedia workstations have
given rise to entirely new classes of distributed applications such as distance learning, desktop
videoconferencing, remote multimedia database access and so on. Multimedia systems combine
a variety of information sources, such as voice, graphics, animation, images, audio, and full-
motion video, into a wide range of applications. Research and development efforts in multime-
dia computing can be divided into two groups. One group centers on the stand-alone multimedia
workstation and associated software systems and tools. The other combines multimedia com-
puting with distributed systems. Potential new applications are based on distributed multimedia
systems [1].

1.1 Framework for DMA implementation

A distributed multimedia application (DMA) needs a convenient framework for its implemen-
tation in a distributed computer system (DCS). One successful approach is the CINEMA (Con-
figurable INtEgrated Multimedia Architecture) development platform providing abstractions
for dynamic configuration of DMA and for arbitrary complex stream synchronization require-
ments [2].

Distributed multimedia applications (DMA) are employed to generate, process and consume
(e.g. present) continuous (e.g. audio, video) data streams across distributed locations into com-
puter network.

CINEMA allows a client to compose an application out of components and links as one or some
data flow graphs. A component is an individually schedulable unit (e.g. by mapping to a thread).

In the graph the nodes represent components, while links (arcs) represent the data streams
between components. The streams may have different rates. A component accesses the data
units of streams via ports.

Further, the initial configuration may be dynamically changed during run time as need. Dynamic
configuration of DMA allows to take into account changes of available resources in distributed
computer system (DCS) and changes of the required quality of service the user asks for at run
time. Moreover DMA are often highly dynamic in the sense that users may join and leave the
application during run time that causes necessity of the reconfiguration of DMA without session
interruption. On the other hand, DCS is a dynamic system with set of different changeable DMA
executed, changeable available computational and communication resources for allocation and
execution of a new DMA.

Components encapsulate processing of multimedia data, e.g. for generating (source compo-
nents), presenting (sink components) or manipulating (filters and mixers) data. To provide a uni-
form data access point for the components, ports are used that deliver data units to the compo-
nent (input port) or take the data units from the component (output port). A component designer
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has to associate with each component port the streamtype to be used making all related infor-
mation available at the port. A client constructs an application by specifying a topology of com-
ponents interconnected via links. A link provides an abstraction from underlying communica-
tion mechanisms which may be used to perform the transport of data units.

A data flow graph may be arbitrary distributed over several nodes of a distributed computer sys-
tem. Components are configuration independent, which means that their internal logic is inde-
pendent of the configuration they are used in.Thus, from the client’s point of view, there is no
conceptual difference whether two adjacent components run either on the same computer-node
or on different computer-nodes connected by a remote link.

Before using an application, a client has to specify desired QoS (Quality of Service) to CIN-
EMA with respect to output data generated by sink components (e.g. presented video frame size
and rate). Client requests are related to sink component ports, assuming that the client has
knowledge about sensed output QoS and corresponding media specific QoS required as input to
sink components.

CINEMA offers the concept of a session allowing the client to specify the application to be
instantiated and the QoS expected with respect to output generated by sink components. A ses-
sion is the unit of resource reservation and QoS negotiation. By creating a session, a client
causes the CINEMA system to reserve the resources that are needed to guarantee the specified
guality of service requirements. After a session has been established, the transmission and pro-
cessing of multimedia data may be started.

A session encompasses parts of the data flow graph which is defined by a client. Its actual exten-
sion is defined by specifying a set of source and sink components. Intermediate components and
interconnecting data paths are determined from the data flow graph by the CINEMA system.

In CINEMA, a new protocol type termed negotiation and resource reservation protocol NRP is
proposed. NRP is carried out by a corresponding protocol engine (PE) in three phases during
which (in phase 1) the so-called application flowspec (AFS) available at the sink port is propa-
gated towards the source components for resource reservation, (in phase 2) AFS from source
ports propagated back to the sink to prepare resource relaxation, and (in phase 3) resource res-
ervation are relaxed while propagating the AFS towards source again.

Thus, general framework supported by CINEMA session is following.

1. Constructing and specifying by client an DMA (data flow graphs) and QoS with respect to
consumed data.

2. Checking the logical correctness (agreement) between application specification and QoS
requirements taking into account limited functional capabilities of components. (For
instance, all components connected to an output port of the same mixer have to get a picture
with same characteristics of size, rate and so on. Two interconnected component ports have
to be associated with the same streamtype. A limited resource availability of any compo-
nent or intermediate link affects QoS to be provided by all other components or links and
SO on).
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3. Mapping media specific parameter values (e.g. video frame size and rate and so on) to com-
putational and communication resource requirements that agree QoS requests of client.

4. Mapping weighted data flow (application) graphs of DMA to DCS taking into account
required computational and communication resources of DMA and, on the other hand,
available computational and communication resources of DCS, and cost expenses of DCS
resources that will be reserved.

5. Resource reservation in DCS by NRP protocol.

Return(s) from each of these 5 stage to previous one may be needed depending on result
obtained on the stage.

The paper deals with the problem 4 of mapping a DMA to a DCS.

1.2 Mapping problem

A DMA can be represented by one or some application precedence graphs [2]. In an application
graph (or simply DMA graph), nodes represent components that are interconnected by arcs rep-
resenting data streams between components. Each component is associated with at least one
device that produces (a source component) or processes (an intermediate component - filter or
mixer) or consumes (a sink component) data streams. Each node of the application graph is
weighted by computational requirements of the corresponding component and each arc is
weighted by the channel capacity needed for remote communication between adjacent compo-
nents. Media streams can originate at multiple sources, traverse a number of intermediate com-
ponents and end at multiple sinks.

The DCS considered is heterogeneous and consists of computers (workstations) communicating
with each other through point-to-point physical link, local area network(s) (LAN) and/or wide
area network(s) (WAN). For every DMA, the part of the DCS that will always be considered
consists of computers each of which can be used for executing the functions of one or more
components. The communication structure of a DCS is described by a system oriented graph
(or simply DCS graph). In the system graph, nodes represent computers that are interconnected
by arcs representing virtual channels of the DCS. The DCS graph includes weights per nodes
(values of available computational resources and cost functions for such resources) and per arcs
(values of available channel capacity and capacity cost functions).

The mapping problem has been thoroughly investigated for parallel systems [3]; if usually
arises when the number of computational modules required by the application exceeds that of
processors available, or when the interconnection structure of the application computational
modules differs from that of the parallel machine [4,5]. In [6], the mapping problem is defined
as the assignment of modules to processors and maximizing the number of pairs of communi-
cating modules that are allocated to pairs of directly connected processors. It is shown that the
mapping problem is equivalent to the graph isomorphism problem, or to the bandwidth reduc-
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tion problem. In either case, an exact and simple algorithm for the mapping problem is
extremely difficult to develop. Research in this area has concentrated on efficient heuristics
which give good solutions in most cases [3 -6].

The problem of mapping a DMA to a DCS differs from the one mentioned above in the follow-
ing: a) a DCS is heterogeneous, b) the relevant part of the DCS network with computational and
communication resources available may not be fully interconnected, in particular because of the
channel utilization by other currently performed applications, ¢c) communication is performed
via data passing between the computers through a point-to point channel, local and/or global
networks by using access to channel resources belonging to an adjacent computer pair or shared
by some computer pairs connected to the same transmission media, d) the purpose of the DMA
allocation scheduling in a DCS is to minimize the cost of DCS resources used for the DMA allo-
cation, provided the DCS provides resources for the DMA needed to satisfy the quality of user
service requirements.

Mapping a DMA to a DCS can be used to provide two kinds of service: an advance reservation
service and an immediate one [10]. In the first case the provider has to do some planning for
future allocations using two time parameters of the client request - the starting time and the
duration of DMA. The mapping server takes into account all accepted requests of advance ser-
vice, time parameters of which are overlapped by the ones of the arrived request. The mecha-
nism of interval tables [10] can be used to determine resources of DCS available for the DMA
request. Such advance reservation service mode allows to assume that the utilization state of the
DCS will be not changed in the future interval of the DMA execution and therefore mapping
server deals with the static state of DCS resource utilization.

The immediate reservation service has to do in the real-time mode. The mapping is made during
the session establishment phase and is adjustable depending on the current utilization states of
the DCS computers and channels.

In the paper a mathematical formulation of the mapping problem is considered. Algorithms for
its solution is proposed. The algorithms can be used for an advance reservation service and, after
some modifications, an immediate ones.

In section 2, the graph models for DMA and DCS resource specification as input data for map-
ping problem are presented. In section 3, an approach to the mapping problem solution is pro-
posed. In section 4, problem formulation of the mapping a DMA to a DCS is presented. In sec-
tion 5, pre-starting procedure for locating attached (source and sink) components of DMA onto
DCS are examined. In section 6, some algorithms, based on the branch-bound method, for
obtaining the optimal location of DMA onto DCS are considered. In section 7, a problem for-
mulation and an algorithm of reduction procedure, based on the branch-bound method, for
obtaining a feasible location of DMA onto DCS with minimum resource requirement relaxation
are presented. Reduction procedure is performed if available resources of DCS can not meet
resource requirements of DMA. In section 8, numerical examples are used to demonstrate the
algorithms and to evaluate its computing efficiency. In section 9, conclusions about this
approach and its use for DCSs are discussed.
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2 Graph models for DMA and DCS specification

2.1 Parametrization of DMA graph

Let us consider a DMA graph and determine the values of node and arc weights.

Every node is weighted by computational requirements of the corresponding component of the
DMA. Let A, denote the arrival rate (messages per second) of input data streams to component
i in the DMA graph. To process every message, component Needs  processor operations.
Let C; denote the component computational requirement (operations per second). To exclude
computer saturation, it is necessary tigt>A,V, . In this case we get utilization factor
p = A,V,/C; for computer with virtual processor spe€d . To calculate the component com-
putational requirement, we must construct a model for computer performance evaluation and
take into account the quality of service parameters of the DMA. For instance, if we use the sim-
ple classic M/M/1 queueing system model and acceptable meanTjelay  of a message in the
component , then the computational requirement of component, #sV, (1+A,V,) /T,

On the other hand virtual processor sp€ed  is a function of real processor speed and values of
main (high-speed) and disk memories used for storage and distribution of program modules and
data.

We could use more detailed and exact models for computer performance evaluation, for exam-
ple [7]. For the present, it is important that we can weight every node of the DMA graph by
computational requiremed®;  of the corresponding component.

Figure 2.1. An example of DMA graph
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Every arc(i,j) inthe DMA graph is weighted by capacity requireﬁmjnt (bits per second)
that can be calculated similarly to component computational requirégnent

An example of a DMA graph is presented in Figure 2.1. The topology of DMA is composed of
three source-componerasb, ¢ connected to two mixing compodents e and last of which
provides data streams to two sink componénts gand . Numbers at nodes and arcs denote com-
putational and communication resource requirements respectively.

2.2 Parametrization of DCS graph

Let us now consider a system graph of the DCS. Every node is weighted by computational
resourceR ~ available (operations per second) and cost fun€tioxjs of used computational
resourcex .

If B, is the total computational resource of computer inthe DCSand s its computational
resource already used by all applications processed in the DCS, then the computational resource
available of computen iR = B —b,

The system graph representation of the DCS shows posgstlkel channel connection®&/C)
between the computers of the DCS. AMEa direct oriented logical connection between two
computers (endsystems) with some assigned capacity. A VC is routed over one or more com-
munication resources of DCS (physical links, networks) to achieve sender-computer to
receiver-computer connectivity. Bycommunication resource of D@ shall basically mean
maximum aggregated physical communication unit of DCS that is characterized by bandwidth
(capacity), transmission direction and is used for connecting at least one computer pair of DCS.

1] [ 2] [ 3L{ 4 1\

| | | 3™ 4
R

LAN
a) 2 )//b)

Figure 2.2,a) DCS example,

b) Representation of computer connections
by VCs in the system graph

1 A VC concept is similarly to virtual path concept in an ATM network [8] excluding that here it is used to the
application level.
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For DMA mapping problem we consider only such VCs each of that includes only two comput-
ers of DCS, first one as a sender and second one as a receiver, and is not routed over other com-
puters, as intermediate ones. For example Figure 2.2 presents the DCS structure and system
graph using acceptable VCs. A VC begins from the output interface of a computer-sender and
ends at the input interface of a computer-receiver, i.e. a VC includes the interfaces of the end-
systems.

The available capacity of a VC is equal to minimum available capacities of all DCS communi-
cation resources over which the VC is routed. Agt  be the capacity of DCS communication

resources p,.,, be the set of DCS communication resources used iy Mg from com-
putern to computem of DCS. Then the available capacity of thg V@n) is
R, = min{A,sOp, } (2.1)

Let us consider following basic kinds of computer connections:
by an individual point-to-point (physical) channel,

through a wide area network (WAN),

through a local area network (LAN).

In the first case (see Fig. 2.3) the capacity of the point-to-point physical channel belongs to the
pair of computers connected by this channel. However the capacity of output and input inter-
faces of each computer are shared by all VCs routed over the output and input interfaces of the
computer.

Therefore, if

A, Is the available capacity of the channel in direction from computer  to computer

1°“" /'™ are available capacities of the output and input interfaces of commputer
then the capacity of V@Gn, m) available for the mapped DMA is

n''n
out ,in

R =min{ 1T A 1} (2.2)

In the second case (computer connection through a WAN, see Figurte 2.4) the system graph rep-
resentation is similar to one shown in Figure 2.3,b. Formula (2.2) can be used also Byt here
denotes the throughput of the WAN from network access point of computer to one of com-
puter m . To calculate the throughput of gigabit networks, the relation between latency and
bandwidth must be taken into account [9].
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Anm
point-to-point channe
Amn
Computer m
a)
+ + VC (n,m), R + +
— 1 Myl 1
<—++< VC(m’”)’Rnn ++<—
b)
Figure 2.3, a) Computer connection by point-to point physical channel,
b) Representation of computer connection by VCs
in the system graph

| in
m

| out
m

Computer m

Computer n

Figure 2.4. Connections in the DCS through wide area network

In the third case the capacity of the LAN transmission (see Figure 2.5) line does not belong to
any pair of computers but is distributed among all computers of the LAN. The LAN provides a

virtual channel between any pair of computers. Therefore, a system graph for the LAN is a log-
ical graph representing all possible VCs between computers connected to the LAN (see Figure
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2.6). Available capacitA of the LAN transmission line is distributed among all data-exchang-
ing computer pairs. Therefore

0< ¥ R <A,
(rzm) nm
R = min{ I 1" A} (2.3)

Capacity A is available for every possible VC in the system graph. It means that if the capac-
ity available of the LAN, for example, is decreasedaby , then the capacity available of every
possible virtual channel witR, = A decreases by the same ®alue , too.

Note that interfaces of computers are distributed among all channels routed over the interfaces.

Therefore for every interface of a computer routed by some VCs the following capacity con-

straints have to be satisfigiR, < Iﬁm, S RinS 1
m m

1
1 2 3 4
YA viA vi vy 4 2
A LAN
a) b) 3
N PR
P

> 2

vg)//'c)

Figure 2.5,a,b) Connections in the DCS through local area network,
c) Representation of computer connections by VCs in the system graph

410N

Figure 2.6,a illustrates a more complicated case of the DCS structure that can be represented by

the logical system graph in Figure 2.6,b. Here the capacities available for every computer pair
connection are the following: R, = min{ 17", 13, AN

. out in ,LAN1 ,WAN ,LAN2
Rig=min{ I ", 15, A AT A } , etc.
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Further every ar¢n, m) of the system graph represents correspondirig,\'§) of DCS and
is weighted by available capacity, =~ (bits per second) and communication cost function
9,m(x) ofthe VC (n, m) .

1 2
Ay by

LAN1

|

LAN2 I I
Ay Ay LAN1 :WAN : LAN2
3 4 ' '

a) b)

Figure 2.6, a) Communications in the DCS through some differnet networcs.
b) Representation of computer connections by VCs in the system graph

Let us consider an example of system graph construction for DCS depicted in Figure 2.7. DCS
iIs composed of two LANs Ethernet, WAN and endsystems.

Points indexed by 1 and 2 denote points through which LAN1 and LAN2 are connected to
WAN. Points 3, 4, and 5 denote WAN access points for LANs and computer

Suppose, that each of LANs has bus with transmissiorCraté0 Mb/sand physical length

= 0.8 Km length of network packét= 1 Kb. Assuming the signal propagation delay equal to
5 mcs/Kmwe get one for the bys = 5L =4 mcs/Km Then the packet deldy= I/C = 100
mcsand maximum throughput of the LAN Ethernet is determined by formula\£3T / [1 +

(2e + 1)p/t] = 8 Mb/s Suppose that LAN1 has, = SMb/s and LAN2 has = 6Mb/'s of
available capacities for a DMA location.

Let us assume that WAN access points 3, 4, 5 have available capégites3sMb/'s ,
A, = 10Mb/s andA; = 20Mb/'s respectively.

In Figure 2.8 the DCS is represented by the system graph. The points on links indexed by num-
bers correspond to access points to communication resources of DCS. (We shall name the points
shortly commpoints). The commpoint representation in the system graph is useful to compute
available capacity of every virtual channel connection using formula (2.1). For example, capac-
ity of channel (A,C) iR, = min{ A,A; A} = 3Mb/s .
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A 0 - D

LAN 1
\3

LAN 2 5
®

| [ - [ (9

Figure 2.7. An example of DCS topology

Figure 2.8. DCS graph representation with commpoints

13
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Preliminary analysis of commpoint capacities allows to simplify DCS graph and further capac-
ity computations. For example, summary capacity of all virtual channels routed over access
point 4 (line of all commpoints 4) is less than capacity of the access point, i.e.
RactReatRgctReg = MIn{ A, Ag Ayp = Ag = 3,

Roc+Rep+ Rt Reg = min{ A, Ay At = A, =6,

and consequently

Ract Reat RgctReg tRec Ree #+Rpe +Rep = Az +A, = 9<A, = 10,

Therefore we can discard commpoint 4. In the same way commpoint 5, for which
min{ A, Ay, Agt = Ag, min{ A, Ay, Al = A, A+ A, = 3+6 = 9<A; = 20, can be
discarded too. In Figure 2.9, the final system graph is presented. Commpoints 1, 2, 3 corre-
sponds to DCS communication resources of LAN1, LAN2 and WAN respectively.

Assuming that available resources of computers are
Ry =5R; =4,R. =6,R; =8 R =7, one can represent initial values of DCS
resources available to mapped DMA by following maRix

o|®|lo|w|®w O
N o|lo|w| Wl m

wlw|lw|ala| »

W W|lw| || m

o|lo| O Ww|lw| O

m o O|®m®| >

(2.3) .

Note that capacities of virtual channels are interdependent through common communication
resources used (see Figure 2.9).
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Figure 2.9. Final DCS graph representation with commpoints

3 Approach to the Mapping Problem Solution

An approach proposed consists of following procedures (see Fig. 3.1):

1. Attached Component Location Procedure for locating attached comri'omfeleA onto

DCS.

If not all attached components can be assigned because of a gap of DCS resources then
Reduction Procedure is performed as next one to obtain a relaxed solution for DMA allo-
cation.

1

For such component there is only one particular computer that the component is assigned to. Such components
are called attached ones. Generally, set of computers on which a component can be assigned depends on whe-
ther the computer configuration has devices and resources required to perform multimedia functions of a certain
component type. On the other hand, source-components and/or sink-components can be assigned to certain
computers in advance. Then the components are attached ones too.



3 Approach to the Mapping Problem Solution 16

Attached Component
Location Procedure

Y

¥

Optimal Solution Procedure

Forward Procedure

SubAlgorithm 1

SubAlgorithm 2

v

Roll-back Procedure

5

Reduction Procedure

Figure 3.1. Scheme of the approach to mapping problem solutipn

2. Optimal Solution Procedure.
The procedure obtains the solution of the mapping problem with cost objective function
and unrelaxed resource requirements. This procedure uses Forward procedure, that exe-
cutes component assignments, and Roll-back Procedure, that allows to look possible com-
ponent assignments over. SubAlgorithm 1 and subAlgorithm 2 solve relaxed subProblems
of computing bounding functions used in the branch-bound method.

3. Reduction Procedure

The procedure is performed only if DCS resources available to mapped DMA are not
enough to meet resource requirements of DMA. The procedure obtains the location of
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4

DMA that guarantees minimum resource requirement relaxation for components and links
of DMA.

Problem Formulation

We are given

application graph of DMA with
set of nodes (components)
set of directed arcs connecting components with each dtke (i,j),i,j O n} ,

set of required computational resources for compongdtsi [1n} and required commu-
nication resourceg dij, (i,j) A}y -,

DCS graph with
set of nodes (computer§)

set of VCs (or simply channels) connecting computers with each other
m={(n,m,n m0d¢,

set of available (vacant) computational resources of comp{fersn [ (} ,
set of communication resourcps in the BCS

set of communication resources of DC§,, used by changel m) :
PP U Ppme

set of cha(mnels;rs routed over shared communication resslrge D M, =T ,
set of communication resource capacities available to mapped ,DJ,\/MD p ,

set of resource cost functions for computef$ (D), n0(} and for channels
{9m(D), (n.m) Oy},
set of acceptable locations of every component in the PGS [ n} ,

The solution variables arg,, suchthgt = 1, if comporient is assigned to computer
andx, = 0 otherwise.

Then the Original Mapping Problem is

I:(Xin) = minxin{_g ;Xln n(d) +( zﬂ?\( ZD XlnXngnm(dlj) b, (4D
[ i n,m O

gnm(dij) = gs(dij)
SUT,m

1

Interfaces of DCS computers can be also included intp set
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subject to
; x, =100 0n (4.2)
nug;
g X d <R, On¢ (4.3)
2 zm XinXmdij < Ag Os p (4.4)
(n,m O (i,

whereg, . (d) is the cost function for channgl, m) g, =0 nif=m g; >0 nizm
and(n,m Om;g,,, = if(n,m OmorR =¢ 20.Here _ isthe available capac-

ity of channel (n, m) O 1t that is not enough to satisfy a resource requirement of any arc of
component grapkg . <min{ Dij} ;

In this formulation, objective functioR  minimizes the summary cost of computational and
communication resources used for the DMA allocation in the DCS. The first term in the objec-
tive function identifies the cost of resources of computers that components are assigned to. The
second term represents the cost of communication resources of channels on which DMA arcs
are placed.

Constraint set (4.2) guarantees that every compariemg will be placed into the DCS and
only onto one computer.

Constraint set (4.3) guarantees that resources used by components assigned to a computer do
not exceed the available resource of the computer.

Constraint set (4.4) guarantees that capacity of communication resource in DCS used by all
DMA arcs placed on resouree do not exceed the available capacity of the resource.

Analysis of the objective function and constraints of the mapping problem (4.1) - (4.4) shows
that it is, in general, a nonlinear integer programming problem with Boolean variables.

5 Procedure for Location of Attached Components

Let us present an additional notation of variable sets used further:
r]a be the set of components assigned to compu‘;gr@,n ;
r]u be the set of components that are not yet assigned to comntﬁ'tenrsn\na
n, be the set of components assigned to comppLite¢ D r]n = r]

c(i) be the function returning the index of DCS compmt@rz to which component
i r] Is assigned,;
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¢ ﬁnuﬁ be the set of computers on which compom@mqu may be assigned provided that
components of the na = r]\r]u are already allocated in the DCS,

Lyl
M '00g¢,(m),n"On;
Zﬁnuf be the set of computers that are acceptable for component locations provided that

L1

components of thqal = n\n" are already allocated in the [i(lfﬂuﬁ = [ Zimui ,
{m'80¢(n) . n"oOn. o’

A% be the set of DMA arcs already assigrk?jD AL

A" be the set DMA arcs that are not yet assighéd,: AN ;

A, be the set of DMA arcs assigned to DCS charfngin) O 1t ;

A, be the set of DMA arcs assigned to communication resowscep ,

As= L Ay
(kr)n mOomn .
AR, be the available capacity of chanr{@l, m) ;

The algorithm of the procedure is as follows:

1. Initializing work variables:

2. Assigning attached components and their adjacent arcs:

for every attached componeint
. .. a a— .. u U . .
ARC(i) [ ARC(i)—di s Ne iy 0 Ne (i) 0 ||,_|r] O B Oi; ndn\i;
for every output ardi,j) OA" such thet O n°g0 (c((i) 2c(j)))
ANOND @) A O ANGD S Agyen D Megye O )
for every communication resouree] Pe(iye())
AO A DO (i,j) s AAO AAS—dij; |
for every input arc(j,i) O A" such thﬁ O r]aDD (c((i) £c())))

1 We treat that a DMA arc is assigned if it is located into a DCS channel or components, connected by the arc,
are placed into a same DCS computer. The last case we call as arc absorption.



6 Optimal Solution Procedure 20

MO ND @A D ANGD 5 Aoy D Aegye O (h)
for every communication resoureé] Pe(iyc(i)
AsO AO (i) s AAD AA—dy;;
3. Computing capacities of DCS channels:
for every channe(n, m) O m
AR, = min{AA, OsOp, .}
4. Checking a resource gap of the DCS and computing=cost  of such assignments:
If resources of DCS was enough for allocation of attached components, i.e.
AR,z0,0n0¢ andAA,=0,0s0p
then computing initial value of the cost function

Z fc(r) (d) + Z e (iy e (j) (dij) and go to Optimization Procedure

(i,j) OA®
elsego to Reduction Procedure

6 Optimal Solution Procedure

The procedure obtains the optimal solution of the Original Mapping Problem (4.1) - (4.6) with
cost objective function and unrelaxed resource requirements.

6.1 Problem Solution Technique

A solution technique proposed is based on a branch-bound method [11]. Performance of the
method can be represented by a directed search-tree (see Figure 6.1). The vertices of the tree
correspond to the subsets of completeSet x= £ 0 ariLln,OnO( } of possible
DMA locations into DCS. The vertices are partitioned into levels in the following way:

There is a single vertex of level O (called the root of the tree) which corresponds to the complete
setS consisting op' ™ elemertswvherel = |n| is number of components in DMA and
N = [{| is number of computers in DCS.

To construct the level 1 of the tree, we must first choose a component, for example indexed by
1. The level 1 containd  vertices denoted by (1,1), (1,2),..., (1,N). The first one corresponds to
the subseS(L 1 o8 forwhick,; = 1,x;, = 0,%X3=0,...,x, =0 ,i.e.componentlis
assigned to compute 1. The last ver{dxN) of level 1 corresponds to theSH%et S of
for whichx;; = 0,x;, = 0,%X;53 =0, ..., Xy = 1, i.e. component 1 is assigned to computer

Lon accordance with constraint (4.2), every component can be placed into only one computer. Therefore set

consists oiN' feasible elements.
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N. We have, evidenthys, » 0S n=1N .Subseg ,,n=1IN forma partition of set
S. We say that we have ‘branche&sl’  with respect to the component 1.

Level O

S
Sa,1) )// (LN)  Level1:
possible placements

of component 1

/ Level 2:
/ (1 (2. possible placements

of component 2
;,“/ <y \\ et

Level I:

possible placements
/@ @ - @ - @ of component |
7

S1,n)(2,n)...(-1,m)(L.N) Sa,m2.n)...(-1,m)(I,N)

Figure 6.1. A search-tree of the branch-bound method

In the same way for every vertex of level 1, we construct level 2. In Figure &J(lsr%t IS
branched with respect to the component 2 and obtained S@?§%S(2 m M = 1N , form a
partition of seiS(1 NE

The lowest level of the tree corresponds to placements of the last component of DMA.
Every subset of terminal vertex of ledel corresponds to a single elem&nt of and determines
one of DMA placements. The placement is determined by all vertices intersected by the branch
joining the root to the terminal vertex. For example vertexN) determines DMA placement
Xin = L%y = Lo X g = Lo X = 1,4 otherx,, = 0 .



6 Optimal Solution Procedure 22

To find the optimal solution of the mapping problem of important size without having to con-
struct complete search-tree, the concept of bounding function [1] is used.

We present a branch-bound method, that take into account peculiarities of the mapping problem
(4.1)-(4.4) by choosing

(a) the bounding function,
(b) the branching vertex at each stage,

(c) the component (variabledn ) relative to which the branching of the chosen vertex has to
be done.

Let us examine these three points.

At each stage of an algorithm for every terminal vettex of the search-tree, we construct a lower
boundB, of objective function (1). For the choice of (b) we use the so-called ‘depth first search’
method [1], which chooses a vertex of maximum depth among those vertices not yet branched.
If there is more than one, then one could choose that which corresponds to the lowest bounding
value. This method aims at exhibiting a (good) solution of the problem as soon as possible. Then
value F_ of the got solution is used for narrowing the domain of optimal solution search by
rejection of those vertices  for whidh >F_ . By limiting, at each stage, the computation of
the bounds to the successors of only those veltices for \Bhﬂ:ﬁs , a considerable reduction
of the number of vertices actually examined can be obtained, a reduction sufficient to deal with
problems of a fairly large size.

When a terminal vertex with objective function valkg of a DMA location into DCS is
reached, one attempts to improve obtained solution by choosing and branching terminal vertices
with boundsB, < FS . The consideration of such terminals is started from the terminal vertex of
the obtained solution towards the root of the search tree. This approach aims to improve the
solution as soon as possible and, using the improved solution, allows to decrease the set of ter-
minal vertices examined at upper levels of the search tree.

Every obtained solution is checked whether it is optimal. An obtained one is optimal if

» the bounding value for a terminal vertex of the lowest ldvel s satisfied to equality

F. = By, whereBO is an initial value of lower bound for the root of the search-tree,

 or all terminal vertices of all levels have bounding valBes F
For the choice of (c), two approaches are presented:
* oneis based on a fixed ordering components is presented;

» other is based on the so-called ‘penalty’ method that associates with evefy, pair -
acceptable location of not yet assigned component to computer - a npynber equal
to the penalty if this assignment will be not done. If the branching is then carried out relative
to the pair(i,n) associated with the largest penglty  , then one obtains two new subsets,
one of which has a much better chance of containing an optimal solution than the other.
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In some way it is a question of the ‘most informative and quick’ choice. It leads to minimizing
the risk of having to explore in vain a branch of the tree while the optimal solution is contained
in the other branch.

Further, we refer to the first algorithm based on the fixed ordering components as Ord-Algo-
rithm and to the second one as Penalty-Algorithm.

Computational efficiency of algorithms, based on the branch-bound method, depends on an
accuracy and computational complexity of a method for construction of an objective function
bound for vertices of the search-tree. The accurate is the method the more unpromising branches
are rejected during an optimization procedure. However increasing an accuracy of bounds
causes increasing the computational complexity.

Let us consider the construction of an objective function bound for every vertex of the search-
tree.

Assume that some componems and arcs connecting thelruwnh each other are already
assigned. Using formula (4.1), one can computes the placemeﬁtogn]s%j for these compo-
nents.

The cost is an exact partial of the complete Eost Fom D+ FlDr] D , \MﬁglflﬁuH is the
cost of placement of other componenf's and their arcs that are not yet assigned. To construct
a lower bound3 foF, , we propose an approach based on a search of independent best place-
ment (with minimum cost) of every unassigned component into DCS taking into account only
available resources of DCS not used. Then for every vertex one has to examine not more than
N acceptable placements for every yet unassigned compidﬁeﬁi . Therefore for every ver-
tex one has to examine not more t r]u| <N0O placements of individual components. Sum-
mary number of component placements examined is not moreé\thhnV , Where is the
number of vertices examined in the search tree.

Thus solving the mapping problem is advantageous if number of examined Vértices is con-
siderable less than summary number of vertices in the search-treé,«il‘dg. . Value of
depends on an accuracy of lower bound construction.

Two methods of independent component placements are proposed:

» the first one (see Figure 6.2,a) bases on a placement of a component with his adjacent arcs
and components that are not yet assigned,

» the second one (see Figure 6.2,b) bases on a placement of an unassigned component only.

Evidently, the first method is characterized by more exact b&nd  construction but more
tedious complexity of bound computation too. However it allows to take into account resource
requirements of adjacent arcs and components. Therefore it rejects more unpromising vertices
in the search-tree and can obtain a considerable reduction of the number of vertices actually
examined.

On the other hand, the second method can be useful for the case when channels of DCS have
the same cost and DCS has sufficiently much communication resources such that constraints
(4.4) have a faint effect on the problem solution.
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DMA graphs

DCS graph

Figure 6.2. Mapping a DMA component to DCS
a) with his adjacent arcs armbmponents or

b) without ones

Further we consider in detail the first method of bound construction which is more general.
Now let us examine constructing the search tree.

Suppose that, for any terminal vertex of the search-tré’lés nl component assignments
(n, N0 ) have already been madg r]n = r| . The DMA arc assignments to DCS

channels(A,, (n,m) Om) , D )\(n m - =A% depends in a unique fashion on the

(n, m
component assignments. On the other hand, having the arc assignments to channels, one can get

corresponding arc assignments to DCS communication res%ﬁ ces [ )\nm, sO p%

Thus, components of sef have already been located and computer%@nf set are accept-
able for location of not yet assigned componemlsr] . This means that every computer
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LJ ulJ :
nQ ZDr]uD has enough resources to locate at least one of comp(i)nient*s . For terminal ver-
tex (n,, n0) , the Original Problem (4.1)-(4.4) can be rewritten as follows:

Ll all L L L all L] uld
F = Foin"0+ F,tn\n"0 = Fotn "0+ Fy,' 0 (6.1)
0 all D Ul
Fon O= Z Hea (d) + ; | gc(i)’j(dij)g (6.2)
ion*g g bout(i)p 0
0 ana O
guo_ . 0O O 0.0 001
Flm 0= mmX.nD XinDMinDn O+ I-in[n anm 6.3
Honnoz (nY O (6.3)

0 ald
Mi,tn O = f,(d) + _D;(_) O, c(j () + _DZ(_) e (jy. n (i) (6.4)
d t()o o

Jjont H Ojon* O
0 ool 1 %
LN 0= 5 (Z XimGnm () + Z > XmImn(di) H(6:5)
t(')Dmmz (n") TO0mO, (0 i
jon JDn
subject to
S %, =1000n" (6.6)
nOdg (n"
L ull
> Xpdi< ERn_. dig = AR (n,),0n0ZmM'O (6.7)
iDI’]U | nn

2 Z XinXjmdjj < A — ZD d = AA (A ,sUOp (6.8)
(n, M O () A (i.J

whereln (i) is the set of components that are adjacent to component and are direct senders
to componeni Qut(i) is the set of components that are adjacent to component and are
direct recipients from the component in the DMA graph.

In formula (6. 1)F0[n D characterlzes the cost of component and their arcs assignments that
have been already doriélm ] Is the objective function of minimization problem for further
placement of not yet assigned componem_tlsn” and their arcs.

Term Mianalﬁ of FEn”H takes into account computational resource cost of compbnent
placed onto computar  and the cost of communications of component with already assigned
componentg [ na . TernilianuH determines the cost of communications of component
with not yet assigned components.
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Constraints (6.6) - (6.8) take into account resources of compharén ), [n [ ZH]”H and
capacities of communication resource8A_(A), s p remaining after pre\}'rq)"ﬂls
assignments.

The factor of 1/2 is used in (6.5) in order that the responsibility for the communication costs
common to the two assignments, component and adjacent compgonent , will be divided
equally between these assignménts

6.2 Problem Relaxation

Let us derive a lower bound & in (6.1) for a terminal vertex that is characterized by vector
of already executed component assignmeftis, n [ ) . The derivation is based on the
assumption that every unassigned compo'néhrt]u and unassigned arcs adjacent to him can
be placed independent of other unassigned ones. CosFBgrrﬁ‘D in formula (6.1) is a con-
stant. Therefore let us derive a lower boun@gﬁ]ug

FEq“E: min { 'y ..} >=

ion"
(s Ua uldy_ U ul
Zqu'”nuai(n“)S'”D” N %— b, 0O,
idn
N U [ all , [
Satn’,n’0 = My, S+ min {L,0n°3 (69)

whereMinHr]aE and_er]uH are determined by formula (6.4) and (6.5) respectively.
Thus the lower bound is

L LI L all L uld L all . L
BN, n'0= Foth O+b,tn'0= Fotn "0+ ¥ Em'nnmmu)smﬂﬂa’rlu%g (6.10)
ign" '

Using lower bouncblHnuHs FlgnuH we can relax the problem (6.3) - (6.8) to two subprob-
lems:

subProblem 1 For every component] r]u , the potential best assignment is deduced by solv-
ing the problem

g

0 a ul . 0 all . uld O
U)S,nm N 0= mmnmzi(n“)DMi“m 0+ mlnxjm{Lin[n % 0 (6.11)

min
nO¢(n

1This approach allows to take into account communication resource expenses, caused by all output and input arcs
of a component, each time when the component is assigned to a computer, and therefore to get more exact value
of bounfing function further.
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subject to'
U ull
d,<AR,(n,).0n0ZM"D

subProblem 2 For every acceptable assignments of comporiemmu to computer

L uld . . . .
nO¢,n O, the potential best placement of unassigned arcs adjacent to the component is
deduced by solving the problem

min

0w . 0
LinDﬂuD: min, {Linmug} =
im

B 0
|:|:|D t(')DmDZ " (')DmDZ(ﬂ) U
0 jon JDn H
subject to
. U uld
for every computem adjacent to computer , len [ [] ZjDr] o
joout(i) n In(i)
z ijdjSARm(nm) (6.13)
jon’
for every communication resource over which output char{meim) and input ones
(m, n) of computem are routed, i.elsOp, Op,, On0 [] (; HHUH :
joout(i) OIn (i)
z Jm it z Z medJI <OAA (A (6.14)
(n,m) 07 op (m ) 070

Thus the bounding functioBH]a, r]uH is computed by formula (6.10) that needs, for every
unassigned component, to solve the subProblem 1 of the potential best assignment of the com-
ponent. At that the solution of subProblem 1 needs to solve, for every acceptable assignment of
the component, subProblem 2 of the potential best placement of his unassigned arcs.

6.3 Forward Procedure

The Forward Procedure executes following key operations:

L The form of objective function (6.11) allows us to argue: if subProblem 1 has solution then constraints (6.6)
will be necessary satisfied else comporient can not be allocated and the correspondirgg verte) does
not contain an acceptable solution. If the vertex is one of level q.ay) (called the root of the directed
search-tree) and componeént can not be allocated, then the original problem (4.1) - (4.4) has not a solution.
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Choosing next component for location.
Examining all acceptable locations of the component.

Computing by formula (6.10) the bounding value for every acceptable location of the com-
ponent using subAlgorithm 1 (see below).

Choosing the best location of the component using the bounding values.
Checking an obtained acceptable component location whether it is optimal.

The Forward Procedure is based on the fixed ordering of component assignments and it's pre-
sentation is as follows:

1.

If there are ‘non-alternative’ assignmérftr components yet unassigned
then
executing the assignments;
increasing cosk, in the value of expenses for such assignments;
If at least one ‘non-alternative’ component can not be assigned
then go to Roll-back Procedure;
If all components are assigrien the optimal solution is obtained; stop.

Ordering and renumbering componemts r]u in decreasing with respegt to (or
f(d;) + z [0 (dij) +9 (dji)] , Wheref andy are cost functions of an arbitrary computer
]

and channel of DCS respectively)

S . . L L
Computing initial bounding value for current state of assignments perf@g@pfl, nuD

in accordance with formula (6.10) using subAlgorithm 1, step 2 (see below).

If there are ‘non-alternative’ assignments for components yet unassigned
then

executing the assignments;

increasing cosk, in the value of expenses for such assignments;

if at least one ‘non-alternative’ component can not be assigned

then go to Roll-back Procedure

elsego to step 10

We say that component has the ‘non-alternative’ assignment if and only if one computer of DCS, for example
n = c(i), can meet computational resource requirements of component , i.e. consRant,, i on" is
satisfied only for computer and fails for all other computers.

At this step an order of summation with respect to index in (6.10) is determined.
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Choosing the next compondnt from orderediset  to perform his assignment, i.e.
(dl+1

L : : . .
|Z|m”H >0 terminal vertices will be built at levél of the search-tree. Each of such

: U ull
verticesv = 1, Z|Dﬂu5 corresponds to one computer] Z,Dr]“D , that compolnent
could be assigned to.

For all terminal vertices of levél , corresponding bounding vaﬁqggr]a 0, nu\IH are
computed in accordance with formula (6.10) by subAlgorithms 1 and 2 solving subProb-
lems 1 and subProblems 2.

Choo%ing thetermiDnaI vertDex of levell that has the lowest bounding value in set
{B,,n°0L,n\gn0OY, Dn“%} . Suppose elemeRy,  corresponding to placement of
component into computdr is found.

If B, = Fbestthen go to Roll-back Procedure

Assigning componerit to computer and recomputing cost function:
naD naDI; nuD nu\l; n,0n,ol;
AR O AR —d; Fo O Fy+f (d) .

Assigning arcs adjacent to componént and recomputing cost function:

Every output arc(l,j) and input oné,1) of componént , that were not yet
assigned and connects the component with already assigned com@dfn‘mﬁts , are
assigned to channék, c(j)) ana(j),k) respectively and are included in sets of
assigned arcx®, )\k, c())’ )\C(j)’k, Ag

Recomputing capacities of communication resourcas and chaRpelR ., of
DCS that the arcs are assigned to.

The algorithm for arc assignments is as follows:

for every componentd Out(1) n r]a
for every shared resourcel p, c(i)
A0 ATD (L)) A D AL ;
)\SD ASD (L) ;)\k,c(j) 0 )\k,c(j) a (1)
AASD AA_—d;:; FO = F0+gs(d|j) ;

S lj?
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for every componeritd In (i) n n®
for every shared resource [ Pe(i). k
ATO A% (G A O ANGD
ASOAD G 5 Ay O Aeep B G:D
AAD AAs_de; Fo = Fo+gs(dj|) ;
for every component Out(l) n r]a
AR e()
for every componentdIn (i) n r]a

ARC(J.),k = min{AA, Us[ pc(j)’k}

= min{AA, Us[ pkyc(j)} ;

10. If all components are assigned, i.es |n| or in other teT?ns n

then

a. the vertex with valuém‘k = F,(n) determines an acceptable solution of problem
(4.1) - (4.4)If another acceptable solution was obtained befloe®,choosing the best
one out of the both and noMbest characterizes the cost of the current best solution.
(At the beginning of Forward Procedurbest= o ).

b. Vertices for which

B,,2Fbest i=1,[n/-1 (6.15)
are not promising because they do not contain the optimal solution and, therefore, they
are eliminated from further consideration.

c. If Fbestis equal to initial value of bounding functid) , ifbest= B, orrela-
tion (6.15) is satisfied for all terminal vertices

then found valueFbest is optimal and, therefofe(x,,) = Fbest , stop

elsethe terminal vertices showing promise are branched and the search-tree is con-
structed further (by choosing the vertex and correspondingllevel that is nearest one
to the obtained solution and has a bounding value less-thast L till rélation (6.16)

will be satisfied for all remaining terminal vertices. For that go to step 7.

11. If not all components are assigned, lie|n| then go to step 4.

Let us consider in detail some steps of the algorithm.

At step land4 ‘non-alternative’ component assignments are detected. For every such compo-
nenti that have to be assigned to compater it is checked whether capacities of adjacent chan-
nels of the computer are enough to place yet unassigned arcs of the component.

1 For the vertex, all parameters’, n",n, A% A" A_ A AR AR AA B have to be reset.
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Note that assignment of componeént to compuater may be possible if at least the following
relations are satisfied:

* computemn has enough computational resource to locate component , i.e.
d <AR (n,) (6.16)

e communication resources used for location of output and input arcs of component (which
are not yet assigned and connect the component with already assigned components) have
enough available capacities, i.e.

z d; + z d; <AA(AY , (6.17)
(nmOng jonp* O (mnOng jonp* O
57 )) =nP S/ @)) =nP

OsOp, Op. . Om/GOn%n (In(i) nout()) g0 (c () = m).

Therefore the condition of resource capability to allocate a ‘non-alternative’ components is
checked by following operation:
If for any ‘non-alternative’ component , at least one relations of (6.17) is not satisfied
then go to Roll-back Procedure

elseassigning the component to computer using procedure of step 9.

6.3.1 SubAlgorithm 1

The subAgorithm 1 computes bounding values for all vertices of a same level in the search-tree
by examination every acceptable location of a component not yet assigned by the Forward Pro-
cedure. The locations of the components are considered as mutually independent. The subAl-
gorithm executes following key operations:

» Examining all acceptable locations of a not yet assigned component.

»  Computing by formula (6.10) the bounding value for every acceptable location of the com-
ponent using subAlgorithm 2 (see below).

* Choosing the best location of the component using the bounding values.

Suppose that we examine a lelel of the search-tree at which we coﬁﬂﬁqgﬁ terminal
vertices, each for one possible assignment of compdnent to corresponding computer of set
ZlDr]uD. Let us consider levél of the search-tree including vertices corresponding to possible
assignments of componeint . Then a representation of the subAlgorithm 1 is as follows.
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U ould . : .
for every computet U [n”D , 1.e. for every possible assignment of compbnent

1.

Checking the resource capability of compuiter and his adjacent channels to locate compo-
nentl with his adjacent arcs:

if relations (6.16) - (6.17) are satisfied for assignment of compbnent to cormputer

then ‘virtual’ assigning component to computér and output and input arcs of compo-
nentl , that were not yet assigned and connect compbnent with already assigned compo-
nentsj [ r]a , to corresponding channels of comptter

else corresponding terminal vertex of level in the search-tree get bounding value
By :uoo aund considering the next possible location of compohnent , i.e the next computer
tQ Zlmug, by return to the beginning of step 1.

Best placing of not yet assigned componeiiis) “\l

for every unassigned componert r]u\l

Slbeshz 00 (hereS,
ran\l)

L ould . . : .
a. for every computen [ Zimug , I.e. for every possible assignment of component

best 1S COst value of the potential best placement of component

if the DCS has potentially sufficient computational and communication resources

for assignment of component to computer |, i.e. relations (6.16), (6,17) are sat-

isfied

then ‘virtual’ assigning component and its arcs connecting with already

assigned componenjs] r]a n (Out(i) OIn(i)) ; computing cost initial value

of such assignmen®&, 0 M, using formula (6.4)

elsecomponent can not be assigned to computed = o ,and go to step f
b. if there are ‘non-alternative’ assignments of any component(s) adjacent to component

i,i.e.ofsel” n (Out(i) O1In(i))

then

‘virtual’ assigning ‘non-alternative’ components and their arcs connecting with
componenti ;increasing coSt,  in the value of expenses for such assignments

if not all ‘non-alternative’ components can be assigned
then component can not be assigned to compute = o ,and goto step f
elsego to step f
c. If all components 0||‘|u n (Out(i) OIn(i)) are assigned

1

‘Virtual’ assignment means that only computational and communication resource expenses are calculated wit-
hout real assignment of component to computers. The procedure of assignment is the same with one of step 9
of Forward procedure (see section 6.3) but work state-parameters are used instead of
n®n"n, ASAN A A AR AR AA_, cost parameteB, is used insteadrpf  and instead of
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then an assignment of componeént to computer is acceptable andgosts , g0
tostep f

d. Solving of subProblem 2 for give(i, n) to deduce the best potential placement of
unassigned arcs of component assigned (virtually) to computer

e. if a solution of subProblem 2 is obtained
then increasing cosg in the got vaIlTeinLin of subProblem 2
elsethere is no solution for assignment of component to comput&r, = o
f. if §,<Spesthen S =S

ibest lbest — “in
Recomputing lower bounding value for the terminal vertex corresponding to the assign-

ment of component to computerBy O B, + S,

6.3.2 SubAlgorithm 2

The subAlgorithm 2 is used for problem (6.12) - (6.14) solution and performs locating all not
yet assigned adjacent arcs of a component by the branch-bound method. It executes following
key operations:

» Choosing next adjacent arc of given component

 Examining all acceptable locations of the arc.

» Computing the bounding value for every acceptable location of the arc.
* Choosing the best location of the arc using the bounding values.

The objective function (6.12) of subProblem 2 takes into account only communication resource
cost of mapping not yet assigned components adjacent to component provided that component
I is assigned to computar . Constraints (6.13) guarantee that computational resources used by
the adjacent components assigned to a computer do not exceed the available resource of the
computer. Constraints (6.14) guarantee that summary capacity of the output and input arcs of
componeni placed onto communication resosrce does not exceed the available capacity of
the resource.

Let us consider an approach based on the branch-bound method to solve the problem (6.12) -
(6.14).

Let us denote additional work parameters:

ﬁa be the set of components assigned to computers including ‘virtual’ assignments per-
formed by Forward Procedure;
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n, be the set of components assigned to computer  including ‘virtual' assignments,
~ ~a

[In, =n";

n

)~\s be the set of arcs assigned to communication ressurqe including ‘virtual’ assign-

ments;

ﬁu be the set of components that are not yet assigned taking into account ‘virtual’ assign-
ments performed)” = n\R® . Note, that subAlgorithm 2 gets Rétsn, As . nand
from the subAlgorithm 1 and does not change its;

Angut, Ar],un be the variable sets of unassigned components, adjacent to comiponent ,
that are connected to componéent by his output arcs and input ones respectively. The initial
values of the sets Ang, = N nout(i) AN, = N nin@)

An" = Angy 0 AN,

Angut, Ar]?n be the variable sets of components, adjacent to component and corre-
sponding to output and input arcs of the component, that are assigned by subAlgorithm 2.
. a a a a a
Initial values of the setAn, ., = O 4n,, = 0 An = Ang,0An,, =0 . Always
during the performance of subAlgorithm 2, the following relations are satisfied
a u ~U . a u ~U .
Ang,0ANng, =N nOut(i),An,04n, =n nlin(i);

J be the initial number of arcs adjacent to component that are not yet assigned,
u a
J=|An OAn7Y;

AA be the set of argsl] Ar]a assigned by subAlgorithm 1 to communication resource ;

{oy: b€ the set of such computers that are connected to computer by corresponding out-
put channels(n, m)  which can be used for placing yet unassigned output arcs of compo-
nenti ;

(,, be the set analogous witl,,,  but for input chanreis n) of computer and
input arcs of component ;

Inasmuch as index of component s fixed and there is only one arc between any pair of adja-
cent components, we can use for numbering output and input arcs of component the same
indexes of components that are adjacent to companent
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A search-tree construction will be carried out with respect to lg¢veld, J corresponding to

. a . . .
arcs jOAn . Each vertex of levelt is characterized by corresponding set
3, = {(p k), (ky), ..., (Jjnk)} which determines assignments of first arcs to chan-
nels. Here pair (j, k) denotes that arg is assigned to chatkp%l and

= {lpdgp ol
Let us derive a lower bound of objective function (6.12) for the vertex of tevel . Taking into
account that <J arcs, adjacent to comporient , are already assigned, the objective function
can be rewritten as

in U~ud _ 10
mlanDr]uD 2D|_19 DAr] D"‘ LB DAr] % ,

L all
LatDAn 0= Z One(j) (dij) + z gc(j)n(dji) , (6.18)
j DAI']Out J DAI"|In
whereLs DAr] D determlrll_les the cost of assignments oftfirst jards, that were already per-
formed. The term_79 AN [ is a cost value of further placements of ﬂd&n that are not

yet assigned.

To obtain a lower bound dia [;Ar] D we relax the integer programming problem (6.12) -
(6.14) to continuous one. The relaxation allows to place arcs and components adjacent to com-
ponenti fractionally, i.e. more than one instance of an arc or a component may exist with each
instance handling just a fraction of load imposed for the (individual, atomic, not replicated) arc
or the component respectively. Let us define new solution variables

* Zp, jgd Ar]” , that determines a part of capacity of prc  absorbed by computer  to which
corresponding fraction of compongnt is assigned, i.e.
min{ AR, dj}

OSZjnsTdij <d; , (6.19)

whereAR_ is the available resource of computer ;

* 7 (j O An“, k#n, kO, O ¢, ) denoting a value of capacity allocated forjarc into
channelk . Arg may obtain required capacity from one or some different channels. Thus

OSZJ-k+ Jn_d j DAr]Out, Ok O oyt (6.20)

DZ z +z, = d;, Dj0Ang, (6.21)
k Out

1 To simplify notation we assumejq‘ is an output arc of compohent kpen is the input channel of computer
kt (and the output channel of compurer ). Otherw@gz if isaninputarc of componenlkt then isthe output
channel of computekt (and the input channel of computer ).
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0z +z,<d;, 0j0An,, O0kOY, (6.22)

k; 2, +z, = d;, 0j DAny, (6.23)

Now, taking into account formulation of suProblem 2 (6.12|)_|- 6.1|_|4) and relations (6.19) - (6.22),
the minimization problem for solving lower bouigg lof [;Anug in (6.18) can be formu-
lated as

[l 0 0 U .0 0
Ls AN 02 By AN "0 = min, [ Z, 2 + 2,8,[1(6.24)
Ekm(ommn)mm y kD(,nDn)JDAn U
subject to
4 ~ t  all
y Hs<aR@M)- Y g= AR FAN°0 (6.25)
joan Y O joan® O

Hioc @) =mH

t
g > %t g S 7 <OA A - ZD d,, = AAL(AN) ,(6.26)
(Do, (BT (a, f TI o0,

DAﬂm
Us O pnkD pkn’ Ok O ZOutD ZIn

where
& = w it j 08Ny kO oy
3 = % if jO0An, , kOY,,,
andajn =0 ,sinceg,, =0 (6.27)
Herez,a, Is the cost of capacm}i( < d allocated for &rg) in chaiinek) if

kO Ar]om, and in channelk, n) kO Ar]:Jn . If componept] Ar]u is placed into the same
computem already containing component then arc connecting components and does not
need a communication resource and thereiﬁ]re—- 0

Problem (6.24) - (6.26) can be solved, for example, by the simplex method. However we present
a more simple and economical computation approach.

Let us order output channelgn, K), kU (5, and input onfgs n), k¢, so that
9,(D) < I (k+ 1) (D),I=1, andg,,, (D) < g(k+m)n(D) ,m=>1.

For every arg adjacent to component the row of cost vayes gand of assignments to
corresponding channels are determined. (Noteghat O ). [farc can not be assigned, for
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example to channe{n, k) , then we gpf = o and do not take into account this channel,
when arg is considered.

Now the solution of problem (6.24) - (6.26) can be obtained by sequential filling

Let

at first, computen by unassigned compongnts , adjacent to component and ordered (in
accordance with their arcs) in decreasing with respegfto till relation (6.25) is satisfied.

then channels, ordered in increasing of cost functgps gRnd , by unassigned arcs
adjacent to component and ordered as mentioned above.

us present the algorithm for the problem (6.12) - (6.14) solution.

Ordering the output and input channels of computer  in increasing with respgct to and
d.,,» @s mentioned above. Ordering the output and input arcs of component in decreasing
with respect tay, .

t=039, =0.

Constructing the next level of the search tree (by considering all possible placements of the
next unassigned aj¢  adjacent to compoment )

tot+1;

K> 0 terminal vertices will be built at level of the search-tree. (lHgre  denotes a num-
ber of acceptable assignments ofgrc  including the case of absorption the arc by computer

n). For every such vertex corresponding to assignnignin) considered dt level , the
bounding value is computed
p _LD aD.DBD ”D'D 6.28
Bt(m) = Ly, 0AN U0+ By 0AN DO , (6.28)

where the first term is calculated by formula (6.18). For comptlﬁj,r;\g , the problem (6.24)
- (6.26) is solved by sequential filling at first computer then channels in the order as men-
tioned above by components and arcs respectively.

Choosing theterminal vertex of level t that has the lowest bounding value

Py, = PSt (k) = min_{ Pat (m)} . Here chosen vertex corresponds to placement of arc
j; into channel (computek,

If '531 = oo then

return to the previous levelll t—1  of the search tree resetting state parameters of
assignments corresponding to this levelt > 0 then go to step Zelsethe original
problem (6.12) - (6.14) has not an acceptable solution.

Assigning arg, to channel (comput&)
If all arcs are assigned, ite= J then

a. The vertex with vaIuéSJ = % Ine() (dij) + ga gc(j)n(dji) determines
0jd®, 0 0j®,0

0 0Ang, 0 0O0an;0
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an acceptable solution of problem (6.12) - (6.14). If another acceptable solution was

obtained before, then choosing the best one from these both and restoring it's cost as

L
best

b. Vertices for which

Py 2Lt =1J-1 (6.29)
t
are not promising because they do not contain the optimal solution and, therefore, they
are eliminated from further consideration.

c. If relation (6.29) is satisfied for all terminal vertices

is optimal and, therefoP?—:i,nLin = 1L

then found valueL 5-best

best

elsethe terminal vertices showing promise are branched and the search-tree is

constructed further (by choosing tterminal vertex that is nearest one to the
obtained solution and has a bounding value lesslthan L1ill relation (6.29)
will be right for all remaining terminal vertices. Go to step 4.

9. If t<Jthen the vertex of levet with lowest bounding valégt will be branched with
respect to the variablg, ; , go to step 3.

At step 2andstep 4computing bounding valug3y (m) is performed:
a. Computing bounding valuBg (n) for the case of absorption of arc by computer
n:
if componennh has enough resource to place adjacent comppnent  (in other words,
to absorb arg¢, ), i.eAR_ 2 djt
then

‘virtual” assigning component  to computer  (that means absorption gf arc by
computern );

best ‘virtual’ placing yet unassigned ajds Ar]u adjacent to component by sequen-
tial filling, at first computen by absorbing the arcs, and then ordered channel, adja-
cent to the computer, by ordered arcs;

computing bounding vaIué’St (n)
eIseP19t (n) = oo;
b. Computing bounding valueFS{,t (m)  of placements of outpuf,arc  into every output
channel(n, m) :
if arcj, is output one with respect to comporient
then

L All parameters of the vertex have to be reset.
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for every output channe{n, m)  of computer , i.e. for every possible assign-

ment of arg,

if channel(n, m) has enough resource to placg,arc ARg, > dijt
then

‘virtual’ assigning arg, to channgin, m)

best ‘virtual’ placing yet unassigned ajfds Ar]u adjacent to component by
sequential filling, at first computer by absorbing the arcs, and then ordered

channel, adjacent to the computer, by ordered arcs;
computing bounding valuBg (m)

eIseP19t (m) = oo;

c. Computing bounding vaIueB{,t (m) of placements of inputjarc  into every input

channel(m, n) :

if arcj, is input one with respect to componient

then

for every input channe{fm, n)  of computer , i.e. for every possible assignment

of arcj,
if channel(m, n) has enough resource to placg,arc ARg,, 2 djti
then
‘virtual’ assigning arg, to channglm, n)

best ‘virtual’ placing yet unassigned ajds Ar]u adjacent to companent by
sequential filling, at first computer by absorbing the arcs, and then ordered

channel, adjacent to the computer, by ordered arcs;
computing bounding vaIuEat (m)

eIsePat (m) = o

At step 7assignment of arg  to channel (or compukgr) is as follows:

A0 AnOj, An"0 anYj,, 9,0 9,0 (. k) ;
if arcj, is absorbed by computer , ike.= n
then An, 0 An,Oj;; AR, O ARn—djt
else

if arcj, is output one of componeint

then for every shared resourcd] Pk

MO AN D (] s AAD BA=d; 5 Ly O Ly +0(d) ;
Recomputing available capacity of output changrelk))
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ARnkt = min{AA, Us[ pnkt} ,
if arcj, is input one of component
then for every shared resourcd] Pin
. t t
AN O AN O (j, 1) ; AA O AA—d. L{,t O L3t+gs(djti)

N
Recomputing available capacity of output changiel n)

ARktn = min{AA, Us[ pktn}

6.3.3 Example using SubAlgorithm 2

Let us consider an example of locating arcs of compahge Figure 2.1). Assume that com-
ponentd is assigned to comput€r(see Figure 2.9) and no other components are yet assigned.
In Figure 6.3 the part of DMA graph, that have to be assigned, and the part of DCS graph, used
for the assignment, are depicted.

N
i
m,
O

a) b)

Figure 6.3,a) Component d of DMA graph with adjacent arcs and components,
b) Computer C of DCS graph with adjacent channels

Table 6.1 presents initial data of components, arcs and channels ordered in accordance with step
1 of subAlgorithm 2. (The initial data are chosen to present more general and interesting case).

Every arc adjacent to componehis presented in the table by two columns: the first one for a
component adjacent to compondrdnd the second one for the arc connecting the component
to component.

Cells of the last row contain values of required resources of components and arcs adjacent to
componentl. Last four columns are used for values of available DCS resources: dehuimn



6 Optimal Solution Procedure 41

resource of compute and for capacities of virtual channels, colundgsA,, A, - for capac-
ities of communication resources over which corresponding channels are routed.

Cost valuesajk computed by formula (6.27) and used for ordering arcs and channels are pre-
sented in columns of components and arcs. The filling in the talaijg by takes into account that
input arcs of componedtcan be placed only into input channels of compGtand output arcs

- into output channels. Rows of the table follow the order: the row for conuites rows for

input channels of comput€rand the rows for output channels.

The second row of the table corresponds to com@nérich componend is assigned to. The
computer can absorb (completely or partly) an arc adjacent to comploAgudrtly absorption

of an arc in accord with formula (6.19) is acceptable provided that at least one not yet assigned
component adjacent to compondmtan be previously completely allocated into compGler

Table 6.1

b |bd] e | e ¢c |cd]] R || AL | A2 | A3

(D.C)
(E.C)
(A.C)
(B.C)
(C.D)
(C.E)
(C.A)
(C.B)

o g | b
Wl WINN

W[ Wl O 0| W| W o1 01| N
SN
w

Wl | W W

Arc allocation are executed by filling in the table from link to right and from top to down direc-
tions. An illustration of ar¢b,d) allocation will make this clear.

The search-tree of possible alternatives is depicted in Figure 6.4. The@eitéxe first level
gets bounding valu@ since compuianas not enough resource to locate compadmant to
absorb ard¢b,d). Let us consider the next verté,C) of the first level. The allocation of arc
(b,d)into channe(D,C) causes decrease (dy, = 3 ) of capacity of:

* channelD,C),
e all communication resources over which charf{BeC) is routed,

« all other channels that are routed over the communication resources, capacity of which
were decreased.

1 This condition allows to get more exact bounding value.
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Table 6.2 represents the resource state of DCS after assignmer(bod gtocchanne(D,C). In

the cell corresponding to allocation gb;d) into channelD,C), value 3 shows that atb,d)

gets completely required capacity, = 3 by placing into chafingl). In columnR andAz2,
capacities of channéD,C), communication resource 2 involved into the channel, and other
channels that are routed over communication resource 2 are decreased from 8o 2 [8/

®
00 @ 22 @ ®26 26 assigning arc (b,d)

© (cB 24@);4 ORCICIC; CZ%B arc (de

0 24
ONCRCIRCRC a0
24 28 28 30 30

Figure 6.4. Search-tree for optimal assigning arc adjacent to component d

Table 6.2
b (b,d) e (d,e) c (c,d) R Al A2 A3

C 0 0 0 2
(D,C) 4 2

3 25 25
(E,C) 4 2 25 25
(A,C) 5 3 3 4 3
(B,C) 5 3 3 4 3
(C,D) 3 25 25
(C,E) 3 25 25
(C,A) 4 3 4 3
(C,B) 4 3 4 3
d 3 3 4 3 2 2
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In accordance with the table, next must be assigne@ @cFirst one attempts to locate com-
ponente into computeC. However available resource of compufeAR. = 2 is not enough
to locate componemtcompletely. To locate componenpartly, first one must to locate at least
one not yet assigned component into compdteompletely. Next componentin the table is
such one. After allocation of componeninto computelC, available resource of computer
decrease tdR. = 0 . Therefore gecd)now can not be absorbed by comp@emnd it must
be allocated into an input channel of comp@e®ne uses the following rule: locate an arc into
the cheapest acceptable channel. Following the rule(eaulgis located partly: 2 units of
required capacity to chann@C,D) and 1 unit - to chann€lC,A). Table 6.3 represents the
resource state of DCS after these assignments and allows to compute the bounding value of the
vertex(D,C) by formula (6.24)P . = Zajkzjk = 0[R+ 403+ 302+ 401= 22 .

i

Table 6.3
b (b,d) e (d,e) c (c,d) R Al A2 A3
C 0 0 0
2 02
(D,C) 4 2
3 025 025
(E,C) 4 2 025 025
(A,C) 5 3 3 4 3
(B,C) 5 3 3 4 3
(C,D) 3
2 025 025
(C,E) 3 025 025
(C,A) 4 34 23
1 23
(C,B) 4 34 23
23
d 3 3 4 3 2 2

Using the proposed procedure of filling in the table 6.1 for other vertices of the first level, one
obtains bounding values for the vertices. Choosing the véDt€} with minimum value, one
continues the branching search-tree. At the third level one gets the first acceptable solution: arc
(b,d) assigned to chann@D,C), arc(d,e)- to channe(C,A) and ardc,d) is absorbed by com-
puterC. The solution has value of objective functior 24.

Only one verteXE,C) of the first level has value 22 less thafherefore one executes branch-

ing the vertex. However new bounding values, obtained at the second level, are not less than
Thus the first solution obtained is optimal.
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6.4 Roll-back Procedure

The Roll-back Procedure is as follows:

1. Storing the reached ‘not full DMA location in s¢t  that can be used further by Reduction
Procedure if it will be performed.

Rolling back to the nearest level of the search-tree.
If the level is highest one, i.e. indexed by 0 and consists of a single root-vertex
then there is no solution of Original Mapping Problem for given data, go to Reduction
Procedure
elsethe acceptable solution obtained is optimal, stop
4. If at the level there is at least one acceptable vertex (with bounding cosBvakieest )
not yet examined

then choosing the best one, resetting state-parameters of the vertex
a u a u
(nnun, AL ALA L ALARL AR L AA, B, ), and go to step 7of the Forward
Procedure

nm’

elsego to step 2

6.5 Penalty Algorithm

6.5.1 Criteria and method of choosing next assignment

The structure of the Penalty Algorithm is analogous with one of the Ord-Algorithm presented
in Figure 6. However the content of the Forward Procedure distinguishes from the one of the
Ord-Algorithm and will be considered below.

Let us examine the Forward Procedure.

A criteria of choosing neﬁd signmefi, n) of component to computer based on cost
matrix {S_,i [ r]u, n [ Zmuﬁ and suggested by Vogel's Approximation Method [4]. Ele-
mentS _ computed by formula (6.9) determines the minimum attainable cost associated with
assigning component to computer . The Vogel's Method, used for solving transportation
problems, falls into a class of so-called penalty methods. It is based on the ‘difference’ associ-
ated with each row and column in the mat{i§ } . A row or column ‘difference’ is here
defined as the arithmetic difference between the second smallest and the smallest element in that
row or column. This quantity provides a measure of priorities for making allocations to the
respective rows and columns since it indicates the minimum unit penalty incurred by failing to
make the assignment to the smallest cost cell in that row or column. The selection of an element
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S, is then made by selecting the row or column with the largest difference and choosing the

smallest cost cell in that row or column.
Thus determination the assignment by the penalty method is as follows.

1. Computing the row difference by finding the arithmetical difference between the second
smallest and the smallest element in each row of matgx}

Computing the column differences in the same way.

Finding the largest of the row and column differences and then the smallest cost cell in that
row or column. Suppose elemesit has been located in this way. Then assignment
will be done next.

6.5.2 Forward Procedure

Let us present the Forward Procedure.

1. Checking and executing ‘non-alternative’ assignments similarly to step 1 of Forward Pro-
cedure of Ord-Algorithm (see section 6.3).

2. Computing initial value of bounding function similarly to step 3 of Forward Procedure of
Ord-Algorithm.

3. Checking and executing ‘non-alternative’ assignments similarly to step 4 of Forward Pro-
cedure of Ord-Algorithm.

. . . 0 .

4. Computing the bounding cost matfp§,, i U r|u, n0 Zm“% by formula (6.9) using the

subAlgorithm 1 for every component] r]u

5. If there is at least one component yet unassigned that can not be a$sgrgedto Roll-
back procedure.

6. Applying the penalty method to determine assignngent) of component to computer
n that will be done next.

7. Assigning component to computer . Increasing Eost in the value of expenses of such
assignment.

8. If all components are assigned then checking whether the solution obtained is optimal sim-
ilarly to step 10 of Forward Procedure of Ord-Algorithm.

9. If the current value of co$f does not exceed the [Ebsist of the best solution found
previouslythen go to step &lsego to Roll-back Procedure.
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7 Reduction Procedure

The procedure obtains the DMA placement into DCS with minimum relaxation of resource
requirements.

7.1 Problem Formulation

Let

D,(n,) = ; d. be the summary resource of computer used by compongents

assigned to the computer;

Dim(Am) = % d.. be the summary capacity of chanrfal m) used by DMA
(i.])

arcsA ., assigned to the channel.

Letus considerratido, = D /R, which means a fraction of computer res®jrce  used by all
components assigned to computer o|f< 1 then location of the components can be done
onto computen without resource requirement relaxation. Otherdyjs¢,> 0 is the measure
of resource gap of computer . If we have a procedure for a distribution of the resource gap
between all components assigned to the computen we can get the resource dap of the
computer with respect to individual component . Valjye can be used further for evaluation
of QoS relaxation.

The communication resource requirement relaxation can be determined similarly by utilization
factore, = z DomA,) /A, for every DCS communication resousdé p
(n,my Oy

Following mapping problem formulation allows to get an acceptable DMA location if DCS
resources are enough to meet resource requirements of DMA, otherwise to get an optimal DMA
location that guarantees minimum resource requirement relaxation with respect to computers
and communication resources of DCS:

0 MY dx 0o d % x 0
1l L] n 0o 25 ij7in™jm L0
G(x) = mmDmaxED—”— DnDZD |_'(n m O () , Os 0 pEH(7.2)
AS 0
D 1 D D HEN
subject to
Z . = 1,00 0n (7.2)
n0¢ ()

L This is another optimization problem does not examined here.
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7.2 Problem Solution Technique

An algorithm proposed is based on a branch-bound method that is analogous with one of Opti-
mization Procedure (see section 6.1).

Suppose that for any terminal vertex of the search-treelr]a| <|n| component assignments
N, N0, have already been made. ] N, = r|a . The DMA arc assignments to DCS chan-

nelsA

ng
ame (N, M) OT, ] )\(n, m - A depends in a unique fashion on the component

. n,m O . .
assignments. On the ot(her hand, having the arc assignments to channels one can get correspond-

ing arc assignments to DCS communication resouxges (1 A
(n,m) Oy

To take into account different features of component and arc locations some lower bounds of

nm

objective function (7.1) are proposed.

Evidently, maximum utilization of DCS computers produced by assigned components can be
used as one of bounds:

G, = max{d,(n,),n0{} (7.3)

For computing lower bound for a terminal vertex of the search tree, best placements of not yet
assigned components are sought. Suppose that placement of such cokmoemputet is
examined. Then the conditional utilization of the computer will be

Gy = 5 +d/R.
The placement of componeétalls for locations of his adjacent arcs that connect the compo-
nent to already assigned components. These arc locations onto channels adjacent tolcomputer
can cause an utilization change of DCS communication resources over which the channels are

routed. Let G'3n be maximum utilization of such communication resources provided that com-

ponentk is placed into computéyi.e.

Kl
G; = max{es/k - I},

whereg = DomA L 7As andn,m)are the channels adjacent to compliter
(n,m) Oy

Therefore maximum utilization of DCS resources obtained provided that compasiptaced
into computet is

Kl I ikl
G,;3 = max{ C%,G3 .

The best placement of componé&rns characterized by utilization factor

K . kI
623 = min, { 623} )
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Thus the other bound of objective function can be maximum utilization reached by best place-
ment of one of not yet assigned components:

Gyg = max { Ggs} (7.4)

If there is a gap of computational resources in the DCS, next third bound of objective function
Is useful too.

Let us order computergn,, n,, ..., nm) in decreasing with respect to computational resources
available to mapped DMA:

ARnleanz .2AR, > . Aan (7.5)
whereARn =R, -D, ,

If available resources of two (or more) computers are equal, then these computers are ordered
in increasing with respect to utilization factors

5, <8, <.<3, <..<3 (7.6)

Ny
Assume that not yet assigned componﬁrlfts will be distributed between computers with most
available resources such that the utilization of these computers would be uniform. Indexes of
these computers are the firsz = min{ |r]u|, 1|} elements of the sequence
(N, Ny, ey N, e, nm) ordered corresponding to relation (7.5) and (7.6). Then the average uti-
lization factor of each such computer is

Ge o 2099
1
= =0 idn D
G, ZEK 1 nt 2 - (7.7)
= U
O Z ]

Evidently, objective functiorG > G,

Thus a lower bound of the objective function (7.1) for the vertex of performed assignments
N, " 0O¢ can be computed as follows:

BG(n,nO{) = max{ G,G,; G} <G (7.8)

Efficiency of the bound proposed depends on the order of not yet assigned components used for
construction of next level of the search-tree, i.e. the method of choosing next component rela-
tive to which the branching of the chosen vertex has to be done is important. We propose to
choose such component using following criterions:

a. component with most number of adjacent arcs that connect, the component to already
assigned components (this property is important for the bdeyd ),

b. if there are some components that have equal most numbers of such adjacent arcs, then
one chooses the component of these ones that requires most computational resource
(this property is important fo6, ands, ),
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c. ifthereis no component with such adjacent arcs, then one chooses the component with
most required resource.

7.3 Algorithm

The algorithm of the Reduction Procedure is as follows:

1. Computing initial lower boun@l, using formulas (7.4), (7.7), (7.8)1faor mpa 0 ¢
including only attached components that are already placed by the Attached Component
Location Procedure. L&b

best — &
2. If not all components are assigned, |r]éJ| >0
then choosing next component] nu using criterions mentioned above
elsego to step 6

3. Constructing terminal vertices at levek |r]a| +1 of the search-tree. Each of such verti-
ces corresponds to one computer that companent could be assigned to.

For every terminal vertex, bounding vaILBGanaD iLD are computed using formula
(7.3) (7.4), (7.7), (7.8) provided that componient is placed into corresponding computer

4. Choosing the terminal vertex of level that has the lowest bounding value. Suppose, it is
the vertex with valuBG If BG,> G, . then go to step 7.

5. Including the vertex into the current solution. Assigning compoinent to computer . Go
to step 2.

best

6. An acceptable solution is obtained. Suppose, value of the solutih is
If BG = BG, then the solution is optimal, stop.
If BG< G,,; then storing the solution and I1&
7. Excluding the last vertex from the solution.

BG

best —
Rolling back to the previous level

ifl =0

then stop, optimal the solution is obtained

elserestoring vertices of levél and go to step 4.

Remark. Reduction Procedure can usédset  of ‘not full’ solutions of DMA that are storing by
Roll-back Procedure (see section 6.4). Then before step 2, one has to choose the best ‘not full’
solution of se¥ and to restore the state paramqfa‘errqsu, Ny A%, Ag of the solution as initial
ones. The best ‘not full’ solution could be a solution with maximum number of assigned com-
ponentsmax,, { |r]a|} . The proposed approach allows to obtain quickly an acceptable solution,
value of which can be used further to improve the solution.

The obtained optimal solution could be used further in the following ways:
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» Distributing the resource gap in every overflowed computer and channel between compo-
nents and arcs assigned to them respectively.

» Checking the reduction level of QoS caused by the DCS resource gap.

» If the reduction level of QoS is held within allowable limits vertidesh an acceptable
relaxed solution is obtained, stop.

8 Examples

8.1 Example 1

Let us consider an example of mapping DMA depicted in Figure 2.1 to DCS depicted in Figure
2.7, system graph of which is presented in Figure 2.9. Required computational resources of
components and capacities for component communications are shown in Figure 2.1 as weights
of nodes and links of DMA graph respectively. Available capacities of DCS communication
resources LAN1, LAN2 and WAN ard, = 5,A, = 6,A; = 3  respectively. Initial data of
available capacities of virtual channels and components of DCS are presented by matrix (2.3).

Let us determine cost functions. To simplify computations, we consider linear cost functions of
capacity and computational resource. Suppose, that costs of one unit of the computational
resource for computers of DCS are following, = 2,05 = 1,a-=2,0,=2,0 =1

Costs of one unit of capacity for LAN1 &, = 2 , for LAN2o+, = 1  and for WAN -

a, = 3. Then one can calculate cost factor for every chaiineim) of DCS by formula

a.., = a,, wherep . is the set of communication resources of DCS over which channel

(n, m) 'is Posuted. So the final cost factors for computers and virtual channels of DCS can be
represented by matrix

olo|la|NdIN| >
ool PN m

C
5
5
2
4
4

Pl > oo m

D
6
6
4
2
1

m o O|®m®| >

Assume, that components agd are attached to comptiters D and  respectively. Now all
input data are given.
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In accord with the procedure for location of attached components (see section 5), one gets:

* Xeg=L1X%,=0n=ADBR¢C D;ng = 1,xgn =0,n=ADBCE;
 constant term of cost objective functieg = o [d, + oy Edg =1[B+2083=9 ;

* modified matrix of required resources

al| b| c| d e| f g
a 1 1
b 3 3
c 2 2
d 4 | 3
e 4 3 3
f 0
g 0

« modified matrix of available resourcBs

Wlw|lw|uo|o| >
Wlw|lw|PH|l | m

C| D| E
3| 3 3
3 3 3
6 6 6
6| 5 6
6 6| 4

m o O|®m®| >

Further computations are executed in accord with Optimization Procedure (see section 6).
At step 1 of Forward Procedure, ‘non-alternative’ assignments are not found.

At step 2, ordering components, wusing for example cost function
fe(d) + Z [OE (dij) + 0 (dji)] , results in the sequence of components, b, c, avith cost
]

values 14, 12, 6, 4, 2 respectively. This component sequence is used further to construct levels
of the search-tree depicted in Figure 8.1.
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At step 3 for the vertex of level 0, one computes initial bounding \Blue  of best independent
placements of all unassigned componeﬁisz {eedhc g using subAlgorithm 1.

In Figure 8.2, bounding values computed by subAlgorithms 1 and 2 are presented for all possi-
ble placements of every unassigned component. The value in brackets correspondsi{o term

in formula (6.4), i.e. to cost of placements of compongrib computen and arcs that are adja-

cent to the component and connect it to already assigned components. For example, bounding
value for assignment of componentb computelC is equal to 39.5, the part of which 32 cor-
responds to summary cost of placement of compaentomputelC and placements of arcs
(e,fand(e,g)connecting componeerto already assigned componehdsdg (see Figure 2.1).
Therefore 39.5 - 32 = 7.5 is the bounding valuk, of in formula (6.5) that is the half of the cost
of placements yet unassigned adjacent @& and(b,e)

Assigning

o

component d

N

component e

w

component a

component b

component c

Figure 8.1. Search-tree constrained by Optimization Procedure




8 Examples 53

Choosing the best placement of every unassigned component that is characterized by minimum
cost value, one obtains the initial bounding value

By = Fy+10.5+ 20+ 4.5+ 3+ 1.5= 48.5 In Figure 8.1, value of already assigned compo-
nentsf andg F, = 9 is shown in brackets near the value 48.5. In the proce8s of ~ computa-
tion, one obtains cost bounding values maktfixof all possible placements of every isolated
unassigned component:

a |2 2 2 |2 15
b 9 |6 12 | 75| 45
c 6 4 |4 5 3

e o | 3995 12.910.5

c d
951251@?5 @©
© ®© ) ' o 20
(32) (11) (7) 00 ® 0 00
b c
BHEO©OE WEO©O
9 6 12 75 45 6 4 4 5 3
6) (3 (6) (6) (3) 4 @ @ @ 3
a
@E OO
2 2 2 2 15
2 @O @ @ @
Figure 8.2. Bounding values for all possible independent
assignmentof components e, d, b, ¢, a
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The matrix contains lowest bounding values for every possible placements of every component
and shows:

» component can not be placed into computé&$,D,E
e component can not be placed into computérandB;
e component can be placed only into one computer th&l.is

This information allows not to compute bounding values for vertices of next levels correspond-
ing to such placements of componehtnde.

In accord with step 4 of Forward Procedure, ‘non-alternative’ assignment of compdoent
computerC is considered at the next first level of the tree (see Figure 8.1). The bounding value
of the vertexC is equal to 48.5 and value in brackets 17 shows the cost of already assigned com-
ponents and arcs. Other vertices obtain vatue  in accord with nvatnkhout additional
computations. (In Figure 8.1 these valges  are enclosed in rectangles). After this assignment,
computational resource of compu@rs decreased tAR. = 2

At the second level of the tree, possible assignments of compoasnexamined. In accord

with bounding matriXV verticesA andB get valueo . Computations by subAlgorithm 2 (see
section 6.3.2 and 6.3.3) resultin vatue  for vertCesmdE. Really, assignment of component

e to computerC is impossible because available resource of the compRgr= 2 is not
enough to meet resource requirement= 4 of compomehssignment of the component

to computelE is not acceptable too because, after this assignment, available capacity of com-
munication resourcAA, = 0 and then &age)of componené can not be placed.

SubAlgorithm 2 obtains value 64 for vert@of second level. Value 40 in brackets corresponds
to the cost of already assigned componérgsd, eand their arcge,f), (e,d), (d,efonnecting
the components with each other.

At the step 7 of Forward Procedure the veRexf second level is chosen for further branching.
In the process of computing bounding value of the vedt¢at step 6), rows of cost bounding
matrix M that correspond to not yet assigned comporehtsare modified:

14 |12 | 00 00
C 21 18 | 00 00

Following Forward Procedure, one returns from stepl1 to step 4 and can see from these rows of
matrix M that componerd has ‘non-alternative’ assignment to compuiief his assignment is

done at the next third level of the search-tree. At that vertices A, B, C, E getwalue in accor-
dance with matrix M without additional computations.
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As shown in Figure 8.1 the first acceptable solution obtained has cost value 64 and is optimal.
Figure 8.3 depicts the solution.

1
3
3
ax 2 2
Ble
6

Figure 8.3. Optimal solutiombtained
by Optimal Procedure

Assigning
component
e
d ©® ®
s
b
c
a
Figure 8.4. Search-tree obtained by Optimal Procedure
without use of ‘non-alternative’ assignments
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Note, that checking ‘non-alternative’ assignments at step 1 and step 4 of Forward Procedure
allows to reduce the search-tree by decrease of number of vertices examined. By way of com-
parison, Figure 8.4 depicts the search-tree constructing without use of the ‘non-alternative’
assignments and consisting of 31 vertices examined (instead of 26 ones in Figure 8.1).

8.2 Example 2

Let us consider the previous example of mapping the DMA graph depicted in Figure 2.1 to the
DCS graph depicted in Figure 2.9. However suppose, that compérgaisia are attached to
computersE, D andC respectively, and componettgandc can be placed only into computers

A andB. For this case, Optimization Procedure obtains initial v&ye = 80.5 and mdatrix
with following initial cost bounding values of all possible placements of unassigned compo-
nents

Al B|C|D|E

b 9 6 0 1) 0

C 6 4 00 00 00

d %) 00 20 | o 0

e 00 00 39.5 00

The matrix shows that componexdtande have ‘non-alternative’ assignments to comp@er
However the computer has not enough resource to locate the components. Therefore the Reduc-
tion Procedure is used to obtain the DMA placement into DCS with minimum resource gap.

To compute bounds;, I.,,, 1,  of objective function (7.1), following tables are useful: table 8.1
presenting values concerned with allocations of components onto computers and table 8.2 dis-
playing the interdependence between capacities of virtual channels and communication
resources. The tables contains initial data for Reduction Procedure.

To compute bound, (see formula (7.7)), in table 8.1 computers are arranged in decreasing
order with respect to computational resource available to mappedARJA= R —D_ . Com-
putersC and D, having the same available resourcAR{ = AR, = 5 ), are ordered in
increasing with respect to utilization factdy . The column next to the last contains sums of
utilization factors. The element, that-th of the order in this column, is equal to the sum of

|
first vaIues&Snk , i.e.z 6nk . Similarly, the last column contains sums of available resources of
computers. k=1

The rowdik contains values of required resources of unassigned components. TEdi?W
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used for computing bourd,  contains sums of required resources of unassigned components.
The element, that isth of the order in this row is equal to the sum of all last elemi;knts of
the previous row, starting from elemett

]

In table 8.1, components are arranged in decreasing order with respect to required computa-

tional resources. However each time, when next component have to be chosen for placement
(see step 2 of Reduction Procedure in section 7.3), components are rearranged so that the first
component must be one with most number of adjacent arcs that connect the component to

already assigned components. At the start of Reduction Procedure, such component is

Table 8.1
Component
(53{2; unassigned attached || On | Fo | ARl % | > O, 3R,
e d b C a e f
A O| 5| 5| 0 0 5
¢ 1 1| 6| 5| 16 16| 10
P 3 3| 8| 5 3/8] 1324 15
5 0| 4| 4| 0] 1324 19
. 3| 3| 7| 4|37 163| 23
168
di 4 4 3 2 l 3 3 max
k 3/7
Zdi" 13| 9 5 2
Table 8.2
Com Virtual channel connections A, o] €.
muni 2,

cat- | A, | A, |A|A| B, B,[B,|B,|C,|C|C,C, D|D,| D, D, E|E,|E,|E,
ion| BI|C/ID|E|A|C|D|E|A|B|D|E|A|B|C|E|A|B|C|D
resou
rce

1 * * * * * % k k X * * * * * 5 O 0
2 * * * * * % 3 k E * * * * * 6 0 0
3 * * * * * % ke * A * * * 3 O (:
D ma;

nm

0
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Table 8.2 is used for computation of utilization facrs  of communication res@ircgs,,

over which virtual channels are routed. For example, if an arc with required capacity 3 is
assigned to chann@\,E), then the table shows (see symbols *) that this assignment causes uti-
lization of 3 units of capacity of communication resources LAN1, LAN2 and WAN, utilization
factors of which become equal to 5/3, 6/3 and 3/3 respectively.

The search-tree constructed by Reduction Procedure is depicted in Figure 8.5. The optimal solu-
tion is to assign componeato computelC, component to A, componenb to B, and compo-

nentc to A. Figure 8.6 depicts the solution obtained and tables 8.3 and 8.4 present computational
resources and capacities of communication resources used by mapped DMA. Cénhaster

20% of the resource gap{ = 6/5 gap= 6 - 5 = 1) and communication resource LAN1 has
20% of the capacity gafg{ = 6/5 , gap =6 - 5 = 1) that causes the capacity gap of virtual
channelgB,A) and(A,C)which are routed over LANL1.

Assigning
component

6
5

Figure 8.5. Search-tree constructed by Reduction Procedure

ulloo

If the gap of the computer resource can be divided between assigned comg@melttpro-
portional to resource required for the components, then the resource relaxation for component

dis equal tol 5= 0.33 , i.eQ'TS?’E[LOO % = 16.6% and for componert Eg = 0.67 , l.e.
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O'—67E1100% = 16.6%. Thus componeagets 1.67 units of computational resource instead of

required 2 units, and componehgets 3.33 units instead of 4.

O

o
©
ocdw

~©

iz
i

N
N

ok
1 3 3

1 3

ra
w

@

~w

Nw
ool

Figure 8.6. Optimal solution obtained by Reduction Procedure

Table 8.3
Component
E):Strg; assigned attached D, | Ry [ARy| Oy Zénk ZARnk
e | d b c al| g f
A 4 2 6 51| -1| 6/5
B 3 3 4 3| 3/4
C 4 1 5 6 1| 5/6
D 3 3| 8| 5| 3/8
E 3 3 7 4 | 37
dik 4 4 3 2 1 3 3 max
6/5
A
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Similarly for the communication resources. Let us divide the gap of LAN1 capacity between
channels(B,A) and (A,C), routed over LAN1, proportional to the capacity required by data
streams from componedtto componené and fromb to d. Then the first stream gets 2.5 units

of the capacity instead of required 3 units (that corresponds to 16.6% of the capacity require-
ment relaxation) and the second stream is characterized by the same values.

Table 8.4

Com Virtual channel connections A, Dom| €s
muni (nm)

cat-| A |A |A|A|B,|B|B]|B/|C/|C|C|C|D]|D,|D,|D|E|E[|E|E,

ion| B|C|D|E|A|C|D|E|A|B|D|E|A|B|C|E|A|B|C|D
resoy

rce

1 * | * | * [x [* |* P S * E) 6 65
2 * * * * * * 3 3 X *| * * * * 6 6 6/5
3 * * * * * * a3 * X * * * 3 3 33
D 3 3 3| 3 ma
“m 6/5

Let us illustrate computing the bound for one of vertices using the tables 8.1 and 8.2. Suppose,
that componeng is assigned to computér and location of componendtinto computerA is
examined. The corresponding vertex is depicted in Figure 8.1 by the bold circle. Tables 8.5 and
8.6, corresponding to this vertex, are used to compute boGid&,,, G, BGaindaccor-

dance with formulas (7.3), (7.4), (7.7), (7.8).

Note that in two last columns of table 8.5, only two first elements are computed and used further
for calculation of bounds, . The number of these elements is not more than the number of
unassigned components (see parangiteformula (7.7)). Moreover, unassigned components

b andc can be placed only into componetsand B. Therefore only these computers are
ordered in the table.

The bound5,  equal 7/8 is presented in table 8.5.

. 1 50 _ 61
In accord with formula (7.7) and table 8.5 the boG)d= = [F=+ =7 = =
(7.7) =3 EH: oll ™ 90
To compute bound,, for the vertex, the best placement for every unassigned component is
determined. Taking into account that unassigned compohemtdc can be placed only into
- . bn cn
computersA andB, one can calculate utilization factors of computgss G, , and of commu-
nication resourceésgn ng for ever%/ acceptable placements of these compane®®t$B.
Results of the computations of bour@s, Qggi , that correspond to the best placements of

componentd andc, are presented in tables 8.7 and 8.8 respectively.
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In accord with formula (7.4), maximum utilization reached by the best placement of unassigned
. C
componentd andc is G,; = max{ C%, G,3t =6/5.

Table 8.5
Component
Com- . D.| R, |AR | & 0 AR
puter unassigned attached n Il ni -n Z Ny Z Ny
e | d b | c al g f
B 0 41 41 0 0 4
A 4 4 | 4 1| 4/5| 4/5 9
C 1 5 6 1| 1/6
D 4 3 7 8 1| 7/8
E 31 3 7 4 | 37
d; 41 4| 3| 2| 1| 3] 3 max
‘ 7/8
Zdik 13| 9 5 2
Table 8.6
Com Virtual channel connections A, Dom| €5
muni (nm)

cat- | A, | A, |A|A| B, B,[B,|B,|C,|C|C,C, DD, D, D, E|E,|E,|E,
ion| BI|C/ID|E|A|C|D|E|A|B|D|E|A|B|C|E|A|B|C|D
resou
rce

1| *|**|* | kK F A A 5 3 3/5
2 * | % * % * ok x4 K K x| x| x| g 7 7/6
3 * | x| % * |x Rk k¥ 4 A " 3 3 3/3
D 3 1 3 ma

nm

6/5
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Table 8.7
o

bn bn
b G, | G G,
max

A | 75 76| 7/5
B 3/4 | 6/5| 6/5

G, 6/5
min
Table 8.8
cn Tl
c | G| G| Gz
max

A | 6/5| 7/6] 6/5
B 214 | T7I6| 7/6

G,, 716
min

Table 8.9 illustrates computing utilization factors of communication resources provided that

componenb is placed into computd. In accord with forr%lila (7.86), the final bound of the ver-

tex examined IBG = max G, G,; G,} = max{ 5 9_6} =z

Table 8.9

Com Virtual channel connections As| Y Doml| Es

muni
cat- | A, | A, | A | A| B, B,|B,|B,|C,| C[C,|C, DJfD,|D,| D, E,[E,| E,|E,

ion|B|C|D/E|A{C| D|E|A|B|D|E|A|B|C|E|A|B|C|D

resou
rce

(7]

1 * * * * |* * 3 3 X *| E) 6 6 5
2 * * * * * * 3 3 A * * * * * 6 7 7/3
3 * | * * * |* * a3 * X * * * 3 3 3 3

max

D 3 3 1 3
6/ 5|

nm




9 Computational Complexity Analysis of Algorithms 63

9 Computational Complexity Analysis of Algorithms

9.1 Algorithms of Optimization Procedure

Let us evaluate the computational efficiency of the algorithms. The complete set of all possible
locations of DMA, consisting df = 5 unassigned components, into DCS, consisting of5
computers connected with each other, is considi of 3125 alternatives. The algorithm pro-
posed have constructed the search-tree depicted in Figure 8.1 that consists of 26 vertices from
which only for 9 ones bounding values are computed.

Bounding values of the root has most computational complexity: 25 possible independent loca-
tions of 5 isolated components onto 5 computers are examined (see cost boundinlylynatrix
In general case for a vertex of levehumber of examined such locations is equél @) N +
1. Then summary number of such independent locations needed to get first (may be optimal, as
for the example considered) acceptable solution, provided that Roll-back Procedure will be not
used is not more than

[

L:IEN+Z((I—i)N+1)N:%N2I(I—1)+2NI 9.1)
i=1

For the example consideréd= 300. Really, excluding vertices that obtain vadwue  without
computations (see valueso enclosed in rectangles in Figure 8.1), one gets
L=50b+1+ (305+ ) [B+1+ (105+ 1) [+ 1 = 88, where the first and third 1 cor-
respond to ‘non-alternative’ assignments.

Thus only 88 independent locations of isolated components were examined by the algorithm
instead of 3125 possible locations of DMA into DCS. The gain increases with increase of values
N andl.

If component can be placed only inth, <N  computers, then following relations evaluates
computational complexity

| | n | 0 | 0 | n
L = ZNi+Zgl+ z Nj%Ni= ZN%Q+ Z N‘H (9.2)
i=1 i=1 j=i+1 i=1 j=i+1
The computational complexity of one component location is determined by the computational
complexity of subAlgorithm 2, based on the branch-bound method, and depends onkKumber
of unassignedrcs adjacent to the component and nuribef channels adjacent to computer
which the component is assigned to. A high bound of the summary numlreassignedirc

locations is

determined by following formula

K
W(K+ 1)K
Lare = z (K—k+1)W:——£—2——)——

k=1
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If necessary, some approaches can be proposed to decrease the computational complexity of arc
locations:

1. Firstto assign components that have large number of adjacent arcs. For that at step 4 of For-
ward Procedure, the ordering of components have to be done in accord with the criterion.
This approach allows to decrease vafue

2. Instead of subAlgorithm 2 to use an exhaustive methot Yog 10 to find an optimal
placement of K adjacent unassigned arcs.

3. Instead of subAlgorithm 2 to use approximate trivial one that locate arcs (without fractional
distribution), ordered in decreasing required capacity, into channels in sequence of increase
of capacity cost. This approach gets approximate values for vertices of the search-tree con-
structed by Forward Procedure and therefore obtains a suboptimal solution.

9.2 Algorithm of Reduction Procedure

To estimate computational complexity of Reduction Procedure based on the branch-bound
method, formulas (9.1) and (9.2) can be used to determine summary number of independent
component locations needed to get a first acceptable solution provided that Roll-back Procedure
will be not used. Taking into account numbers of arithmetical and logical operations needed for

. kl kI K . :
computation of paramete@,, 62 €4 G3, G,o5, G, , order of computational complexity can be
evaluated by valua IN*0°  arithmetical and logical operations, wdgr@ constant.
More detailed evaluation of computational complexity of algorithms proposed can be obtain by

computer statistical experiments.

10 Conclusions and Future Works

In this paper, the problem of mapping DMA to a DCS is examined. We have proposed models
of weighted precedence graphs both for DMA description (including representation of topol-
ogy, data streams between components, computational and communication resource require-
ments) and for DCS description (including representation of feasible channel connections
between computers, communication resources over which the channels are routed, parameters
of computational and communication resources available to mapped DMA).

An approach based on the solving two kinds of the mapping problem is proposed. The first one
is formulated as a nonlinear integer programming problem with cost function under constraints
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on DCS resources available to mapped DMA. If the first one has not an acceptable solution,
then other problem, formulated as minimax nonlinear integer one to find the DMA location into
the DCS with minimum DCS resource gap, is solved. To solve both problems, effective algo-
rithms based on the branch-bound method are proposed. Computational efficiency of the algo-
rithms is examined and illustrated by numerical examples.

The nearest future work is to evaluate computational complexity of the algorithms proposed by
computer statistical experiments and to develop algorithms taking into account the results of the
experiments. We plan to implement the developed algorithms in CINEMA project [2] aimed at
developing powerful abstractions for multimedia processing in distributed environments.

The proposed algorithms can be successfully used for an advance reservation service when the
provider has to do some planning for future allocations using such parameters of the client
requests as the starting time, duration and resource requirements of DMA. We plan to adapt
algorithms proposed for an immediate reservation service done in real-time mode.

Other algorithm developments includes taking into account multicasting mode and peculiarities
of variable filters used in DMA [14].

At last there is another problem addressed in the paper: development of a method for division
the resource gaps of DCS between components and data streams of DMA, if DCS resources
available to mapped DMA can not meet the DMA resource requirements.
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